
Partial Differential Equations and Complex Variables
Final Exam

1. (a) You may write down the result directly.

pn “
1

bnπ

ż π

´π

fpθq cosnθdθ

qn “
1

bnπ

ż π

´π

fpθq sinnθdθ

�

(b) This follows directly from the mean value property of harmonic functions and that

up0, θq “ I

.

(c) For any point z P D, by the mean property of harmonic functions, ∵ u|p is bounded by maximum and minimum
value on Brppq, for any r ą 0 such that Brppq Ă D, ∴ u cannot reach its extreme value in D. This implies either
u “constant or u attains its maximum/minimum in BBrppq. �

2. (a) Consider

fpzq “ upr, θq ` i
8
ÿ

n“0

pnr
n sinnθ

“

8
ÿ

n“0

pnr
n cosnθ ` i

8
ÿ

0

pnr
n sinnθ

“

8
ÿ

n“0

pnr
npcosnθ ` i sinnθq

“

8
ÿ

n“0

anz
n

(1)

(b) By lemma 24.2.1, since the power series fpzq converges at 0, it converges everywhere in the open disk |z| ă |b|. So
the radius of convergence is greater or equal to b. �

3. (a) By solving the two ODEs, we obtain

R “

"

A`B ln r if κ “ 0
CJ0pκrq `DY0pκrq if κ ‰ 0

Z “

"

E ` Fz if κ “ 0
G coshpκzq `H sinhpκzq if κ ‰ 0

for some constant A,B,C,D,E, F,G,H. Then

upr, zq “ pA`B ln rqpE ` Fzq ` pCJ0pκrq `DY0pκrqqpG coshpκzq `H sinhpκzqq.

If we require u to be bounded, B “ 0 and D “ 0, merge A into E and F and D into G and H, then

upb, zq “ E ` Fz ` J0pκrqpG coshpκzq `H sinhpκzqq.

Applying upb, θ, zq “ 0,
upb, zq “ E ` Fz ` J0pκbqpG coshpκzq `H sinhpκzqq.

So E “ F “ 0, and κb “ zn the zeros of J0 from small to large. We define κn “ zn{b. Hence we have found at least
one nontrivial solution J0pznr{bqpG coshpznz{bq `H sinhpznz{bqq, n “ 0, 1, 2, ....

(b) This equation satisfies the form of Sturm-Liouville theorem with weight function wprq “ r. The inner product
should be defined as

ă Rnprq, Rmprq ą“

ż b

0

RnprqRmprqrdr

�

4. (a) fpzq is analytic in the region that contains P and Q.

(b) Claim: fpzq “ z̄ is continuous everywhere in C. However it is nowhere analytic in C. Proof of claim: On the
direction parallel to x-axis,

lim
∆zÑ0

fpz `∆zq ´ fpzq

∆z
“ lim

∆xÑ0

fpx`∆xq ´ fpxq

∆x
“ lim

∆xÑ0

x`∆x´ x

∆x
“ 1.



However, on the direction parallel to y-axis

lim
∆zÑ0

fpz `∆zq ´ fpzq

∆z
“ lim

∆yÑ0

´iy ´ i∆y ` iy

i∆y
“ ´1.

Hence fpzq “ z̄ is nowhere analytic in C. �

5. By Cauchy-Riemann relation, ux “ vy “ 3x2´3y2, so v “ 3x2y´y3`Apxq. Also uy “ ´vx “ ´6xy`A1pxq, so A1pxq “ 0
and Apxq “ constant. Hence vpx, yq “ 3x2y ´ y3 ` C, for any constant C. �

6. Claim: cos´1 z “ ´i lnpz `
?
z2 ´ 1q

Proof of claim: Let w “ cos´1 z or z “ cosw “ peiw ´ e´iwq{2 gives peiwq2 ´ 2zpeiwq ´ 1 “ 0, so

eiw “
2z ˘

?
4z2 ´ 4

2
“ iz `

a

1´ z2.

We may drop the ˘ symbol since the square root of a complex number always gives the ˘. So w “ cos´1 z “
´i lnpz `

?
z2 ´ 1q.

Let W “ tcospzq|z P Cu, we claim that W “ C.

“ Ď ” : This is obvious.

“ Ě ” : Since i logpiw `
?

1´ w2q always exists for w P C, done.

�

7. (a) Expand fpzq as Laurent series.

fpzq “
sin z

z4
“ z´4

ˆ

z ´
z3

3!
`
z5

5!
´ ...

˙

“
1

z3
´

1

3!z
`
z

5!
´ ...

So it is a 3rd-order pole.

(b) Observe that the residue at z “ 0 is -1/6, so by Residue theorem,
¿

C

fpzqdz “ 2πiˆ
´1

6
“ ´

πi

3
.

(c) z “ ˘π,˘2π,˘3π, ... are poles. For z “ 0, sin z has a first-order zero, and z4 has a fourth-order zero. By theorem
24.4.1, since 1 ă 4, z4{ sin z is analytic at z “ 0.

(d) All poles are outside C, so the integral equals to 0. �

8. Let z “ eiθ, cos θ “ z2`1
2z , and C be the contour |z| “ 1, then

ż 2π

0

1

p3´ 2 cos θq2
dθ “

¿

C

z

zp3´ z2`1
z q2

dz

iz

“

¿

C

´iz

p3z ´ pz2 ` 1qq2
dz

“

¿

C

´iz

ppz ´ z0qpz ´ z1qq
2
dz,

(2)

where

z0, z1 “
3˘

?
5

2
.

However only z1 (who takes the minus sign) is in the inside of C. So by residue theorem,
¿

C

´iz

ppz ´ z0qpz ´ z1qq
2
dz “ ´iˆ 2πiResz“z1

´iz

ppz ´ z0qpz ´ z1qq
2

“ 2π
`

lim
zÑz1

d

dz

z

pz ´ z0q
2

˘

“ 2π

ˆ

pz ´ z0q
2 ´ 2zpz ´ z0q

pz ´ z0q
4

˙

“ 2π
´3

p´
?

5q3

“
6π

5
?

5

(3)

We conclude that
ż 2π

0

1

p3´ 2 cos θq2
dθ “

6π

5
?

5
.

�


