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Introduction to Digital Signal Processing:
HW1, Quizl, Topic2
TA Review

TA: B WEET, Shreya
Department of Electrical Engineering
National Tsing Hua University



Remind

 HW 2:

* Due time: 2022/03/30 at 13:20
* A4 papers and hand in the homework in class
* Please provide detailed answers or explanations in English

* Quiz 2:
* time: 2022/03/30 13:20-15:10

* scope: everything we cover in topic 2
* in eeclas 206 and 208

* 1 A4 cheat sheet is allowed, and printed from iPad is not accepted.
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HW1-1

1. Determine whether the following systems are (1) stable, (2) causal, (3) linear, (4) time invariant.

(Brief explanation is needed.) (20%)

(a) T(x n) = J::'[’HZ] Stable | Causal Linear Tl
(b) T(x|n]) = e*nl (a) 0 X 0O X
(c) T(x[n]) = (cosmn)x[n] (b) 0 0 X 0
() T(x[n]) = x[n] + 3uln + 1] O o 1 o [ o | x
(e) T(x[n]) = x[n] Xr=od[n — k] (d) 0 o) X X

(e) 0 0 0 X




2. A causal LTI system is described by the difference equation (15%)
y[n] = 5y[n — 1] + 6y[n — 2] = 2x[n — 1]

HW1-2

for all n.

(a) Determine the homogeneous response of the system, i.e., the possible outputs if x[n] =0

(b) Determine the impulse response of the system.

(c) Determine the step response of the system.

(2) Thke homogeneous difference equation:
y[n] - Syln — 1] + 6y[n - 2] = 0

Taking the Z-transform,
1-5:"14+6z72=0

(1-2:"H(1-32"") =0.
The bomogeneous solution is of the form

waln] = A1(2)" + A2(3)".
(b) We take the z-transform of both sides:
Y(z)[1 - 527" +627%) =227 X(2)
Thus, the system function is

Y(z)
X(z)
2z~
1-52- +6z~2
-2 + 2
1-2:-1 1-a;1 2

H(z) =

where the region of convergence is outside the outermost pole, because the .systgm is causal. Hence
the ROC is |z] > 3. Taking the inverse z-transform, the impulse response is

hfn] = —2(2)"uln] + 2(3)"u{n].

(c) Let z[n) = u[n] (unit step), then

1
X{z) = T—z-1 1
and
- Y(z) = X(z2) -H(z)
2z-1

(-2 -2:77)1-327Y)
Partial fraction expansion yields

1 4 3

YO =y e i 2

The inverse transform yields:

y[n] = u[n] — 4(2)"u[n] + 3(3)"u[n).




HW1-3

3. A discrete-time signal x[n] is shown in Figure 3. Please sketch and label carefully each of the

following signals: (15%)

(a) x[4 — n]

(b) x[3n]

(c) x[n]u[2 — n]

(d) x[n — 1Ju[n — 3]
(e) x[n —2]6[n — 2]

T
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HW1-4

4. Determine whether or not each of the following signal is periodic and if yes then determine its
fundamental period. (20%)
(a) x[t] = [sin(4t — 1)]*> Periodic with fundamental period of /4
(b) x[n] = cos(4n + m/4) Aperiodic
(c) x[n] = (—=1)"cos(2mn/7) Periodic with fundamental period of 14
(d) x[n] = ne™ Aperiodic



HW1-5

5. Theimpulseresponse h[n] of a discrete-time LTI system, Determine and sketch the output y[n]

of this system to the input x[n] without using the convolution technique. (10%)

hin)

x{n)

Some other method 7pts

h[n]=o[n]+o[n—-1]+[n—-2]+6[n—-3]-O[rn—4]-[n-5],

x[n]=6[n—2]-o[n—4]

x[n]*h[n] = x[n] * {5[n] +o[n—1]+0[n—-2]+0[n—-3]-o[n—4]-0o[n —5]}
=x[n]+x[n—-1]+x[n—-2]+ x[n—3]—x[n —4] — x[n —5]

yn]=0[n—-2]-90[n—-4]+[n—-3]-0[n—-5]+[n—4]-90[n—6]+5[n—5]-0[n—T]
—0[n—6]+9[n—8]-o[n—T]+o[n—9]
=0[n—-2]+0[n—-3]-20[n—6]—-20[n—-"7]+ o[n—8]+ 5[n-9]
y[n] = {0,0,1,1,0,0,-2,-2,1,1}

yln]

