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NOTE: The preceding sketches of level curves have been fairly straightforward.
In other cases the topography of these curves may be trickier. To illustrate,
consider the problem V=0 in O<x<#0<y<xz with the boundary conditions
u(0,y) = u(x, ) = u (7, y) = 0,u(x,0)=100sinx. In particular, note that the "plate”,
say, is insulated at the right edge x=r, so the isotherms will have to be
horizontal at that edge. Without deriving the solution, here is the Maple plotting

of the isotherms, where we have plotted over the extended region 0<x<2x
simply because that picture seems to make it easier to see the patterns.

> u:s=sum(-(800/Pi) *(sin((2*i-1)*P1i/2)/ (sinh((2*i-1) *P1i/2)*((2*i-1) "2
-4))) *sin ((2*i-1) *x/2) *sinh ((2*i-1) * (Pi-y) /2),1i=1..10):
> with(plots):

> implicitplot ({u=90,u=80,u=70,u=60,u=50,u=40,u=30,u=20,u=10},x=0..2
*pi,y=0..Pi);
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> u: =-(20/Pl*2)*sum(exp( (2*%i-1) *P¥*x) *sin ((2*i-1) *Pi*y)/ (2*i-1)"2,1
=1..20):
> implicitplot ({u=-1.5,u=-.75,u=-.3,u=-.1,u=-.03},%x=0..2.5,y=0..1);
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> with(plots):

> u:=50-40*y+sum((20/ (i*Pi)) * ((-1) *i-5) *exp (-1i*Pi*x) *sin(i*Pi*y),i=1
..20):

> implicitplot ({u=4,u=7,u=10,u=20,u=30,u=40},x=0..4,y=0..1,grid=[400
,1001);
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"‘O —> U= AA}-{-B

o B B O et
ﬁi:z)) Osoe (x/10b)" Ab+8}a - 506 ¥
AT M(X'AJ)~ 50 € - (x/10b)* (g/b) .
4. (a) '3, 8 c AR: #22X, #G 220,0<7 <! B’ - a,n
g Gecymipoqe,2egeo | [
D CD: :3—2#2_,/50 2=-2,0<<| C-z " 3
A L % AD: :D-o po vl-o -2<%<0
(b) .9_ Dgo%%*wl;%--z?% ’3 g%“‘;,l%% 3; >vz
A0 “xx*‘“vr;}— )( zag)“'*' b brlxag 3”1)“ M% 33 37)“1 M)

= 5u§§+2u§7+u,m =0
Tng\, m= 3(('3’)\/(11)

X'+2 x’l-;- \] =O

awdkwa}%fme& T At ang MM&%EQWM%L
W.
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15, a) With w= £4U, uxx-n{ = £+ Uyt 3,3- § oge u fuw_o

Thim, U©M)=0= O+LI( ) WU(O@)
M(a, y= 0 = Fa%/2+ [}{a,l})) cgwto Wa, M=~ a%/2

M(x,0)= 0= fx&/2+ Ux,0) U, 0)= - §x72,
amd  U0G0)=0= fC2+n,b) quea Uoeb)=- 5§72 L Qo
p0 the T prolom 25 a5 A ot the A e
;\Aa,!,\x Of the b.c. % the N (meth) and Seandh) [f=p — Ux,;*‘uwzo “-;&zla
ant fumeliono MAWEMWW%M.) x .y

MMMMWFMMWZW,WM U=-4$x7,

=

UIX.';))':X(X)Y(Q)), A S)(C:-l": =K? ) o

U, = (A+Bx)(C+Z>na +(Ecokx+FM\<x)(6 caak K+ HMK%)E
o

U(o/;)) o=AC -~ E (
Uy = x(C+:D/a)+ Amzx(Gq:.knaJrH Awkkg)

U(a,fy)" $alle= a(C+Dy)+ sonka ( y-» C'=-fa/2, D=0,
K=NT/a (n=1,2,...)

U= - fax + 3 Aal (6 coh M + 1, mlh M) ®
U(xO)—-fx = fax.+ZG A AL ®
N, ﬁx(a-x.)- ZG Mm (o<x<a)

'z 2 5 2y Ao NTIX
HRS: G, = -—5 f%(a—x,)mm Ay = _j ax-X")pmQFdx @
Ueep=- 5% = famz (GleAhMIE 4 H. pnh 2 ) pusy NI @
wam\wj ® ard @ 7"’“‘ G, = anﬁ'%{—bwnmk'%b
e W= l-cehbmi) ©

" Aw‘»k(nrrb/a) "

omd 20 ULxy) 20 guaom L)(D@@ '
(b) P“ﬂ”“d (154) and (15.6) »:tb et My = § garea
Gl Pron T 4 Z(--ET) gn —‘{’-3 }':fnm%'ﬂ,r;’é
0 mdtw? C«ﬁm 4},«'-«»
1% (ZE) gn: -fn-
TF\.M M(OAJ) 0= Zﬁn“’) M"—‘E} —> f) 0)=0
ard. M(qM)=0 = Zj (&)MME";].—) tjn(‘l) O.
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(c) J)% $lx,y) = %4 The £ )= f xfaléw» dy = —Z—b-ﬁ%.'-)-“x

A0
i = -N)" _ 260 ngx %
ﬁn’(%fﬁn‘ - 220, ﬁn(")‘ g“%—? x+ AM—B—-+BCpkﬁg..

n " 3
3(0) 0=8, 5nm =0= 3(—;%%;‘%&-&- Ash TE gieq A= i(;{n;a)? _
M.B_
- 2b (-t) A (nTix/b)
o= . [x-a 4 ok (nna/b) ]M%ﬁ;

6. () M(X,';] 2)= X(x)Y(AJ)'Z(z) W _§"+ l" 2" M% am
@mewgm MQ_M mewy-
Thaa, unde %ﬁ'_‘_%__L o,

S o e

b.c’s on MOM Aot
m) < gw@:ﬁix

Y C /34-:DAw\fs
N B 2+FMW2

Naws; ulomz)= O—)A O
M(a,¥,2)=0 —> = mit/a (m=1,2,...)
M(x,0,2)=0 > C=0
M(x,b,2)=0—> @—nrr/b (n=1,2,...)
M(x,m,0)=0 * E=O,
RO oD o .
ey 2L G, DI ity a7

mz} n=|

Wy = T A (m/a) + (n/B)*
F,JMQS)A‘9
" = )"{'f (G swh c,)MWMV_\Hg
I‘D'Ca) - XIQ - mel l\:l mn mn a b

