LT AN 5% e B 1 o

Introduction to Digital Signal Processing:
HW4, Quiz4, Topic5
TA Review

TA: B WEET, Shreya
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National Tsing Hua University



Remind

* HW 5:
* due time: 2022/06/08 at 13:20
e Submit format: 108060001_+/)\%5.pdf
* Please provide detailed answers or explanations in English

* Quiz5:
* time: 2022/06/08 13:20-15:10
* scope: everything we cover in topic 5
Online in eeclass [Exam]
Restrict switching to other windows (Answers will be submitted automatically)

1 A4 cheat sheet and 1 A4 double-sided blank sheet are allowed, and printed from
everywhere is not accepted.



Quizd & HW 4

« QUiZ4E RN LEFREEBRMAG - RiER B MAYQuiz4BiE
* If you have other problems:

* Please email both TAs

o BEWET: wschien@gap.nthu.edu.tw

* Shreya: shreya@gapp.nthu.edu.tw
* Please explain in English for HW g5-q7 and Quiz q11-g25
e Duetime: 2022/06/03 17:20

HW4 Avg: 98.25 Quizd Avg: 60.09
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HW4-1

1. Please answer the following questions: (20%)

(a) Explain clearly the spectral effect of windowing a sinusoidal signal using a rectangular window.
(b) Describe the uncertainty principle in signal processing. Which signal satisfies it with equality?
(c)
(d)

What is a spectrogram and when is its use required in practice?
It is said that the “zero-padding” operation in DFT provides a high-density (visually smooth)

spectrum but not a high-resolution (quality) spectrum. Do you agree or disagree? Explain.

(a) ref to May11-2022 p24-25
(b) ref to May11-2022 p26-28
(c) ref to May11-2022 p36
(d) ref to May4-2022 p30




HW4-2

(a) Proof:
2. Consider a real-valued N-point sequence x[n], where X[k] isits N-point DFT. (20%) N-1 0 N-1
(a) Show that X[0] is real-valued. X[0] Z z[n]Wy Z [n]
(b) Show that X[(N — k)y] = X"[k]. n=0 n=0
which is real-valued since z[n] is real-valued.
(b) Proof:
If & = 0, since x[0] is real, we have
X1[0] = X*[0]
If1<k<N —1, wehave
N-—1 ) N-1 )
X[(N —E)n] Z x[n] I-‘[-":,r"\l,;(j\'_k)“' = z x [n]l-f’ﬁm'_k)
n=>0 n=0
N-1 N-1 *
=Y Wyt = (Z [n]u'f’f)
n=>0 n=0
— X*[H

Hence, we proved X [(N — k)] = X*[k] for every k.




HW4-3

3. Determine the N-point DFTs of the following sequence definedover 0 <n < N (5%)
x[n] = 4sin(0.2rn), N = 10

Solution:
The DFT of x[n] is

el ) 2 s 27 s 27 s 2
X[k] = Z r[n]Wen = Z = (ejﬁ” - e_Jﬁ”) e 1Tk
n=>0 n=0 ‘]
2 2 . 2 2m
:_Zejﬁ?z o JIDRL_—,Z@_JER'Q jignk
] n=0

- _Q(U@;[k — 1] 4+ 20j6[k — 9]




HW4-4

4. Determine DFS coefficients of the following periodic sequence: (5%)
X|n|] = 2co0s(0.25mn)

Solution:
The DFT of z[n] = 2cos(mn/4) is:

7
X[k = 7 (302 4 omi%n2) o4k
n=>0
= 84k — 2] + 8d[k — 6]
The DFS of [n| = 2cos(mn/4) is:

X k] = 80[(k)s — 2] + 83[(k)s — 6]
Or -1 -7




HW4-5

5. Show that the N- point DFT of the circularly folded sequence X[{(—n)y] is given by X[{(—k)y].
(10%)

* Mistakenly we updated the HW file twice, so some people solve the previous Q5 (X[{N — k)x])
also, so here we considered both the questions.

