
Midterm exam (04/12/2022) 

Note: The important thing is to obtain the correct and accurate answer. Every problem is designed to be independent. In other 

words, no need to get correct answer of one problem to find the answer of another problem.  
 

1.(20%)  In Sec 11.11 of Kreyszig’s book, you can find solution of Laplace equation for electrostatic potential in spherical 

coordinates.  

Find the solution for the interior problem  

For the interior problem of potential (r<1) is given by a series 

𝑢(𝑟, 𝜙) = 𝐴)𝑟)𝑃)(𝑐𝑜𝑠𝜙)
.

)/0

 

If the potential on the spherical surface (r=1) is given by  

 

𝑢(𝑟 = 1, 𝜙) = 𝑐𝑜𝑠2𝜙  

Find the potential for the interior problem (r<1) and exterior problem (r>1) (20%) 

You can also use the following Legendre polynomial. 

 

 

Note: for the exterior problem (r>1), the solution is given by another series 

𝑢(𝑟, 𝜙) = 𝐵)
1

𝑟)45
𝑃)(𝑐𝑜𝑠𝜙)

.

)/0

 

 

Answer: 

 

You can find the linear combination of costheta ^4  

𝑐𝑜𝑠2𝜃 =
2
5
𝑃2 cos 𝜃 +

3
5
𝑃5 cos 𝜃  

r<1  

𝑢 =
2
5
𝑟2𝑃2 cos 𝜃 +

3
5
𝑟5𝑃5 cos 𝜃  

r>1  

𝑢 =
2
5
1
𝑟>
𝑃2 cos 𝜃 +

3
5
1
𝑟?
𝑃5 cos 𝜃  

 



2. (20%) Solve this problem by Laplace transform to find the solution 

 

𝜕?𝑤
𝜕𝑥?

=
𝜕?𝑤
𝜕𝑡?

+ 8
𝜕 𝑤
𝜕𝑡

+ 16𝑤	 

𝑤 𝑥, 0 = 0	𝑖𝑓	𝑥 ≥ 0 

𝑤K 𝑥, 0 = 0	𝑖𝑓	𝑥 ≥ 0	 

𝑤 0, 𝑡 = exp	(−𝑡)	𝑖𝑓	𝑡 ≥ 0 

(To have a reasonable and physical solution, you can assume w(x,t) ->0 when x goes to infinity.) 

The final solution is given by 

Take the Laplace transform of both side with respect to t 

𝜕?𝑊(𝑥, 𝑠)
𝜕𝑥?

= 𝑠𝑊 𝑥, 𝑠 + 8𝑠𝑊 𝑥, 𝑠 + 16𝑊(𝑥, 𝑠) 

𝑊 𝑥, 𝑠 = 𝐵 𝑠 𝑒R S4> T + C s 𝑒S4> 

We can reject C(s) because it blows up the solution. 

𝑊 0, 𝑠 = 𝐵 𝑠 = ℒ{𝑤 0, 𝑡 } = 𝐹(𝑠) 

𝑊 𝑥, 𝑠 = 𝐹 𝑠 𝑒R S42 T 

We can use the shift theorem to find the inverse transform 

𝑓 𝑡 − 𝑎 𝑢 𝑡 − 𝑎 = ℒR5{𝑒R[S𝐹 𝑠 } 

 

𝑤(𝑥, 𝑡) = 𝑒R>Texp	[− t − x ]𝑢 𝑡 − 𝑥  

 

You can see that the extra term wt and w introduces a damping term e-4x in space.  

 

3. (10%) For the quantum mechanical simple harmonic oscillator in two dimension,  

[−
1
2

𝜕?

𝜕𝑥?
+
𝜕?

𝜕𝑦?
+
1
2
(𝑥? + 4𝑦?))𝜙 (𝑥, 𝑦, 𝑧) = 𝐸𝜙(𝑥, 𝑦, 𝑧) 

We can use the operator method to find the lowest eigen function with the procedure given below. The ground state satisfies  

𝑎T𝑎c𝜙0 = 0 

where ax, ay are annihilation operation for x and y coordinate, respectively. 

Solve this partial differential equation to find ground state 

 

𝑎𝑥 ≡ (𝑥 +
𝜕
𝜕𝑥
) 

𝑎𝑦 ≡ (2𝑦 +
𝜕
𝜕𝑦
) 

Solution: 

	𝑎c𝜙0 𝑥, 𝑦, 𝑧 = 0 

	𝜙0 𝑥, 𝑦, 𝑧 = 𝐶 𝑥 exp	[−𝑦^2] 



since we can interchange ax and ay  

	𝑎T𝜙0 𝑥, 𝑦, 𝑧 = 0 

	𝑎T𝐶 𝑥 exp	[−𝑦?] = 0 

 

𝐶 𝑥 = 𝐷exp	[−
𝑥^2
2
] 

D is an arbitrary constant, the final answer is  

	𝜙0 𝑥, 𝑦, 𝑧 = 𝐷exp	[−
(𝑥? + 4𝑦?)

2
] 

C is a constant for normalization. (You do not need to normalize the function)  

 

4.(10%) From the asymptotic approximation formula, find the third zero for J3 (x).  

Hint: The exact value of first zero J3 is 6.38.   

Note that the first zero of J3(x) is NOT x=0 from the usual convention. 