(4 HR At ptrwta s X amd M) (164) fr G,

(b)
G = 400 mm(. NIt
™ oty Sk, T R
_ 1600 | .
T eoEn b e th e, oAb

e
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@ o0 * - ’ o f 42 )
- w A M2 pan Y\TT/Z. AVJ\. 2" AMm
M(ajz,alz,002)= 1600 TL;ZI, MR Ao (T A PR T )

> u:=(1600/Pi*2) *sum(sum(sin((2*i-1) *Pi/2) *sin((2*j-1) *Pi/2) *sinh (Pi
*sqrt ((2*%i-1) ~2+(2*3-1)"2)/2)/ ((2*i-1) *(2*3-1) *sinh (Pi*sqrt ((2*i-1
)~A2+4(2*3-1)~2))),1i=1..8),]=1..8):

> evalf (u);

16.66666666
Tcu MAS nptv;:l; Burnomaann L:l..z,jzl..z goat 16.6479,
Azl.4, 4=1..4 Gare, 16-L66CHT ) amd 418, 4=1..8 gGare
M(q/z)a/z’q/z) = 16.6C66¢6L06

7. [ 9dV = [ Ye(o)aV = [ A-TUAR by duvngince Theotm
Vv \Y 5=5%‘—,td?119' Ton el dancratiné
-j-’d\mw-@,a.)
A0 % %%o\ﬂ: _S-V:folv

18. () Guan'o 14X AAnd:tﬂ . : f ( Yuie Vor 4 U2 )4V = .r LL%—’—\-‘{AA ®
. ~ ~ s
A V

v, = f
VZ“Z:J .
Veu,-vu, = f-f ‘
N, ViM-M,)=0, o, VM5 =0mV ®
u,:g m S
le‘ﬁm S
M=M= §=9 o M=0 oS ®
Thin, iy W= =40 w0 0, and wowg @ and @ g
fv(Vw.vw-u- Wv%tr) Y, .—.-fs ﬁ%‘%{AA @
o
s yw-ywdv=f(w§+ul;;+w:)a\\l=o ®
v Vsl w=0,u5,:0,W 70 V. Thea,

ar = et An V) amd As=0 o S W%MW Ao 3n0.
Tew.c») M(xM,2) 2 O Ao M,(x,fj,z)ZuL(x,Ag,%) Wﬂc%d PR
(b) Clguin At anvwe X @ amd ©, 20 = emslad i V), Lk Hhis tone
MMWMMW%WMEMM&JOMS,
po Al ae cam comelude 4o Hhed Lr=cmat. Tht 4, o AdZEms
M 0M,2) amel AL, (x,4,2) AAW Lp X meX q contand.
() %M svwrte X @ : fv(gur-yw-\-wg:‘bf)ol\/:j w%‘—{df\:O
Iecanne a5 4n Yoo on park of S awd WrlaR 45 Yo o0 the suit of S.
m,@m@%mw=&“¢mx Bk AAJ’=06*\'FGJ\1‘1,S,AO
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HoaX cmiland 40 W.‘ﬂw, WSO 80 UM, =0, M,=M,, and tHre

’3 4 AIX,3)+ 54 (X,3):O <. - .
o, A ‘( > oL ' %5 ,‘1 +e me (A.e,dhe
M=0 |gu=0 =100 . on, At Lfppamsam o the =4
M=0 4 x me
X' Yo 4k
X" YT

a0 uo)= (ABA)CDy)+ (Ecrphix +FA~JLK’X.)(GC(D\<*()+HMK ).

Mlom)=0= AC* )+ E (- ") > ASE=0

M(x,M) = x(C+D'/3)+ Avedh ke ( G'cak/a + H'ng)
M(,0=0=C'x + G anhex = C=G"=0,
UY) = Dy + H'awdhx aunieny .
M0X,2)£5U (x,3) =0 = 3D + H'am3k sndikx

. 9 +5Dx+5KH en3k smhkx
mepliss D=0 amd the W‘%@»{
An3K+SKCEA3K = O .-
D s e Avecssoe nekA as K, (nrl,z,...),%chw?h $oout command
: K,= 0.6266, K, = L6l19, Ky = 2.6432 , K, = 3.6833 , K5 = 47265 .
a:w’\"""m ‘ ) A0
C Uxy) = ‘:ZH;IMK,\x Bonknty
M( ,ia)z loo = i H, amdhai,, P Ky
St.-Leow. AQ
Y'+kzY=0 (0<y<3)
Y(0)=0, Y3)+5Y'(3) =0

wIR saino Ap= KE amd Q)= Ak . Thea,

HE mnchiiky = S000uKatgy 100 g Punkity doy

Kot , Bn Kt Y fgmzw,\g
. v}

opred Fhe H! ’a :

Hi=197%, H;= 14770, H;= 3.8¢,H,=0.86, H = 0.2¢, ...
AO  M(2,1) = 18.62 + 1.40 + 0.07— 0.0l - --

= 20.08.

NOTE: Simce 3 o The 4 be i ang homeamisia X o mitunad To antici-
fatc‘ffu M‘Pw“&-ib:ib sreun on Hhe . : be., &L x=4,
HW)‘I‘LL“ " Towm fram K=0 a0 ca_Pd&Jl,wf«MgW
wmu(o.,/;

y=0 Wﬂ:&.(lﬂ/«)):o AOQ Lt Cam ux?a.»l oM =0
=3 tdgin anitiad. adradags 4 ok dho stk the
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W. J be mz»gzm rerncea. Lt m?o%wak 2.
T Mu;w Q‘M’ engirna To bt enthe Y0 amd

=3 ( on X

ama. He X=0amd X=¢ b.ca fuv;ﬁ' '-Itww, '
i, ) = (A+BxX Dy ) + (Ecmiex +Famkn G cohky +H pondh ki)

n " )-——) :E:o
MOM=0= AC "~ ) + ' E‘( _
M(x,g): x(C'+D )+MK7C(GC/>9\K'3+H ng) ’ L
M(hM)=100= 4C+4DM+mmd (- v y=>C=25D=0,K=nTl/4

AAxM) = 25‘x+$ M%(G&M%+H;M%) o)

4
- WITX
Ux0)=0=25x + 2. G A"

: ®@
o, ~25X =2 G, A X | (D<R<H) ‘ , )
ML@M» ! \ 'uxammmr‘_—zgxmw&l%wm
Ao (AT /) '}‘H\z - Lieu. .
X'+ k2X=0 (0<x<u)

X(0)20, X(@)=0 (nL to0; the 25% Sawmp Loswn am © handlles

‘H\ewo)
MAI-&QAOA\% Q_HRMM,AO
~ Cy= 2 jg(-zsx)/wa"—fﬁl‘&m ®
Famally, - , ,
“M‘() u(&,3)+5’—'~9f">3)=o= 25% + ZIM\?’%(G“M:%}‘:&H,LT‘;WK%)W
+53 s I (LY G ok 3+ H, coh 3T )
_ < - WX [t nT ! BNt avady 3T

Mwmmwm@.%w, v © ond @ awe pue thet
G;(WL%QH+5%EM§;§)+H;(M%E+@F Ch YT = G,

N i e T ST 5
RS T PN AT

e, | M[x,’») " Zwu\z; 0-&.
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Section 20.3

un,8) =(A+ BLlan) C+DB)+ (EX+F X XG cnko +H aunko)
M=« » YC +C(~ 6> C=6=0
A(0Y = (A48 ban)E + (E"X +F':f“‘)mm\<e
MM =00 = (ABIR)TT+( ~ » )askr = Ao/, B=0,k=n.
M(,8) = oSy + Z(E :L+F’n:")/mne ®
AACL, O 100 = lvo%+ Z(E’ +F Jaind

loo(r-B)AT = 2 c,\-\-\- " Aa NG

HRS: E,’,-\-F“' = Z-_j‘“ M(-n-_ )Mneaﬁ. ®

Mm(2:8)= 0= woe/m+ 2(2.E +2 F') n®

RRS: 2'E, +2."Fn = 1—1,-[ (-(me/rr)Mr\&cle ®
AT 1(2,8) Ao 1,3 °W&U\LE’WF chmhcw@w\@m
?"‘" E = 2:3 (zL) 2_“ , F!= -j__:-(:)

We saed thase Maple commoanmda :
$12 (200/Pit2) % wH((Pi-£)% Amint), £=0.T)
G- = (~2oo/P,;"z)* mX (L% Mm(nxt), t=0.T);
‘AM[ | 13); S
‘= WM&(ED 11,0270, 2%m11);
B (Cf') é]))
,B);

TWM WM,M@QWPM(:

ll

u=100 " u=0
mm% =0 ,Ldl?g, MM& Ug(n,0)=0.
M(2,8)= (At BImn)(C+DB) + ( En“+st KXGenkd+ Hamke)

My(20)=0=(~ )D + (-~ )kH — D=H=0
T T M(Jz, = A+B' b+ (E'S%+F' JZK)C{JKG
Skiteh I M=o = A Bna+ ( =+ )enkT > A=i00,B=0, k= nn
phane n=1,3,...
M(n,8)= 10'0+Z (E, 2 )co[vxe/z)
5%
AL(L,B) = loD + 2 (E!+FE)cendlz) NO;% S“;:“ 0 = O,m
o, 0= Z(E'fF)co(r\e/z) —> E/z-E/ wlast To The

A0
MmEa,8) = lm+Z El(n e S Y epmelz)

1,3,
Fmdﬁj) g

l2,8)=0 = 16D + |Zg B (2"-2"*)epnesz)  (0<e<m)
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T
. t, nlg, =NI2N _ & - .
Ao,Ln QRC avwtn, E,(27%-2 -%j‘oc-wo)m%_-ae_ -‘%ML\Z__TI,

nlz _=-nl2

[~-]
=100 - 400 L apanm -3t he
3. -

(d) U0 M A& 2T0- ‘ o © A0 )
win,8)= AtBhan + ggcnn“+gn“ Yernnd

o +(E, 0+ E ") avane ]
am0,0)=0= A+BIAL + 2 [(C#D,)een8 +(E +F, ) amne]

= H=O, Cn+:‘Dn=O’ Ev\+Fv\=O ©
M(2,8)=100 = ,A/+ Bima+ T [(C 2"+ D, 2" ) cpnd
T e i)
= Bzim/dm2, 2"C+3"D,=0, 2°E+ Z"F,=0 ®
O anrd @ gut C,=D,=E = =0 40 an A‘”‘?QD Aot
An,0) = oo
)

amd Yhe M:?.S,SD,'ISMJJMN%MA 5L=2%") 2.‘/2,23/4", .
NOTE : w-Q.CAMAu.aITf\-L M“M ud-vu:.mX/\—utaMnﬂ\-eAcd,Qu(
mud fothe A+Blnn 'Pantvl‘lfh adution fown. .

=100

(e) M 1,8)= (A+B M) C+DB) + (Ex+FsiX Y(Geokd +Havnks)

Mgln,0)=0=C " )D + (~ »)Hk—+D=H=0
' U8 = AeBlan + (B +FTX) ek
Ug=0 lugoz Mg (RTT)=0= - vO)ER)AUMKTT > K= n,
, Me8)= A Bhant Z (E U +F, L") ennd
u(1,8)=0= A+BLA + S (B +F ennd — ' A0, EaF, =0 ©

M(2,9)=160 = O+ R'dn2 +‘Z(E’,\2“+ F i) enpnd - Bziv/dnz, Ej2+E 30 &
Oowd &> E,=F,=0, '»o L
- b8
M.Ul,e) = |6sD m— )

00 tin (). I faclt, J yeive Audasd the mthed o ammagis mon sl 2ee
M_WMMM?&)A@) WW,%WL To*r&mw«n,
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U8) = (B XC+D) +(En*+ FT X XGenKke+ H anke)
mldd an 20 = B=F=0, 40

ML,8) = C+DE + U G'enkd + H pmke)

ML0)= o= Cle IXG' — C'=w0, G'=0

W(,8) = lop +'D‘e + H'stKam KD

(R, 3M/2) =100 = 160+ 3D+ H' 5" sun TK
~+i)' 0, ZTrK/z N (h=1,2,..)
M(,8) = loD+ 2 g 23 n 2
U (3,8)=0= 1:04- ZH 3""/3A~v\?—'\9 (0<6<3N)
HRs: H/ 3= 2 e " 2N8 4p = 20D
© Fln =zl (-lw)w?de_ﬁ(cnnﬂ-u

Hp= -460/(nrr3wg)q€e1nr&e\, 0 fL e , Ao

400 L 2n/3 w2N80
MR,8) =(A+BM:L)(C+D6)+ (Ex?%F X Genko+Homke)
M ABd an >0 = B=F=0 #0
M 0)= C+D'0 + St Genko+Hamko)
Uy,0)=0 = D'+ kH —» D'=tl’=0 20
um@)= C'+ G'"cpke
(R, 31/2) = 160 = C+ G' e 3mKk/2 > C'=100, amd.
° 3MR/2 = NTT/2 (Wedd), oL, K=NI3
' /3

8= oo+ 2 G ept@

) l’Z3)_. n <3

NOTE: Sawee 144(%,0)=0, the

U(ELe)=0=160+ Z 6,13“1300%2 R Rirma NW
3M/2 15 the 2492 8=0.

‘M- 2 a N8 48 = _4H00 auaNT
QQC G 3 °= A (lm)cﬁg-&e-—mw?
A0 u(ne)zxo-o-“mi J.Mn_ﬂ(z_b)“lscnf_\_e
’ w § 2 \3 3

() U550 i(n,0)= (A+BInn)(C+D8)+ (Ex*+Fsi™ X G ook +Hovnxa)
» Ml »>RB=F=0
: ¢

u=0 3
,oo M0 = 226 andthe sedhrma ane nadeal lonss .
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w) 'wrwm rg I dadmesa st ot
Mmn,8)= A+Be + L (Ccoi<6+’_DAw\K8)
M,0)=0= A+ XC > A=C70
u(R,8)= Bo+ D X sumke

0 M(R,3M2) = O = (3M2) B +D A5 s (3MK/2)

25 B=0 amd, 3MK/2 =0T, 80 K=21/3 (n=1,2,...)

M(2,8) = Z D, 2 mon(2n8/3)
M(2,6) = 2 D, 223 am(2n6/3)  (0<6<3M/2)

HRS: D 2“/3 = jgmz-&k(z G)M?-nede = 400 mz'%z—nﬁ 40 = 250(|_c@ D_TI_’)
/2 g ’ 3T T 3rrfo 3 T oam 3

3

n/3 .
oo Map)= o) eelf 2y oo 242
|

M02,8)= (A+BIn) C+DO)+ (EXFFL N Geokd + Houmro)
M A as >e0 P B=E=0 40

w10)= C+DO+ SLX(Genke +H snmKkd)
M(R,0)=0=C'+ &KG'——? C =G =0

u8)=De+H'sT Aw\Ke

(3, M2)=0 = D' fo+H' ST B KTtz —> D=0, K=2n (n=1,2,...)
ILT,0) = Z H rL " o 210

w(z0) =10 = > H 3*"owmang (0<0<T2)

HRS: Hi 3™ -—'ﬁ%-z- T2 16D Min2n0 49 = 0 (1-cont)

/0 M) = 4—"-"% -L(.)?_L)mMzne

e skEh. uae= (A+BInXC+DO)+ (ExHF XGepakd +Hoomks)
M Ad an >0 = B=E=0, £0O
M8)= C4D'O + STK(G'core+ Haumks)
u0)=0=C'+ G'x* — C'=G'=0
u(x,8)= Do + H' T ok
Ug(2,m)=0 =D KH' 5T cokmm —» D=0, KIT=n1i/2 (medd), Ao
wa@)y= 3 H M i 0
1,3,..
/

MU(3,8)= loo = Z Hné'\"‘m%@. (0<e<Tr)

12,

MQ=O ) 3 Mz=0

- w B
ORS: Ho3™*= zfowom%a\e: 400/n1r

A0

'-'ﬂ

400 % A
M (2,8)= ..ﬁ.lzs L(2) aane.
3,



3. dnalf com aat (31) cond (33), wth b=l @,atuaMAJ

ane
(@) $(6)Z50+20cHO = I+Z (P con®+ Q annd)
= 1=50, £=20, WP’DMAQ 6 =0.
, A(N,8)= '50+20ch4>6
=50+20%. .

(b) f6)=50+50(coB+ANO)= I+Z(PCnne+Q nANNG)
= T =50,F=Q,=50, tha =0
MOL8) = 50+ 50(:1006+J1M9)

= X+ =5
50 +50(X+4) s
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Hhe £ ?AAM

T,6,Q. l}

d

X+M ==
AaAOM-O
() f@)=20ep20=T+ Z(P 2, Cen8 +Q nmnd)
- I=0, =20, e =0.
M(R,0) = 205 cp28 =200%(1-240126)
-2ocx+:\3‘) 40/3 = 2o(oc—/«3’-)

oM koo w & ily ol

)
€ $6)=20c030 =L+ 5 (P cone +Q,amne)
g I O) F 20 I«U\mo =0.
UR) = 20730030
= 2023(40°0 - 3cr6)

= 80 XP- 0% (%~ +M?)
Thscose a0 hgthe roge 02k,
/ybi’oM oI He ma)\i'
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= 50(1+omB) N .
4. ﬁ""é Om Yhe =0 +dgr W = qu-i = (F7 & L 30 &))- (&)

v =-t % , so Wen=0 MWM W/36=0

\\uﬁ:o;b thene . SMN\% M‘HV'G“ZITI-AQLM/)YI vu-n-—
(we,ﬁ- fe) & —ﬁﬂ,m a/an =0 Hune mfluow

m/;e O

M2,8)= (A+Blan ) C+D8) + (En Ky EstK Y Genke+Howmkd)
wldd ana >0 => B=F= 0, s0

un0)= CDe+ % ( G'cm<9+ H'sunk8)
%‘3(’1,0)=0=D‘+ wz“(om') — D=H'=0 »0
U (n,8) = C'+ G ienke
$8(%,2M)=0 = ~RG' pmanlk —» ZIKZNT po R2N/2 (n=1,2,...)
ur®) = ' + 2 G, V' et

M(b,&)=50(1+pmg) = C'+ 2 G b o (0<o<2m)

l2.
HRC: = C'= =, G,(:-‘#'(%% FAN AL, O fnn txem, AO

Wit

—400 T ne 707
nne AR5 o (3] P RN
o M(3,0)

I -
M(,0) = So-4 "3, ‘4 (n) 6 / \\
(3,21 = o+ e ‘2; L (%)“”- s 50] /

No, the w M(R0) 4 W o 07\ M(,2) ’

‘ﬂv. . AN A S J'L/B
Mﬁ?ﬂ: MMMAM;] 3 e
Z =L

ot s RSBl @;¢£zmm

Po EVUTO amd o %.Qom&

w
LR RGIE ity BT

5 9 u,8)= (A+BInRYCHDO)+ (EX+ Fsi¥ G ank® +Hoimko)
N M AAdd as n>o0 => R=0,E=0 Ao
3 mae)= CeDe+ LK (GepKkd +Haumnke)
u ZTT—Pmnhcmﬁ@'D 0,K=n, Ao
mng)= C'+ ZJ'L (6,crne +H, amn®d) ®

- .
.
N
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u(a®)= §©) = c’+$ " (Gieon@+ H, Anng)
A C'= i [:Tf(e) 48, "G4S :: $)conods o 6= & {Z f6)conod®,
"Ho= [ 068 so Hy= & [ 5601 206 40
s 290, O ?mo A (R,8) ~> C’=,;_'—"£W+(e)ae,M 1 The ancnagy At 1 ¥

e.@) $ine)= AtBIn)C+DO)+ (E¥ +Fm N Ger ke + Hauwnks)

é(nmo (v YD +  ~ +~)Hk —>» D=H=0,
é(sz,e) A4Bmn + (E n*+F SLK)c:aKe
& (m=0= ( - - )(-'VIMMKTT) — K=n (n=(,2,...)

@(ﬂé) AxR'Inn + Z(E X+ E ") cond
ol 0 ’ 2N -
$.(a,0)=0= B Tf + ;(nEna -nFna Jeone »B=0, F'=a E
7o p, 2 tyn, &
$e) = A+ 3 B ('+ &7 )cone

Fma‘o'aa o0 > o0 +
@(.ne =A'+ E/(n+ X )Cc>6+ E;(Sf'+%.,_)m26+--- ~ Usieoo
A'= N‘L\M\% E; L[ E,=E;=--=0. The nasmng o0 aa
5»ﬁ>m +=Es='" =O,Aw3.T‘\m‘fhoLm&'wa  an
n—wo 4o the ELs3 Towm . Thon" & aemdd de ~ £ 23] shech
1/27 d\nqq €3) MMMURC«)& Thuo ave nud

=0. Bk émﬂh ~ B, * ant_._iﬂféolngmnéw.
TMMMAE' OMM

50@9)" H+E (n+.~)c(>e ~ E'nepd 2o >0,

KI,H‘ F/w\ MMMME&%GMU&C@GL}
c9 : E/
@(n,e) H'+ U+ £ Yens .

T&MWAMMNI 0 withad Loa sumet & aall

m MWWM% 4@%%«&%&
(6.1) dota amdaed A

%m@wm%léto %

§ U(Ju&)cae e+ Uatx/(x=n?) et L'
-3, = —Uam-——'B—’é‘- so W= oUa? [ xmax_ o Udly | Nry

(X" x"+A3’-
m) /n = @x %""""3’
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o _ Udnmeizy) 4R = T+ Us | Tt (hex)

X"‘H‘j" (x=+ ,\az)z.' x*4 ,,37. (X+ Aaz) z
o, -Tat(rn?)+ 2UaM*+Altm) (3 ")?‘=LI(quA3")"+Uaf'(x’¥ 2) - 2a*o*
o, ﬁ.}(ﬁmw H:\(z,\(,) =%,) AOO A(ﬂ)=u’a+c‘"§ W,
Wiay) = -Eﬂ%ﬂlﬁ + el
W(-4,.2)= 014875 , Y(-4,.8)=0T519, Y(-414)=1.3220, W(-4,2)=1.9.

TY\A'PQQ : > with(plots):
> pi=y-y/ (x"2+y"2);

p=y-—
Z+y
> implicitplot ({p=.1875,p=.7519,p=1.322,p=1.9,x"2+y"2=1},x=-4..4,y=0
c.2,view=[-4..4,0..8));

o a o~ NOTE: ¥ wedoit melude Hhe miur
————//f*\——‘; *&m e el e —d<x<¢ o
-4 -3 -2 -1 1i34 Z)MMAQO('GJ,&ZM%L 6'31;
X ox WWW ro ; €9, encle
N =] Erufwtceawwmmw /am'fé mmix,ymlwm
masd the prustid -wdimal Jo de 0<m< 8 (although et off Hhe
WPMRDM),MWMMIQWW (H |

7. (@) B1,9)= (AtBAnn)C+DO)+ (Ex"+ FX XG cokd + Hamke)
d a0)=0= £ (C+DO) + K(E-FL 'Y - ) —» B=0amd F=a®E , 0
Pn0)= C+Do +(+ a®T*(G'apko+ Hiamks)
B01,21)-B(n,0) = -T'= 2MD+ ("4 02K 5L * X G'epank + Havnamr - G')
<I>em,zrr>—§etx,o) =0 = (W% a®R TR (- KG mmamk + kH en2mk -k H) } X

. P c-t 8 " . )
X g0 D=-T/om amd (-.5 c-.X&)*(g) tmane €= ep2MK, 5= 82K, To anmd
G'=H'=0, aX -t s s .
l-s c-1 |= (chxs=o, &'@ff&iﬁ }ﬁ" KEN (n=h2,)
wth G'lamd H’ ; .'PM'fnn,‘i“\m, cam ad =0

é(n,&):-%e +2 2+ %an X G con@+H, rmne) + 27

Fu@aﬁﬁ:)) Pn,0)~ Unced a0 a0 => G/=1L and ol Lhen G % and Hya
aw o, o
$126)= U+ L yepo - 30 .
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(b) S =98 = §,8.4 58,8, = Ul- £ )pe &pr UL EIam8-F 158,20

—

: Ny, . WV .
Np=0 n=ad1§=n‘/zm. 6 =3m/2. M‘MN&&M:
n=a m”’e”} 8 = and(-Tvamla) predud Thed T danlla (L

uo Conodin T'Io be 0 5 i X 4 <0 Ha bm@&ﬂv‘ “He Pame
b»;tm(ﬂ\‘ﬂu w&m «Mﬁde\(\v“k;f'%d\a. Arwanand.

wmiliod o mpunnd)
0=T/z2: Tham =0 ¢3/w¢4 2+ (T/an) o+ a® =0, b thia 4an no padud nela,
©=3m/2: Tham =0 apea - (TlenU)n+a:=0 4o 5L=4%-1+ FARGE

Tho, e e et oo me Hon e oo pasts. enthe il

, e At T=o0 ase oo e

oi'ero)'n'. MPW%WMM&MMW
Nan (a6 the lost fugine anm Exenese T) and e Lezatid aXl the

o neda o €=l (T/41Ua). Whin T=dmlla the Tvo Alogmelin

fa'w% e X ©=3m/2. 0o T ameran }W‘Pﬂuﬂ-ﬂuw

owd M%@Wt;\ft&( %&Wﬁ. Gmd M&“A«\«%"&M

=22 Yo = (T/anl])+ N (T/HU)F-aZ .