N-1 = N—1 N
Z "7[<_”>.-\’](-‘—J?nk = z[0] + Z (N — 11]0_1?""'
n=0 n=1
N-1 : N—1 i
— 1[()] — Z ;T[n]()—j-fﬂ(:(;\f—n)k _ Jf[()] n Z .1_7[72](}j:~&nk
n=1 n=1
N-1 E N-1 .
= Z ;l‘[n]e_j'f\';"(_k) — Z _T[n]e—jf%"{—k}.\'
n=0 n=(0




HW4-6

6. Let x.(t) be a continuous-time signal with CTFT X_(j2).(20%)
a) Define time-duration AT; and bandwidth AF; as

” x(t)dt * x.(j2nF)dF
AT, 2 'LWL(}, L2 f_mxc(,' nF) ] (a) Proof:
%0 %0 Xc(0) = /x r.(t)dt

Show that AT,AF, = 1. Xel0) = [ @e(i)e

b) Let x,(t) =u(t+1)—ul(t—1)and x,(t) = cos(mt)[u(t + 1) —u(t —1)]. Evaluate 1 oo
. oo 2e(0) = o= [ Xe(j2nF)a2nF
AT;, AF; and their product for these two waveforms and explain for which waveform the 2w J_
definition of time-duration and bandwidth in (a) is reasonable. Hence, we can prove that

[Tz (t)dt [T X (j2nF) dF -
ze(0) X.(0) B

ATIAF =

‘b) Solution:
Forz. (t) =u(t+1) —u(t — 1),

1 .
X (i) = [ eI J¢ — 2sin (2
J—1 0

Hence, AT} = 2, and AF} = 1/2. Thus, ATYAF, = 1.
For z.,(t) = cos(mt)[u(t + 1) — u(t — 1)],

sin(m — €2) n sin(m + )

X:?E{jﬂ} - T — () T+ 0

Thus, we have X 5(j2)|,_, = 0.
We can conclude that the definition is reasonable for waveform like
T, (L)




HW4-7

The DFT of the product w[n]x[n] of two sequences (windowing operation) is given by the

circular convolution of their respective DFTs (20%)

DFT 4
wln]x[n] «— ~ Wkl ® X[k]].

(q7)

a) Prove above expression (g7) by direct computation of the DFT of w[n]x[n].

b) Prove above expression (g7) by first starting with the circular convolution of w[n] and x[n]

and then using duality between DFT and IDFT relations.

(a) Proof:
wnlxz[n) D e %”'[/;] ':}’) X %]

N—1 : N—1 _ =, :
Z wn]x[n)e IF"F = Z wln]e i7"k (T Z ‘\"{ru]v-’%m")

n=>0 n=—>0 m=—>0
1 N—1 N—1 o
=N Z X [m] (Z w(nle iFn(k '“))
N rra=0 r2=0
] N1
=3 Z X [m|W [k — m)]
=0
1 N—1
== >~ X[m]W[(k — m)n~]

=0

= Wk @ X [K]

(7.148)

I( b) Proof:

%H‘[H @ X [k] =

;Tlr Z X[m]W [{(k — m)~N]

N—1 N—1
-%- E ( E xz[n]e jf\i""') Wk — m)n]
: m=0 n=>0
N

N 1 N 1
1 s 2
Z .l"[‘lll (T Z H'[(A —— ,,,)A.](‘_)-S—rn?:)

re=0 rri=0
N—1 " 1 N—1 o
E .I.["I(._J%‘”k (T E ”'[<k = ”I>-\‘](\J%n(k—ru))
n=0 rm—A()
N-—1 ) 1 N—1 )
E .I‘{II](’ Jqnk (‘\—, E ‘l'[</. — ]”>J\-1(‘j:,\—f”“\' ”I\L\‘)
rn=>0 =0
N—1

Z (.r[n]ll'{n])('_-i'—%""" = DFT(xz[n]w[n])

rn=_0




Quiz4d
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QuiIz4-6

Let X|k| be the N-point DFT of an N-point sequence z[n|. Which of the following assumptions are
correct?

(a) If z[n] satisfies the condition z[n] = z[(N — 1 — n)y]. 1henX{%] = ( for N even.