5pt




H W 1-6 If not plotted some points has

been deducted

6. For each pairs sequences, use discrete convolution to find the response to the input x[n] of the

LTI system with impulse response h[n]. (20%) I

hn]

x[n] 2
Ee; IT 0 1230

0 1 n n
(a) Ts
2 x[n] , ki
[, r ~— TS
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Quizl-1

1. (10 pts.) Please brief answer the following questions:
(a) Why we need to check whether the system is causal, stable, linear or time invariant? [4pt]
(b) Linearity makes it possible to characterize a system in terms of the responses hy|n] to the
shifted impulses &[n — k] for all k, whereas time-invariance implies that hyi[n] = h[n —
k]. For every system of the combination of linearity and time-invariance, (1) what is the
complete and unique characterization? [2pt] (2) what are the two characteristics can its

output be determined by? [4pt]

(a) Good for system analysis, practical implementation (Ref: Feb23-2022 p4)
(b) (1) Impulse response sequence (2) Convolution of impulse response and input sequences (Ref: Feb24-2022 p10)



Quizl-2

2. (10 pts.) Adownsampleris a system,
y[n] = Hix[n]} = x[nM],
that is used to sample a discrete-time signal x[n] by a factor of M. Test the downsampler for

linearity and time invariance.

Linear, time-varying (Ref: Feb23-2022 p10)



Quizl-3

3. (20 pts.) Consider the following difference equation:

1 1 (b) Taking the z-transform of both sides, we find that
y[n] - 2 [n—1] - 3 [n — 2] = 3x[n]. Y[z)(l-%z'l-%z'3)=3.7f(z)
(a) Determine the general form of the homogeneous solution to this difference equation. [5 pt] and therefore Y(2)
(b) Both a causal and an acausal LTI system are characterized by this difference equation. Find B = 36 R
the impulse responses of the two systems. [5 pt] IR P VT ;1183“’
(c) Show that the causal LTI system is stable and the acausal LTI system is unstable. [5 pt] = QM+ )(1-1/270)
(d) Find a particular solution to the difference equation when x[n] = (1/2)"u[n]. [5 pt] = 1+1l;4;—1 + 1__11;2,__1

(2) The homogeneous solution yxln] solves th:a:-l;ﬂerenﬁe equation when z{n] = 0. It is in the form The causal impﬁ response corresponds to assuming that the region of convergence extends outside
=Y A(c)™, where the ¢’s solve the quadratic equation the outermost pole, making .
wlel = 2460 11 heln] = ((-1/4)" +20/2)")uln] 2
c’—zc+§=0 The anti-causal impulse response corresponds to assuming that the region of convergence is inside
So for ¢ = 1/2 and ¢ = ~1/4, the general form for the homogeneous solution is: the innermost pole, making
1., 1 = —((—1/4)" +200/2)" yu[-n—1] 2
waln] = Au(3)" + Aa(-3)"  heefn) = —((—1/4)" + 20/2)")u]

(¢) he[n] is absolutely summable, while k[r] grows without bounds. 2HE—E -3 points
(d)
Y(z) = X(2)H(z)
1

1-1z-0 0 +i)a-§
1/3 2 2/3
To1+1/427! iz 1/2:—1)5" 1-1/2z71

sl = SG)ulnl +{an+ DG e+ 2




Quizl-4

4. (10 pts.) Write out the input-output equation for the system.

x[n] win] ’ y[n]
ey Pan
'\y l ‘\i} >
% A 41 w[n]=x[n]+1/2w[n-1]

y[n]=2w[n]+w[n-1] - 3 points

y[n]-1/2y[n-1]=x[n]+2x[n-1]



5. (5 pts.) Suppose the output response of the system is y[n], write the total recursive response of

the system in terms of zero-input zero-state response of the system?

yln] = @ 1y[—1] + h[n]x[0] + h[n — 1]x[1] + --- + R[0]x [n]. (Ref: Feb24-2022 p13-14)

y[n] = a"Fl'y[—1] + ~A[n)x[0] + Aln — 1]1x[1] + - - - + A[O]x[n]. (2.82)

We see that the output y[7n] for n = 0, depends both on the input x[#] for » = O and the
initial condition y[—1]. The value of y[—1] summarizes the response of the system to past
inputs applied for 7 < O.