NOTE: An interesting and challenging project consists g O\,
of seeing what the flow pattern looks like for the [ ﬁ A
"supercritical” case where I' > 4zUa. Qualitatively, ) & ,') b
the student should find that the pattern is somewhat NS

——

N B .
(topologically, at least) as we have sketched at the right. - /*{\‘{\’:\

(c) w=vd= UQ- 0 )cno Byt k U+ & yomb-L78, Sfag prot
= 0 &, — (2Uame + T/2m) & ma=a.
By Bamadli, Plaze = ek =922 prd + T/en V= condd. - 2028 +%1’me)
L=o jom c2Uawte + UL sind)(asmedd) = UT 4

ue) = E+Fo+ 1% (Ganke +Hiowmks) ®
M(2,0)-M(2,2M) 20 = B+ G¥= [E'+amF + 2 (Gepank+ Hmnmark) ]

A [%,0)-M, (2,2m) =20 = F'r KH %= [ F'+ kUG amamiet Hepank))
o,

=2TF + [ (1-e)G' - sH' ] =0 = F:0 amd (-c)G'-sH'=0
amd ARG +u-a0H']=0 sG'+ -o)H'=0,
mhane c=coamk, s=omamk. To avrid G'=H'=0 ad |'s° 2c|=20 and ol

0o anm Exenvent7(a), K=n (n=1,2,... g G'amd H' '
- A ) n ), mehieng H ane‘ﬂ\manlnihq_nvrwwo

oD
@ = B+ T U (G epno+H, sunns),

which & the Same MI(S!).WM%MEXWPQLZ.
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0o ) Ne-6 © o
P F (L conto) =4 +RE (B €™ 4R (5O
\ t

z
) .
=‘{'"‘*@°§ (Be ) =itk % o1 (-8
R i(9-8) B : ~
bR — ub = (MMMM L Iy Qib f o
- —1(0- b —ib
z 1-_’;;.3*“99’ ,__%excee) & o the £ cffi.) a4
S I- Fcad(9-8)  _ B v
l—Z%m(G-G)-i-.’g 2 P-2bacp(9-6)+5*

10. d2/A*=0 o a<x<b ath M@)=U, amd Ulb) =M, davem .
Sy guvea 400 = U+ Yoz (x-a) . ThaX 42 ,the Actadion Ao hmain Thus,
N\.J“J u oI Hh M\MLPM (ab)/2 X dhe avnear redue (UML) 2, an 4

(a)

'

” { (« To mclude 220, Whoch quvea Hhe covstant
‘ : m Plo,e-) =1/21. ) e

NOTE: This is a nice problem pedagogically since it falls between the case where
the Sturm-Liouville expansion is equivalent to (and could therefore been handled
as) a half- or quarter-range cosine or sine series and the more sophisticated cases
where the expansion is a series of special functions such as Bessel functions or
Legendre polynomials. In this case the eigenfunctions are still elementary
functions, but not merely cosines and sines. Also, this problem forms a natural
companion for the problem where u is prescribed on one of
1 uEFR) the circular-arc edges, discussed as Example 1 in this section.

2R% nR' . %"= - K2

+LCeo (ki) + Daim(KIns)][Genhikd+ Hamhke]

Sumet the Strliaw. txpamseom sl bt ax 52, it mud To be s To dothe 224

and SL=b A cond Lmg 2tparmsna an SL Cann b

U(,0)=0 = (A+BUR)E 4+ [ Centkldns) +Dovnlk Lax)] G - E=6=0, 40
)= (A+B'2s)8 + [Cenkimn)+Diovnk ban)] smh ko

ot Lodes Ly at cam do f1>L:~(J'L,o)=o . “”ﬂy
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U@,0)=0= (R*BLna)o+ [Ccotking) +Damkina)] snh k8
u(b,ez(o:'p”(\ﬁ'i-fi"ﬁ«\b)e-l- LCers (khnb) + D aun (kY] Auwch O
Ag ‘+B' a=0 ! ol
A"l'B'LAb:O }"’ H"B-O.
amnd. C'enlkma) + Do (kKna) = O o
 Clop(rdnb)+ Davn(kab)=0 @
To avmd '=D'=0, oL lcmzoma) A (KIR) | 2 eplihna) K Inb)=Colikdnb)om(k )
Co(Kb) A (KImb)l = aun (KIna-Kinb)
= pm{K &) =0
50 Koa/p)=nll (n71,2,..) oL, K= Tt/ L (£2). fnlidng)
modwnal Aradura 4 CD. Wk kzntt/2n(]), @ ard O 4l Lo redumdandt,
20 AT uo duacand @, sary, MA"&"@M:D"‘;‘M"L C':
D= = cd (kbna) C.
Thao fart; o
M(2,8)= ZT.QC; [Cra(k,,ﬂmﬂ) — e, (KyIna) M(wnﬂ«nn)] Airh K&
=IC, Cor (KR ) s (K I @) = Ca (Kp & ) aom (Kn 2a3) sunchh g, 8
M Aon( Kndna)
= 7. Infdw(knﬂwz.—knﬂma) Ao kD
T ;InM(Kn%%)MK\G ©)

ke Aue'nt comdnmid =CL favn(iyIn&) I, o mM

IN

©  mxa)=fm)= ‘;(Inmd\k,\ot) ¢ )  (a<n<b) @
mhane §,(0) = Avn (Ka In ) aste the Jua %Mm the Stuwn-
Lasunle PM(.«@M ) 8{

BR"+ 3R + K2R=0 (a<a<h) ®
T ks @ .Qm):o,rea,) =0.
0 Sonelipn o the amnin sy ®
it b awrr o S
b .
T L e = 0 Jo s B Lo
TN, 02 ae(kndnZ) L dn
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4. R"+ -}L-R'-Kz%\:?‘. TOM a,cb,c: am (50) (pea2239), wnty ol (46)
(P4 238%) : X fa -HE?( +bx »9-0
on, AT ax A3‘+bx°‘”~n3:o
~rO CL=1,b=-]<‘l) C-6.=0 40 C=a=|. TC\MQL: 2/2=1,V=O/Z=O,A-o (s0)
quee Riy= 2% 2 (JfIFRET L) = 2 (k).
el b<0, Zo—) Io;Ko 2O
Ry = CT, e+ DK, (xn).