(b) If z[n] satisfies the condition z[n] = z[(N — 1 — n) ], then X[0] = 0 for N even.

) a:[n] satisfies the condition [n] =
=0,1,..,. M- 1.

z[(n + M) y| where N=2M, then X[2! + 1] = 0 for

(d) If z[n] satisfies the condition z[n| =

—z[{(N
—z[{N

— 1 —mn], then X[0] = O for N even.

(e) If z[n| satisfies the condition z[n] = — 1 —nj, then X[0] = 0 for N odd.

(No partial points, you have to select all correct answers.)
(Z5EH)

A.(a)
B. (b)
C.(¢)
D. (d)

E.(e)

Suppose z[n] =

(d)(e)

must also be zero.

Therefore, for z[n] =

The N-point DFT of the N-pt sequence, z[n] is given by

N-1

> nwgr

n=0
N-1

z z[n]

n=0

X[] 0<k<(N-1)

X[0]

I

—z[N —1—mn]. For N even, all elements of x[n] will cancel with an antisymmetric
component. For N odd, all elements have a counterpart with opposite sign. However, z[(N —1)/2]

—z[N -1 -n], X[0] =

(a)

(b)

(c)

Proof:
N-1 R
X[N/2] = Z z[n]e IWIT = Z z[n] cosTn
n=0 n=0

When N 1s even, forany n € [0, N/2 — 1], there exists [N — 1 —n] =
x[n]. If we group these pairs and notice that

cost(N —1—n)=cos(n+1)m = —cosnm

we can conclude that

X[N/2] =0.
Proof:
N-1
X[0] = Z x[n]
n=>0

When N is even, forany n € [0, N/2 — 1], there exists [N — 1 —n] =

—x[n]. Hence, we have

N1 Nj2-1 Nj2-1
X[ =3 a2l =X[0]= 3 a@]+ Y «N-1-n]
n=0 n=>0 n=>0
N/2-1
= Z (z[n] — z[n]) =0
Proof:
N-1 .
X[2641] = Z r[n]e=iFn(2e+1)
n=0
Nj2-1 Nj2-1
n=0 n=(0
Nf2-1 N/2-1
= Z x[nle JTn{Ef+1J+ Z z[n) —JTH(EE+1JC—jﬁ(QE+])
n=>0 n—0
Nj2-1 .
= Z r[n]e'j%niﬁfﬁ-n(l_l}
n=I0

=10




Quiz4-7/

Determine the N-point DFTs of the following sequences definedover0 < n < N

z[n] = 6(cos)?(0.2mn), N = 10

Answer:

X[k| = AS[K] + Bd[k — 2] + C8[k + D]

A,B,C,D| =30, 15, 15, -8 |

(ABEZER)
Or -15

Solution:
The DFT of x[n] is:

N-1 9

X[k] = Z T[‘H]W"'_,kﬂ = Z (3 4 EEJ%HE o

5
= 308[k] + 156[k — 2] — 156[k — 8]

n=>0 =0

3 = A

_E—]-ﬂ‘;ni‘

2

: AW 1,
) E—_]-m-n.k




Quiz4-8

Determine DFS coefficients of the following periodic sequence:
&|n| = 3sin(0.25m) + 4 cos(0.757n)

Answer:
The DFS ofZ[n| = 3sin(0.257n) + 4 cos(0.757n) is:
X[k| = 166[(k)g — 3] + 166[(k)g + A] + 120[{k)g + B] — 128[{k)g + C]|

[A, B, C'] = [ 3, 1, -1 ] Solution:

Or 3 1 1 The DFT of #[n] = 3sin(0.257mn) + 4 cos(0.757n) is:
5 -6 -2 7 13 ; 2 2 2
5 i ] = 2 (piFEN2 _ —iFn2 i2En3 | —j%En3)| —iFEnk
I e S

= —1248[k — 2] + 126[k — 6] + 164[k — 3] + 164[n — 5]
The DFS of #[n] = 3sin(0.257mn) + 4 cos(0.757n) is:

X[k] = —126[(k)s — 2] +126[(k)s — 6] + 165[(k)s — 3] + 165[(k)s — 5]




Quiz4-9

9  Consider the finite-length sequence z[n] in Figure. The five-point DFT od x [n] is denoted by X [k]. Th

sequence y[n| whose DFTis Y[k] = W 2* X|k|. Which statement of y[n] is true?