𝐽) 𝑥 =
2
𝜋𝑥

cos 𝑥 −
𝑛𝜋
2
−
𝜋
4

 

Answer: 

𝐽2 𝑥 =
2
𝜋𝑥

cos 𝑥 −
3𝜋
2
−
𝜋
4
~	

 

𝑥 =
9𝜋
4
,
13𝜋
4

,
17𝜋
4

21𝜋
4

… 

x= 7.0686, 10.2102, 13.3518, 16.4934 

We can see x= 7.0686 corresponds to first zero. 

Therefore, x= 17*pi/4 corresponds to third zero. 

 

5. (10% each)  For 2D wave equation for a circular membrane with c2 =1,  

𝑢KK = (𝑢oo +
1
𝑟
𝑢o +

1
𝑟?
𝑢pp) 

again, the boundary condition is u(r, q) =0 on the edge of the membrane.  

Find the lowest eigenfunction of a membrane of Octant (八分圓) of a circle of radius R= 1 ， defined by r<1 and 0<q< p/4 

Hint: separation of variable with u= G(r)F(r,theta) gives an ODE and PDE 

𝐺 + 𝜆?𝐺 = 0	 

𝐹oo +
1
𝑟
𝐹o + 𝑘?𝐹 = 0	 

F=W(r)Q(theta) 

𝑄 + 𝑛?𝑄 = 0	 

 



𝑟?𝑊" + 𝑟𝑊′ + (𝑘?𝑟? 	− 𝑛?)𝑊 = 0	 

This ODE is actually Bessel function of order n.  

 

solution :  

𝐽> 𝛼>,5𝑟 sin	(4𝜃)  a2,1 is the first zero of Bessel function of second order J2 

You can easily verify sin(2*(pi/2))=0  

 

6. (20%) For a 2D Laplace equation in polar coordinate, ∇?𝑢 𝑟, 𝜃 = 0, we have worked out the solution using separation of 

variable. The solution in the disk r<R, (assuming R=1, for simplicity) is given by  

𝑢 𝑟, 𝜃 = 𝑎0 + 𝑎)𝑟)cos	(𝑛𝜃)
.

)/5

+ 𝑏)𝑟) sin 𝑛𝜃 

if the potential is specified at R=1 as  

𝑢 𝑟 = 1, 𝜃 = 1		𝑖𝑓	0 < 𝜃 < 𝜋 

𝑢 𝑟 = 1, 𝜃 = −1		𝑖𝑓 − 𝜋 < 𝜃 < 0 

Find the solution 𝑢 𝑟, 𝜃  to satisfy this boundary value problem. 

 

You may use Fourier expansion formula for a periodic function of period 2pi  

𝑓 𝑥 = 	 𝑐0 + 𝑐)cos	(𝑛𝑥)
.

)/5

+ 𝑑) sin 𝑛𝑥 

the Fourier coeffients are given by  

𝑑) =
1
𝜋

𝑓 𝑥 sin 𝑛𝑥 𝑑𝑥
~

R~
 

𝑐𝑛 =
1
𝜋

𝑓 𝑥 cos 𝑛𝑥 𝑑𝑥
~

R~
 

𝑐0 =
1
2𝜋

𝑓 𝑥 𝑑𝑥
~

R~
 

 

 

solution : Fourier series expansion let f(x) be a period function of period 2pi  

𝑓 𝑥 = 	𝑢 𝑟 = 1, 𝑥 = 𝑎0 + 𝑎)cos	(𝑛𝑥)
.

)/0

+ 𝑏) sin 𝑛𝑥 

 

𝑓 𝑥 = 𝑎0 + (𝑎𝑛	𝑐𝑜𝑠𝑛𝑥 + 𝑏𝑛	𝑠𝑖𝑛𝑛𝑥)
.

)/5

 

Note that this pontial is an odd function so that an =0 and a0 =0. We only need to calculate bn 

𝑏𝑛 =
1
𝜋

𝑓 𝑥 sin 𝑛𝑥 𝑑𝑥
~

R~
=

2
𝑛𝜋

(1 − cos 𝑛𝜋) 

cos npi = -1 for odd n  



cos npi = 1 for even n  

thefore we can conclude for even n, bn=0  

for odd n 

𝑏𝑛 =
4
𝑛𝜋

 

Final solution  

 

𝑢 𝑟, 𝜃 =
.

)/0

𝑏)𝑟) sin 𝑛𝜃 =
4
𝑛𝜋

.

)/5,2,�,…

𝑟) sin 𝑛𝜃	 

 

7. (10%) Sturm-Liouville theorem states that for ODE of the following form 

𝑝 𝑥 𝑦� ′ + [𝑞 𝑥 + 𝜆𝑤 𝑥 ]𝑦 = 0 

Suppose ym(x) and yn(x) are solutions satisfying certain boundary condition to this ODE with corresponding eigen value  𝜆� and 

𝜆).  ( You can think of m and n are indices to label eigenvalues.) 

Find the solution to the ODE  

𝑦� ′ + 𝜆𝑦 = 0 

with the boundary condition y’(0) =0 and y’(a)=0 and their corresponding eigen values lamda .  

 

Solution  

𝑦(𝑥) = cos 𝑘𝑥  

𝑦′(𝑥) = −ksin 𝑘𝑥  

𝑦� 𝑎 = −ksin 𝑘𝑎 = 0 

k = npi/a , n= 1,2,3,4….. 

y(x) = cos (n pi /a)  lamda = (n*pi/a )^2 


