
Partial Differential Equations and Complex Variables
Homework 2

Due: Oct.17

18.4.5 For the problem
α2uxx “ ut p´8 ă x ă 8, 0 ă t ă 8q

upx, 0q “ fpxq p´8 ă x ă 8q

Use the Laplace transform instead, and obtain the ODE

ûxx ´
s

α2
û “ ´

1

α2
fpxq

sol. We take LT with respect to t. Recall the derivation of differential property of Laplace transform

ż 8

0

utpx, tqe
´stdt “ upx, tqe´st

ˇ

ˇ

ˇ

ˇ

8

0

´

ż 8

0

upx, tqde´st “ ´fpxq ` s

ż 8

0

upx, tqe´stdt “ ûs´ fpxq.

So the equation becomes
α2ûxx “ ûs´ fpxq

and the result holds. �

18.4.14. Consider the problem
$
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α2uxx “ ut, p0 ă x ă 8, 0 ă t ă 8q
upx, 0q “ 0, p0 ă x ă 8q
uxp0, tq “ ´Q, p0 ă t ă 8q
uÑ 0 as xÑ8

(a) Using the Laplace transform, derive the result

upx, tq “
αQ
?
π

ż t

0

e´
x2

4α2τ

?
τ

dτ p‹q

and use p‹q to solve up0, tq, and sketch its graph.
(b)Show that

upx, tq “ Q

ˆ

2α

c

t

π
e´

x2

4α2t ´ xerfc
` x

2α
?
t

˘

˙

sol. (a) Take Laplace transform with respect to t. Let Upx, sq “ L tupx, tqu, we have (you should show the process):
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α2Uxx “ sU ´ Upx, 0q
Upx, 0q “ 0, p0 ă x ă 8q

Uxp0, sq “ ´
Q
s

U Ñ 0 as xÑ8

Since Uxx ´
s
α2U “ 0, we have Upx, sq “ Apsqe

?
s
α x ` Bpsqe´

?
s
α x. Apply B.C., Up8, 0q “ 0 leads to that Apsq “ 0, so

U “ Bpsqe´
?
s
α x. Also, since

Uxps, tq “ Bpsqe´
?
s
α x ¨

ˆ

´

?
s

α

˙

,

Uxp0, sq “ ´
Q
s implies that Bpsq “ αQ

s
3
2

. Hence

Upx, sq “
αQ

s
3
2

e´
?
s
α x

Recall that (ref. Appendix C.)

L t1u “
1

s
(Prop. 1)

L t
e´

´x2

4α2t

?
πt

u “
e´
?
psq

α x
?
s

(Prop. 2)

and the convolution property
L tfptq ˚ gptqu “ F psqGpsq. (Prop. 3)



Then,

L ´1tUpx, squ “ L ´1

"

αQ

s
3
2

e´
?
s
α x

*

“L ´1

"

αQ ¨
1

s
¨
e´

?
s
α x

?
s

*

(by Prop. 1 and 2.)

“αQ ¨

ˆ

1 ˚
e´

´x2

4α2t

?
πt

˙

(by Prop. 3)

“
αQ
?
π

ż t

0

e´
´x2

4α2τ

?
τ

dτ.

(1)

Moreover,

up0, tq “
αQ
?
π

ż t

0

1
?
τ
dτ “ 2αQ

c

t

π

(b) Change of variables by letting v “ x
2α
?
τ

, then dv “ ´x
4ατ ¨

1?
τ
dτ . Hence

αQ
?
π

ż t

0

e´
´x2

4α2τ

?
τ

dτ “
αQ
?
π

ż x
2αt

8

´e´v
2 4ατ

x
dv

“
Qx
?
π

ż 8

x
2αt

e´v
2

v2
dv

(2)

Treat the integral separately (and ignore the constant of integration).

ż

e´v
2

v2
dv “

ż

e´v
2

dp´
1

v
q

“ ´
e´v

2

v
`

ż

1

v
e´v

2

p´2vqdv

“ ´
e´v

2

v
´ 2

ż

e´v
2

dv.

(3)

So

Qx
?
π

ż 8

x
2αt

e´v
2

v2
dv “

Qx
?
π

ˆ

e´
´x2

4α2t

x{2α
?
t
´ 2

ż 8

x
2α
?
t

e´v
2

dv

˙

“ 2αQ

c

t

π
e´

x2

4α2t ´Qxerfcp
x

2α
?
t
q

(4)
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Check for orthogonality The professor had claimed that the set

tφipxq “ 2κi cospκixq ` sinpκixqu

forms an orthogonal basis, where κi is the ith smallest root of the equation tanκ “ ´2κ. Prove that

ż 1

0

φipxqφjpxq “ 0

if i ‰ j. What is the value of the integral if i “ j?

sol.
ż 1

0

φipxqφjpxq

“

ż 1

0

r2κi cospκixq ` sinpκixqsr2κj cospκjxq ` sinpκjxqsdx

“

ż 1

0

r4κiκj cospκixq cospκjxq ` sinpκixq sinpκjxq ` 2κi cospκixq sinpκjxq ` 2κj cospκjxq sinpκixqsdx

“

ż 1

0

cospκixq cospκjxqr4κiκj ` tanpκixq tanpκjxq ` 2κi tanpκjxq ` 2κj tanpκixqsdx

“

ż 1

0

cospκixq cospκjxqr4κiκj ` p´2κiqp´2κjq ` 2κip´2qκj ` 2κjp´2qκisdx

“

ż 1

0

cospκixq cospκjxqr8κiκj ´ κiκjsdx

“ 0

(5)


