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Performance index

Computation complexity
— Time cost for software

— Area cost for hardware
Memory

— Storage requirement for software
— Area cost for hardware
Quantization error

— Finite precision arithmetic
— Rounding and saturation
Computation path

— Speed for hardware
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Chap 9 Structures for discrete-tim
systems

9.1 Block diagrams and signal flow graphs
9.2 lIR system structures

9.3 FIR system structures

9.4.1 All-zero lattice structure
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Block diagram vs. Signal flow graph

vln] = box[n] + b1x[n — 1] —a,y[n — 1]

by + b1z~
H(z) = —
Il 4+ a;z
x|n] bo yln] x[n] bo
* - (4 * s T > T >
Z_l Z_l 'Z_l A
I b —ay by —a
= 2 <]
Block diagram Signal flow graph
(implementable) (mathematical)
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x|n]

Transposition theorem

Transposed form will be an equivalent structure if

1. Reverse all branch directions

2. Replace branch nodes by summing ones and vice versa
3. Interchange input and output nodes

9.1 SFG

f— bg. ¥ = -—j—[il] }’L?L T bo‘ 1 - -—-li['n]
V! A vz |:> | Ve v | Yk
E‘n.r —a bl:u gl
Normal form Transposed form
xf)  VIN] b yln]
Ly _ o o e
| Vs v | Yt
=4 b1 (flipped)
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Mul #: N+M+1
Delay #: N+M
Path: T, +max(M+1,N)*T,

Direct form

N M Y(2)
il ==Y anln—K+Y baln—k  HO=3-=
k=1 k=0 |
x[n] bo s|n] yln]
[ e > o » e > = » - ]
-1 -1
| I A A ¥ <
b1 —d]
X[H—l]i P " [0t =7 " y[n—l]
1 1
Yy < A A ¥y <
bz —daz
xln—2]4 > ] < - ¢ yln —2]
All-zero part All-pole part
M Y(2) |
S(z <
H] (Z) = X( ) - Z bkz_k HQ(Z) — S(Z) — N
(2) k=0 1+ > apz K
k=1

9.21IR
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Mul #: N+M+1
Delay #. N+M

Path: T, +2*T,

x[n]

N
wn] = — Z apwln — k] + x|n]

w(n] w(n] bo
= o . > T > >
-1 -1
rd ' | A<
—d b]
-} " ] $ - 9
< | | A<
—dy by
. O [ I ' 1
(all-pole) (all-zero)

k=1

M
vin] =) " bown — k]
k=0

9.21IR
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Mul #: N+M+1
Delay #: max(N,M)
Path: 2*T +(N+1)*T,

Direct form ||
(Canonical direct form)

x(n) win| bo v(n)
— > > °
-1
—d b1
= wln —1] =
-1
—d? bz
- =
wh—2
(all-pole) (all-zero)
1 M
W) = Hy()X(@) = —— X(2) Y(2) =) bW
L+ > axz™*
k=1

9.21IR
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Mul #: N+M-1

Delay # max(NM) Trgnsposed direct form I

Path: 2*T, +2*T,

x(n) : by v(1)
[ - >
|
OR 1
Mul #: N+M-1 b
Delay #: max(N,M)+1 1 vi[n] —H
Path: T,+2*T, > -
1
b2 Uz[ﬂ] _az
> -
- —1 2
Y(2) =27 'Vi(@) + boX(2), Hey = Y@ _ bot b1 + bz
| Xz lH4aiz7'+ay
Vi) =77 Va(z) — a1 Y (2) + b1 X(2)
Va(2) = b2 X(2) — axY(2).
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Examples of
direct forms

104+ 40972 4+08773 —5.8774

H(z) =
xfn] 10 N N _ yln]
T \ A v
1 2.54
T \ A T
0.9 -3.24
T \ A Ea
0.81 2.06
2! \ A v
—5.83 —0.66
{a) Normal direct form [
10
x(n) »—= - - fe— }f(n}
—1
| i
2.54 1
~1
4 | B i
—3.24 0.9
1
4 | i
2.06 0.81
1
f < i
—0.66 —5.83