15 Stwe ao 1 Exeneae 14 ot acth -k*-> +k2, Thue,
&) = 2° “l‘o(m )’L) = EO(KJL)
= CJ ten)+ DY, (kn)

b N
16.(a) /E’Z Sw%mw St-Liow axpamson wrld be on
U= $7) nahin Hham M2, 20 wnde  um,2)= Rov Zea) m
" . " Mpat Ll + U O and y
RUAR, B e Thon s’é.-.{i+sm, <=0
z CJ(en)+ DY, (k) k#0

Z =[ E+Fe, k=0
Gekt+He"® ) k1o
ro u@)= BtRIna)XE+Fe)+ (CT (en) + DY kni)(G e ¥+ H €<%)
RBorumdidmumsa aa 290 = B=D=0, amd lddmum ap 2> =y (=0, 40
um2y= ExF'z + CJ k)™ % .
Tham
U(b2)=0= E'+F' 2 + C'T(kb) € " —> E'=F'=0, L(kb)=0 wolth
kb = 2, whene the 2,00 ane the 2rnom pottiie novls
J,(2)=0 . Thua,
urz)= 32 C J(2,% g En2lb o)
Fmally | rononk

2]
woo=f= 2 G E,F)  (bea<h)

hane the T (2,30 ane Yhe bqumction d the S-L prdbone
xR+ R'+K2ZIR=0, 0<n<b)
. _ Royd4d , R(b)=0
O “"‘2” .F\mc:tm' . Thao
Cr:= <;E,3.92 = fob f(ﬂ)a-o(zn%') sdn = Z ‘S.b-_?(ﬂ\:)_(k stysdsy @
<J'°,:T°> fob 3'02‘(2,‘%)514-'1 'S J‘Z(ih) o} ot K
The sdulich 4o guron by © and &) |
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(b) N "2 ThG Bme mt Wfﬂh%(*#mrahm*‘{
3 i —33—’2 ZWM&AOM
b Q'l |Rl——z +Kz

&0 U6,z) = (A+Blwn(E+F2)+(CT, cwn)-&-DK (k) GepKz +Haukz)
Boundidniao as >0 = 8= OMD O amd Lowndedmros An B wv\abo%ai
F=0, »0

urz)= A+ I kn)(Genkz +H amkz).
UndinTand, Hat His meama

un) = A%+ I k)G epKiz+H, dunk 2 )+ - + I (K (G ok 2 +H Amk 2)
{c’l Al k’A L_ MI&WWVW ;F(%)M\t&
Tt R oy 4

f&)= Gt ?(an T+ b o I
L
Gy= one .. Aenlicg =50, 4 :-Lf {(%)cp'm%dzz'{gfoco@rza\%=0,

L )y 260/nT , N 624
bo= 1 fcz)/sm“l_%dz 'wjm'“‘%dz {2, n ekl

Mt Cam Aty That MM (MCM)M% K'a e nm/L. wao e
uz) = A'y ZI o(M/L)(G Co MIE 4 H A D2 )

Fim
W(bz) = §iz) = 50+Z 2 e M2 = H+ZI (BIRYG co™ME + 1 sn 1T
A AS'O GA =0, Icnﬂb ,fg\nrAAwo-folnwmm
u(x,2)= 50+ 20 .LIQ(nﬂJI./L) Aen iz NOTE: M
= %0 ™ |)Z " T, (nrb/L) 3 codd Rant slantid M‘b\%
M=50 foum umz)= A+Z[Sm)cp!q_12

(©) b .ufO R"+ *Q’ = __Z:'__, 2 +C () s, NIZ
e A S R T

© L u(a,‘a)rso,Mmhm,bNMm,dﬂ(mM.
M=50

d b #20 RU+gRL 2 ke

Loume)=( A+BInn)(C+Dr)+ [ET (k) +FK (K (Georz+Homkz)
M A aa n>0=» B=F=0, »o

ue,2y= C+ D2 + I, (kn) (G enkz + Hauwmk z)
My (,00=0= D'+ T (k) k' — D'=H'=0, »ro
ume)= C't G' I (kr)co KRz
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uL)=o0= C'+ G'I (k) enkl —» C'=0 and KL=nw/2 (nedd)
um = 3 G TR e 2

Ulb2)=50= G, I (wmk)cnr PR (0<2<l)
13y

Ond 4t cam moe athan g M-WWM o the St—Luk.m\}.
: L .
GiI,(G)= & socoT2az = 2R awn D

=205 L aoor L(mjal) ooz
M2 = 5 1?—_3',.- > I, (rmb/2L) o
NOTE: Ricall fnm Exereine 6 ot Sm.zo.gw 4 4
Utk prdlim shaon of the nught s com 2tk ©
sy %u=—f=+kz (quina Crmia And Amas an izl | Ut Uyy=0 [ U=Hs
) oy th sy ond Ly e okt and b
do the Founun Avwes ”}‘PMMMMMMM&«:L y l“"
m The L\K/AI&MM M}\M’ ,LA-?}_Q O__g et Cam amndle é:-.}y—,-:-l(z
(arma CRwmta Gme Amaa X)) the Ujand U3 bes fut amd tan
do H mewmwwm *N;\Q'QMWM‘H\LA@MM
M ba Mﬁfwﬂ. Kiﬁ&@ = _:t'iz -k?

~  U2,2) = (A+BLan)(C+D2) + [ET (e + FY (k) [(Gemhkz+Hamhkz)
mld->  mn2)= C+Dz + J,(k)(G'enhkz+Hamhkz)
Naxk st mast do
Mm(b,2)=50= C+D2+J (kb)( v )

40 C'=50, D'=0 and K,=2,/b ke 2,5 ane The prdind nals 6134%)=o.
Thuo, M22)= 50+ 2 T 06)(G), crhk,z + Hamhi,2)

)

(]
M, (2,0)=0= 2. K,\H:‘Jofk.n) — H k=0
]

AO o0
_ UeR) =50+ 2 G, I (b K,z 9
FmAM/D, o
M(3,L)=0 =50 + S G,J, (ka2 eohic, L
o, "
50 = 2. (GoephiL) T, (Ka)
?w—us

Ghephil= 50,060 Y .
<T, .1),To (KnR)Y ®
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The sdbdoon awe @w@xougwm L Thedl gvim Iy ® Lk wina
A'tfnlg Ircanoe e mred the Kplo mn @ end @ — de e 2, et oj J,(2)=0.

