NTHU EE2020: PDE and Functions of a Complex Variable
Final Exam
Jan.7,2021
Prof. Yi-Wen Liu
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1. (16 points). Let u = u(r,8), where (r,0) denotes the polar coordinate, be a

function that satisfies the Laplace equation:

Viu = (ﬁ + %56; + r_Zﬁ) u = 0. By separation of variables, set @i = R(r)0(6).

We have
{rzR” +7R'—Kk?R=0

0" +Kk’0=0
Assume that we are given the boundary condition u(b,#) = f(8), and would like
to solve Laplace equaﬁon in the open disk r < b. We know that the solution has
the following expression:
u(r,8) =1+ Y7, " (p, cosnb + g, sinnf).
(a) [8%] Express p, and g, interms of f(8).

(b) [3%] Show that I =— [T f(0)de.

(c) [5%] Continuing from (b), briefly explain how this resultleads to the maximum
principle - let D be any simply connected open region in R? then any
u(x,y) satisfying V2u = 0 in D cannot attain its maximum in the interior of
D (unless u is a constant everywhere).

2. (12 points). Continuing from Problem 1, let z =r (cos@ + isin@) =re'.
Assume that we have the special case that g, = 0 forall n € N.

(@) [5%] Show that u(r,8) =1+ X5-ip.r" ‘cos n@ can be written as the real-
part of a power series of z. (Hint: " cosnf = Re[re9]).

(b) [7%)] Denote that power series as f(z) = Y=o a,2". Argue that its radius of

convergence is greater than or equal to b.



3. (10 points). Sturm-Liouville Theory. Assume that we are solving the Laplace
equation V2u = 0 inside a cylinder shown below. In the cylindrical coordinate,
assume that a solution can be written as u(r,8,z) = R(r)Z(z). Assume that we
have the following boundary condition: u(b,8,z) = 0. Then, we can derive the

following two equations:
1
R" +;R' +xk*R =0, (Eq.1)
Z"-k?Z=0. (Eq.2)

(a) Explain how to find values of k such that (Eq. 1) has
non-trivial solutions. Draw a picture if necessary.

z=1 (Hint: Bessel function)

(b) Continuing from above, let {x;, k5, ..., %y, ...} denote

the set of all such k’s. Then, the eigenfunction R, (7)

I - -

& 72=0 associated with eigenvalue k2 satisfies the following
equation:  (rR;) + x2rR, =0. Under what
definition are R,(r) and R,,(r) orthogonal (if n #

m)?
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4, (12 points). Basic properties of complex functions.
Q (a) As shown on the left, let P,Q € C,and let C; and C, be two

C, paths connecting from P to Q. What is a sufficient condition

Ci such that fcl f(2)dz = fcz f(z)dz?
P

(b) Show an example of f(z) that is continuous everywhere in C but is not

differentiable with respect to z anywhere.



5. (10 points). Cauchy-Riemann relations. Let f(z) = (x3 — 3xy?) +iv(x,y).

Find v(x,y) suchthat f(z) isanalytic over the entire z plane.

6. (10 points). Show that the range of f(z) = cosz is the entire complex plane.

i - 4 e 1 _ 2t
7. (20 points). Let f(z) =sinz/z*, g(2) el and let C be the

counterclockwise circle |z| = 1.

(a) [4%] What is the order of pole of f(z) at z = 0?
(b) [6%] Calculate §. f(z)dz.

(c) [4%] Find all the poles of g(2).

(d) [6%] Continuing from above, evaluate _cﬁc g(z)dz.

Hint: si _ 23 25
(Hint: smz—z--B?-}-E_...)

8. (10 points). Calculate fozn (3-2 c1059 2o
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