(No partial points, you have to select all correct answers.)

2 2
[y
0

Orn=-1,0,4,5, 7

——e
o
W

I

wne

>N

~Ne

-2 -1
(ZiEH)
A. y[-1]=0
B. y[0]=1
C. y[11=0
D. y[2]=1
E. y[3]=0
F. y[4]=1
G. y[5]=0
H. y[6]=1

1. y[7]=0

AMNRZ Eperiodic
Yok = WFeek) o gon) Ao kg 2

e 9 pn) = XL (nt2y]
e
lrr Lol

3 45 b

]
- -l e )2

MR AZ Eperiodic




Quiz4-10

Two finite-length signals, z1[n] and z3[n], are sketched in Figure. Assume that 1 [n] and x4 [n] are
zero outside of the region shown in the figure. Let :zrg[n] be the eight-point circular convolution of a:l['n,]

with 23 [n;

e, xaln] = x; [2] (8)x2 ]

Select all n that can make z3[n| = 9.

ol

e
=]

10

-1 01 2 3 4 5 6 7 8 9 10

z3[n] is the linear convolution of z,[n] and z;[n] time-aliased to N = 8. Carrying out the 8-point
circular convolution, we get:

T3 [n.]

o [0 ©
w f————0 o©.
w 0 x»
w0 4

o @ o©

(=]

We thus conclude z3[2] = 9.




The followig 8-point sequences are defined over 0 << i << 7 .determine which have real-valued 8-points DFTs.
(Multiple answers question)

A.x,[n] = {0, — 3,1, —2,0,2,— 1.5}

B. x,[n] = {5.,2, —9,4.7,4, —9,2}
C.x3[n] = {8, —3,1,—2,6,2, — 1,5}

D. x4[n] = {0, 1,3, —2,5,2, — 31}
E.xs[n] = {10,5, —7.—4,5, —4, —7,5}

The followig 8-point sequences are defined over 0 << i =< 7 .determine which hawve imaginary-valued 8-points DF Ts.

(Multiple answers question)
A x4[n] = {0, — 3,1, —2,0,2, — 1,3}
- x5[n] = {5.2, —9,4,7.4, —9,2}
{8, —3,1,—2,6,2, — 1,5}
. x4[n] = {0.1,3,—2,5,2, —371}
xs[n] = {10,5, —7.—4,5, —4, — 7,5}

- x5 [n]

m o o o

The followig 8-point sequences are defined over O = 72 =< 7 .determine which have complex valued 8-points DFTs.

(Multiple answers question)

A.x;[n] = {0. — 3.1, —2.,0.2,. — 1553}
B. x,[n] = {5.2, —9.4.7.4, —9,23}
C.xzn] — (8. —3.1.—2.6.2,. — 158}
D.x,[n] — {0.1,3, —2.5,.2, —3413}

=

-xs[n] = {10.5, —7.—4.5, —4, —7.53



Consider two finite-length seguences:

x:[nl = {1. - 2.1, -3}, x,[n] ={0,2,—1,0,0,4} Linear and circular convolution
Concepts from May11-2022.pdf

Answering format:

real numbers: a or -a

no spaces, if more than one number, separate numbers by "."

no need to show the arrow at first number

no partial points for some correct numbers, all numbers should be correct

BEID heiinear convolution x4 [n] - zaln] is{ 0.2,-54,-7.7,-8.4,-12 }
(Mot case sensitive, Ignoring space)

Difficulty: Mot specified
Here if u consider the N=6 or N=9,
IEED) he circular convolution @4 [1] ® @,[n] is { -8.6,-17.4,-7.7 } we have given you the points.
(Mot case sensitive, Ignoring space) N=9 means YOU ShOUId have same
answer as 14