If we set x[n] = O for n = O, we obtain vin] = @ 'y[—11 + h[n1x[0] + hln — 11x[1] + - - - + A[OIx[n]. (2.82)
viln]l = aFly[—1]. =0 (2.83)
which is known as the zero-input response of the system. If we assume that y[—1] = O,

that is the system is initially at rest or at zero-state, the output is given by
n
Yeslnl = D hlklx[n — K1, (2.84)
k=0

which is called the zero-stare response of the system. Therefore, the total response of the
recursive system is given by

7
vin] = a*tly[—1]1 + E hlklx[n — k] = vziln] + vas[nl. (2.85)
—’_/ =
zero-input & m —
response zero-state

response




Quizl-6

6. (15 pts.)
. . . . . b) Find the convolutionof x[n] =[1,1,1,1,2,2,2,2] with h[n] =[3,3,0,0,0,0,3,3] byusin
(a) Determine the discrete-time convolution of x[n] and h[n] for the following two cases. (b) [=1[11112222] [n] = 13,3,0,0,0,0,3,3] by using
matrix method. [5pt
[10pt] [5pt]
y[n] 8 (y(0)] (h(0) W) W6) WS ) h3) W2 KD [x0)] B 3 ]
CUSE{I) y(1) K1) RO) WT) M6) S M4 m3) M) || x()
y(2) hM2) D MO 7)) W6) WS A k3 x(2) 6
h[n]zb ) 6 YA | (M w2 B MO KT WE) WS )| x(3)
y@) | a4 RG) m2) A KO) KT) h©6) hGS) || x(4) 6
X[n] ¥(5) MS) M4) M3 M2) K1) MO) 7)) h(6) || x(5)
4 ¥(6) M6) S) hE) h3) M2) M) KO) K7 || x(6) 6
1 L ¥(7)] L(7) W6) Kh(5) M4) K3 M2) K1) WO)||x(7)] 9
) Substituting the values, we get
[y(»] [3 3 3 00 0 0 3] [1] 12
y(h) 3333 000 0|11 15
[ = ——t —t N ¥(2) 03333000/
200103 EENEER 012 3 4 5 s»| 00333300 or 18
vi¢)] |0 00 333 3 0|]|2
v(5) 0000333 3|/]|2
. v(6) 300003 3 3||2 12
' lyn) [33 0000 3 3|2 6
Case (2) 3
W ) Fy@] [3x1+3x1+3x1+0x1+0x2+0x2+0x2+3x2] [15] 9
I y(l) Ix14+3x14+3x1+3x1+0x2+0x2+0x2+0x2 12
x[n] v(2) Ox14+3x14+3x14+3x1+3x24+0x2+0x2+0x2 15 12
1 _l ¥(3) Ox1+0x1+3x1+3x1+3x2+3x2+0x2+0x2 18
1 I I 1:’. I vd)|  |OxX14+0x1+0x1+3x1+3x2+3x2+3x2+0x2| |21 12
2[
N v(5) Ox1+0x1+0x1+0x1 +3x2+3x2+3Ix2+3x2 24
01 2 3 4 n v '1 01 2 31 4 g n - . . hd n vi6) IXI40x14+0x140x140x2+3x2+3x2+3x2 21 12
0 l 2 3 4 5 6 L V(7)) 3X1+3x1+0x1+0x1+0Xx2+0x2+3x2+3x2] 18] 6
Therefore, the convoluted sum is y(n) = [15, 12, 15, 18, 21, 24, 21, 18]




Quizl-/

7. (15 pts.) The system T in below figure is known to be time-invariant. When the input to the

system are x4[n], x5[n] and x3[n], the response of the system are y,[n], ¥2[n] and y3[n] as

shown.
(a) Determine whether the system T could be linear? [5pt]
(b) If theinput x[n] to the system T is &[n], what is the system response y[n]? [5pt]

(c) What are the possible inputs x[n] for which the response of the system T can be

determined from the given information alone? [Spt]

x[n] 3w
2 T —> 2
] T
* 0 1 o n 0 1 2 n
4
x;[n] ¥aln]
0 1 n 01 23  n
x3[n) 3 y3ln]
—> T —> 2
01 23 4n S 2-10  on

