Partial Differential Equations and Complex Variables
Homework 5

21.3.1 With a labeled sketch, show the points sets defined by the following.
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21.3.3 Show whether or not |e*| = el*l. More generally, is |w(z)| = w(|z])?
sol. Both answer are no. For example, if z = 4, then |e*| = 1 but el*| = e. u

21.3.4 Show whether or not € = e¢*. More generally, is w(z) = w(z)?

z

sol. Let =, y be real numbers and z = x + yi, then we have e = e*(cosy — isiny) = e*~% = ¢*. However in general,
w(z) # w(z). For example, if w(z) = Im{z}, then w(z) = § =y but w(z) = w(z — yi) = —y. |

21.3.9 Evaluate each of the following in standard Cartesian form (d) sin(3 + i) (e) cos(—2 + 3mi) (h) tan(—2%4) (i) cot(%*)

(k) cosh(1 — mé) (1) tanh(2 + 4mi)
sol. (d) sin3cosh + isinhmcos3 (e) cos2cosh3m + isin2sinh 37 (h) —itanh(2F) (i) —icoth(%) (k) —cosh1 (1) tanh2 B
21.3.12 Find the image of R = {x + iy : a <z < b,0 < y < 7/2} under the function e*

sol. Write e* as e®(cosy + isiny), where x, y are real numbers. If we coincide C with R?, then we have a parameterized
region (e” cosy, e®siny). Since e” ranges in (e?,e’) and y ranges in (0, 7/2), the region shall looks like:
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21.4.6 Obtain, in Cartesian form, all values of log z for each given z.
(a) =2
(d) —5¢
(g) 13 — 54

sol. Use definition.
(a) log(—2) = log(2e(™+27™%) = In2 + (2n + 1)mi
(d) log(—5i) = log(5e(~™/2+2n™)iy = In5 4 (4n — 1)mi/2
(f) log(13 — 5i) = log(v/194e*2"™7) = 11n 194 + (0 + 2nmi), where 6 = arctan(—12/5).
VneZ |

21.4.10 Let ¢ be any real or complex number other than 0. Then for each integer value of k

z _ ezlogc z(log |c|+i(arg c+2km))

e =€



sol.

defines a distinct single-valued function of z. Suppose that we set k = 0, because then if ¢ is real and equal to e, ¢*
reduces to the familiar exponential function e® . Thus let us define

e = ez(ln|c|+iargc)
We call it the generalized exponential function because it allows for any value of ¢(# 0) and reduces to the exponential
function e* for the case where ¢ = e. We now state the problem. With e? defined by (10.2), evaluate ¢* for ¢ = 1 + /i
and z = 2 — 5.

(1 + \ﬁ)(275i) _ 6(275i)(1n2+i7r/3) _ 6(2ln2+57r/3)ei(27r/3751n2) _ 4657T/3(COS(2% —5In 2) + ZSIH(Q% —5In 2)) [

21.4.13 We define the inverse of the sine function

sol.

sp.1

such that z = sinw

(a) Writing the latter as

show that e =iz + (1 — 22)¥/2. and hence that
sin™!z = —log [iz + V1 — 22]

(b) Observe that sin~* z is multi-valued because of the (1 — 22)/2? and also because of the log[-]. Specifically, for each
value of z(# +1). the (1 — 22)¥/2 gives two values. To illustrate this point. show that

1 )
sin~! (5) = % + 2km or g + 2k
for k=0,+1,4+2, ...

(¢) Determine all possible value of sin™! 2

(d) Determine all possible value of sin™!(24)

(a) 2 = sinw = (e™ — =) /2i gives (e')? — 2iz(e™) — 1 = 0, so

- 2z v —422 +4
e’ = o 5 i =iz +N1— 22,

We may drop the + symbol since the square root of a complex number always gives the +.
iw =log(iz + /1 — 22)
= w = —ilog(iz + V1 — 22) (1)
=sin"! z = —ilog(iz + /1 — 22)

(b) Similar to (a),

sin ™ (%) = —ilog(=¢
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= —ilog(1eiF+2km) = % + 2%km,Vk e Z

() DIY.
sin12 = (g +2kr) —iln(2 £ V3), VkeZ

(d) DIY.

sin~1(2i) = { 2km —iIn(v/5 —2) VkeZ

(2k + )7 —iIn(v/5 + 2)
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sol.
open: (b)(c)(e)(g)(h)()(1)
closed: (a)(d)(f)(i)(k)
connected: (a)(b)(c)(e)(F)(g)(h)(1)(3) (k) (1)
disconnected: (d)
sp.2 2 zAHEE > Fisin(z) AL A AT?
sol. Let W = {sin(z)|z € C}, we claim that W = C.
“ < ” : This is obvious.
“ 27 : It means that for every w € C, we have to find z € C such that w = sin(z).

Remark. AfTiE —R R84 2 = o + iy KA AR L AL HR?

B (1) A AH BopenXclosed #9 &7
(2) A A A Topent Rclosed #9 & 57
(3) A A H Brconnected Xdisconnected # % &7
(4) A A A T connected L Fdisconnected 89 & &7

sol.
(a) C and empty set @& is both open and closed in C.
(b) {z:]2] <1 and Re{z} > 0} U {z: |2] < 1 and Re{z} < 0}

C ‘ Re

(¢) No, since a set which is not connected must be disconnected.

(d) No.

This could be done by exercise
21.4.13, where z = sin™' w = —ilog(iw 4+ v/1 — w?) since ilog(iw + /1 — w?) always exists for w e C.