I} _\_ 4 n
(e) h‘*=0 R-‘-’LRz—:t’..::—\(z- (TF\«OM ffﬂ)maamﬁo
= fim) —’2 R Z et hant mo chaie InX To do o

uffm ST, HM, cRorae -K%)
M) = (R+BI Y C+D)+ (ET, (k) +F Y, (n)(G cohrz+Haunhkz)

wldd eon20=y U2 =C4+Dz + J,(k=)( G,'Coaxkii-}j_ ‘pudhkz)
M(b,2)=0 = C'+D2 + J,(Kb) ( G'ephkz+ HAumhKe)
A0 C'=D'=0 amdd, K=2./b =K, M/t\l-n-(_ 3:,(2,.)-'—"-0.

umz) = 2T (kG crhk,z+ Hysomhi,2) ®
Tham !

My (2,0)= $(0) = xZ KnH,, T (ko) (0<n<b)

RaHi = Sy Ho L 52 eI ey nan

3]
<3;):ro> ? Kn I.OBJ'OZ‘[K,\YL)SI&JL V‘&MMC‘MJRWK-OAAJ&A
Fimally, -
T M@L=0= ; Geohz L +Hsuhz, 1) T (k)
Grerhz L+ H, anhz =0 oo G =-fanhzH, ®

amd Yhe Adudips Ao 7‘”‘”"0’9 0-®.

(£) s wlz-g": T
QK//i « R z°K

0L ao M) = (AeBlan)(C+ D)+ [ ET i +F K (k)] (Gepket H aumia)
U:’{:;Zj ddd 2o >0 = B=E=0 4o

mn,2) = C+Dz + K, (kn)(Gepkz+HsmKz)

ur,o)=M=C'+ K, (k)G — C'=u, amd G'=0 »o

M,2)= U+ Dz + H'K, (K2) sk

ML) 2 U, = UHDL+ HK, (k) mnKL so Dz 222 10y
MR,2)= U, + (uz—u,)%. + Z“_ H. K, (MTR/L ) Avnfhriz)L) 0)

Fam

) o0

M(G,2)= M3 =u.+(uz—u.)% + g Ho I, (ma /L) AminTz/L)
o
M=M= (U ) 2. = Zl H;Kofnrra/;) A (W2 /L)  (0<2<L)

HRS: Hn |‘<°(NI'A/L)= Z L[u == (U ) E ] o TR 4z = ote,
amd the Aebudio 45 ;&-&«lr;@wa@. - - ®
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) t/z M3 25 An (32/2) E"_“'Rﬁg.': - %_": +k?
////
: > 2 c}w«o Mn2)= (A+&an)[C+D2)+ [EI (k)+FK (wz)] Gcokzi-HAw\kg)
E? 777
M=0

uldd = B=E=0 an~d D=0, 20
u,2)= A+ K, (kn)(Gcoka-H M KZ)
amd U (4,2)= 256w (32/2) "ﬂ-i-K (ka)(G'eokz+ H'mnkz)
qurs A'=0, '=0, K,(ka)H'=25 amd K=3/2, Ao

Mnz)= 25 Ka(3r12) Aua32
K, (3a/2) z

7. Studento %Mmmmm.
C Pr b FekF=0 & X .
WM*"M% é—-—% ~pund & = «JT—F;,,)-* ) AD M

(-1 xwéé )+ (0F o@ Jexeg=o

U"}k +:ﬁ7§(*) (-21) c‘i —/AG@ +k* =0
-
(- )'\"")Aé—z),(&@-&-l@@ O
18. A, = 204t (1 P ap = z—nﬂfo'“)[’ndﬂ- 502_2..:\" [ ARETS

¢ 2cn
The Maple commande  wth(ath
(P, %), 22 o l),
?ww {1 420,,2,,8, the malasa 1,12,0,-1/8,0,1/16,0,-5/128, 0, ..

A soA_!é‘_O(..)__S Ry=0, A= 380 (4)=- l’ls;,Aq-o,Asr.Sf.g(,é)-%vc_g,
= = 150 _ =
A0 A= FE)-BE  fe,
0 (Blgmea  Migd)= Zﬁf@’(cocb
= 5oy + 25 oF - "’5f>3f+§7c‘3gr SRR

=50 fofeod) + 3(£) Rteod) -2 {2 )P er)
(8 Brtent) = (2177, c0d) 4]
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19. ¢ 1 M0 3 csl), ucp,d) ZA P (crd)
K /% k f;r/z) o-€ A P(o)f>
NS . Nm,m > (0) 2% an(_OA'{j n= nut Ao A =A,=R, =~ =0

WE ond M(€,¢)=Zzl A €P(Q’>¢)
,W\M) 1,3,.-
Mic,d)=too= Z A c.'L P(de}) (o<p<T/z o O<pu<i)
ey . L' b Tl e w11 332
= <100, - oD [ (1) d _mM5 275 _1815 3325
0 A c'= <P, P S‘l Pz()u?d)x}t 150, 'is) F 7320 g !

A0

W(p,d)= 150(8)Plend) - 115 (g)SP(c«xb) +233(2Y By leod)
\ - 1552V o) + ZBI(E) P (cob)

um= oo
L) /7 /}\ WJe cam Ay AMPJIJ»\TL«I ucp,d) = confant =100. OFf
// /// Couwne, & MMM%W:W&I ALl

u:.-.oc i MMW wn the AAMTOS:MA):.XM

(c) %Emn@hsmars 0 2 (80) To snie brwmdidiuna ot
/ // f> O, m\'ﬁ\wm =0 o mX Sver
__/(\_*Z c.<(o<oo k—mmofdmw ->°0=? A =0 fon n=1
R0 u(p,cb)
Them, .
Mip,T2)=0 = A, +Z F"“ P
Nowr, R(O)=O¢nmo-d& Ao A =B,=8 =~ =0 amd.
wpd) = % Bo P (ead).
M(c,$)=100= Z c:*‘ Plend) (0<d<Tiz or O<pu<l)
B, /M= <0F) ; .
40 P BS M/\mﬂ«%%mpanx(&)m

T‘e\*@; Mip, )= %—;ﬁfmcb)‘*' %3 P::,(COCPH- §§ P (cod) + ..
{O
=150 (& Y Rreot) - (& P) Reed)+ ZE(5 ) Potend)

- 13(5) R et + 28" o)

Fov e, ot p=2c amd §=0, Thia gurco Lilar,0)= 375-547+1.07-0.23+0.05 - =329,