(a) Notice that z,[n) = za[n] + za[n + 4), so if T{} is linear,
T{zl[ﬁ]} = T{I;[ﬂ]} + T{z;[n + 4”‘
= yan) +wln +4]

From Fig P2.4, the above equality is not true. Hence, the system is NOT LINEAR.
(b) To find the impulse response of the system, we note that

8[n] = z3[n + 4]

Therefore,

I

ya[n+4]
= 34[n+6]+20[n+35|

T{s[n]}

(¢) Since the system is known to be time-invariant and not linear, we cannot use choices such as:
é[n] = za[n] - 2a[n]

and .

éln] = E:;[n +1]

to determine the impulse response. With the given information, we can only use shifted inputs.




Quizl1-8

8. (15 pts.)
(a) State conditions when the signal is said to be periodic or aperiodic in terms of continuous

time signal and discrete time signals? Are sinusoids sequence periodic sequence? [5pt] ~ (Ref: Feb16-2022 p16-19)
(b) Examine whether the following signals are periodic or not? Determine the fundamental

period of the signal. [10pt]

(1) x(t) = cos10t —cos(10+m)¢ Aperiodic

21

(2) x(n) = sin (?) n+ cos (i—n)n Periodic with fundamental period of 35



Parseval’s Theorem

H ‘ * T — jmSt To, k=
Orthogonahty property ]‘,r' sp(Ds,y (Hdt = j}_ e kSt o — im0t 4y { 1] m @7

0, k#m

Parseval’s relation The average power in one period of x(f) can be expressed in terms of
the Fourier coefficients using Parseval’s relation (see Problem 6):

1 : - i
P =g | oPar= 3 el @27)
k=—nc
* x gy 2 g N, k=m .
Orthogonality property 2 sl = 3 <7 ==”_ o 422)

Parseval’s relation The average power in one period of x[n] can be expressed in terms

of the Fourier series coefficients using the following form of Parseval’s relation (see
Problem 41):

N—1 N—1

] 7 7
Poy =5 ) Wnll’ =) leil”. (4.69)

=} k=0

HW

Use Parseval’s theorem to compute the following summation

S Z sin(rtn/4) sin(nn/6).

2mTn Smtn
n=—0o0

Continuous-time

Discrete-time



DTFT Properties

 Given a sequence x|n] with Fourier transform X(ej“’), determine the
Fourier transform of the following sequences in terms of X(e/®)

Table 4.4 Operational properties of the DTFT.

Hw (a) xq¢|[n| = 2x|n + 2| + 3x|[3 — n|

Property

Sequence Transform

9.

Linearity

Time shifting
Frequency shifting
Modulation
Folding
Conjugation
Ditferentiation

Convolution

Windowing

Parseval’s theorem

Parseval’s relation

x[n] Flx[n]}

a1X1(eJ?) + arX> (el®)
efjka(ejw)

X[el@—@0)]

1x[el@ten)] 4 %X[ej(w*wo)]

ayxy[n] + axxz[n]
x[n — k]
C~iw“”.\[ﬁ‘]

x[n] cos won

x[—n] )_((e*jw)
x¥|n] X*(e™i®)
_dX(el®)
nx[n] —
S dw
x[n] * h[n] X(e))H(el?)

1 . .
xn]wn] f X(eP)yw[el@=]do
2 Jon

o I . _
Z .\l[u}.\f[ﬂ]——[ X1 (e!) X% (e!®)dw
R - 21 Jox -
n=—0co

00

> \'[n]|3:2;£ 1X(e)?)2dw
LI

n=—00



Continuous-time Fourier Transtform (CTFT):

) A =<z
x(t) = (4.37)
0, === |f<To/2

Repeats with period 7.. The Fourier coefficients are given by

At sinmkFgt A
Ck g (kFo) ( )

The size of the coefficients c.depends on the period Toand c:—> 0 as
T:,—><=. To avoid this problem, we consider the scaled coefficients

: sin T F
CFo)To = A s © , (4.39)
TFT | p_kry

which can be thought of as equally spaced samples of the envelope

function. As Tvincreases, the spacing F = Fo= 1/T.between the spectral

lines decreases. As Ty—>co

niulnki

o1I11Tr
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