Difficulty: MNot specified

m Determine the smallest value of N so that N-point circular convolution is equal to the linear convolution.
Answer: The smallest value of Nis 9

mnN=44+6-1=9

Difficulty: Not specified



{4, 2-3, 3+j2, -4+]6, 8T} are the first five values of the 9-point DFT real-valued sequence x[n]. [Hint: to get all the 9 values use symmetry property)

What will be the DFT of the sequence z1[n] = 2z[(2 — n)y] ?
A 1, K] = WK By applying the folding and time-shifting properties, the DFT of 22 n] is:

B.X, [k] = 2wy 2 x°fik] Xalk] = 205 X (i
C. X, [k] = 2wy 2¥ X k)
D. ¥, [k] = Wy X i

Difficulty: Not specified

BID e 0F ofthe sequence agfn] = fnle 73 i, By applying the frequency-shifting property, the DFT of z5[n| is:

A X, [k] = X[(k + 43,] Xs[k] = X[(k +2)o]
B. X, [k] = X[(k - 4},]
C. X, [k] = X[(k - 2},]
. X,[k] = X[(k + 3%



B Determine which DFT property can be easialy applied to estimate the DFT of the sequences z3[n] = z? [n]
A. Time-shifting

By applying the windowing property, the DFT of z4[n] is:

B. Folding and time-shifting

C. Correlation Xylk] = % X[k (9) X[k]

D. Windowing

E. Frequency-shifting

Difficulty: Not specified

m Determine which DFT property can be easily applied to find the DFT of the sequences z4[n| = z[n] ® z[{ — n),]

A. Time-shifting

B. Folding and time-shifiing By applying the correlation property, the DFT of z3(n is:
C. Correlation

D. Windowing X‘[L] x X[”X*[k] = IX[LHQ

E. Frequency-shifting

Difficulty: Not specified



m In the case of Hamming windowThe transition width of the main lobe is equal to 8 /M where M is the length of the window.

Difficulty: Not specified

m A good window should have a __(a)__mainlobe and ___ (b)_ sidelobes.
A. a) broad, b) high
B. a) broad, b) low May11-2022.pdf
page 25
C. a) narrow, b) low

D. a) narrow, b) high

Difficulty: Not specified

m Which statements are False about windowing concepts: May11-2022pdf
a) The Hanning window has less side lobes and the leakage is less as compare to rectangular window
b) The rectangualr window has less side lobes and the leakage is less as compare to Hanning window page 25'28

c) The width of the main lobe is more in Hanning window

d) In Barlett window, the triangular function resembles the tapering of rectangular window sequence parabolically from the middle to the ends.
(Multiple answers question)

A. (a)
B. (b)
C. (c)

D. (d)



m If {x[n]} is the signal to be analyzed, limiting the duration of the sequence to L samples, in the interval 0s ns L-1, is equivalent to multiplying {x[n]} by?

A. Rectangular window
B. Bartlett window
C. Hamming window

D. Hanning window

Difficulty: Not specified See windowing and

DFT properties
B Which of the following is true, If x[n] is a real sequence and X[k] is its N-point DFT, concepts from
a) X[N-k] = X[-K] May11-2022.pdf

b) X[N-k] = X"[K]
c) X[-k] = X*[K]

A.b)and c)
B. a)and ¢)
C.a)andb)

D. All



Key Concepts

e z-transform

* Inverse z-transform

e Poles and zeros, ROC

* Minimum and all-pass system
 Sinusoidal response of real LTI systems
* Group delay

* |deal and practical filter

* Filters



Example

* Minimum and all-pass system

H(z) =

(1+02z7H)(1-927%)

1+ 0.81z71

= Hpin (Z)Hap (z) =

Minimum phase All pass

1+0.2z71 L 0y-7) = (1+0.2z79) (1 - %Z"Z) (1-9z72%)

108171 (17977 = 1+ 081zt (1 _ 12-2)
1+0.2z71 o (1 — 9p-2

1108121 179270

 Minimum phase system: all poles and zeros are in the unit circle(ROC).

* All pass system: poles and zeros occur in conjugate reciprocal (I £%) pairs.

Unit
circle

Hi(z

Figure 5.18 Typical pole—zero plot for
an all-pass system.
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