(c) Normal direct form I1

1 —2.54z71 4324772 — 2.06773 + 0.6674

' _'!F'(HJ

x[n] 10
't Y Y Az
2.54 1
JLZ_I Y y 4 !
-3.24 0.9
“Z_I | L | ' «._I
2.06 0.81
A7 Y Y 't
—0.66 —5.83
(b) Transposed direct form 1
10
x(n) o—s &= o= £
-1
1 Y
1 2.54
-1
| < Y
0.9 -3.24
-1
| < Y
0.81 2.06
-1
| | < Y
—5.83 —0.66
(d) Transposed direct form 11

9.21IR
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Cascade form

M, M,
| — Z .z_l) (1 _
Conjugate pairs E( K D
for real-coefficient H(z) = by ;\; N_
systems : N =
1_[ I — piz | ]_[ I
k= k=
K _1 ) K
Bro + Br1z7 ' + B,
(non-unigue pairing) Hz) =G - =G| | Hi(2)
E | + A1z + Appz2 E
Can reuse same function
(SW) or module (HW)
I[H] = Il[”] .]L'z[”] ']‘.K[”] .1.r..~[,r,r]
—s H() | G (— oo — > H[z] }——>
v, [n] y,[n] G

9.21IR
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Example of cascade form

10+z14+097724+0873 —-58:4

H(z) = 5 —
@) 1 — 254771 + 324772 — 2.06z=3 + 0.66z—4

D+ 01271 — 071997 I +0z7! +0.8099z~2
| — 1178621 40724672 1 — 1361421 + 0.910972

10 @ 1

H(z) =10 x

x[”] [ - & - P - Pl - P - e == }.‘[”]
| A" | | A” |
0.1 1.179 —0 1.361
- . = ' g -
Y A~ Y | [ | |
—-0.7199 —0.7246 0.8099 —-0.9109
[ - & il [ - & il

Timing path accumulated
Quantization error propagated
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Parallel form

M—N

(unigue expression from H(
partial fraction expansion) ‘

:::L
|
0
AN
=
_|_
(]~

FIR part

—| M (2)

| H(z
x[n] 1(2) w

Timing path paralleled ’ He(2) veln]

Quantization error summed
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Example of
parallel form

x[n]

104+z2'4+09724+083 —-58"4

—8.833

27.06

89.7

—8.229

—90.45

v[n]

H(z) = 5 0.
@O =7 25471 4324772 — 2.067—3 + 0.667—4 hTe
HD — —8.83 4 27.06 + 89.707~! N —8.23 —90.457~!
=" 1 —136z27'4+091z72 1 —1.182714+0.7272
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Direct form

Y@ < Y
H(z) = Z =Y h[n]
X(z)
n=~_0
1 -1 71
X[n] o > > > > Normal form
vAh|[0] vAh[l] vAh[2] vh[M —1] Yy h|M]
> > - > — ¥ 1]
x[n] o > > +—--- > Transposed form
v h[M] vyhM—1] whM-=2] v h[l] y 2[0]
71 -1 71
[ ! it 2L it AL == A I A I ly[ﬂ]

9.3 FIR
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Cascade form

M K
—n A = —1 T -2
H@) =Y hinls™" 2 G [(1+ Buz™" + Ba™)
n=0 k=0
G 1 1 1
x[n] o > T > Pt - e = —— y[n]
-1 -1 -1
| A° | A% Y A¢
B B2, B3
i e " ] = - 24 e ]
-1 —1 -1
| lz Y ‘z. | lz
B],z Bg,z B3,2
[ o ) > o =
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Direct form for linear-phase FIR

h(n] = =h|M — n],

M

vinl =" hlkIx[n — k]
k=0

MI&

= Z hlk)x[n — K1+ h[ %]«

k=0

M_
v

= Y h[klxn — K]+ h[ L ]x[n — 4

k=0

Type I

Type II: M odd,

O0<n<M

Type IV: M odd,

M even,

Type Ill: M even,

symmetric
symmetric
anti-symmetric
anti-symmetric

= > hlKI(xn = K1+ xln — M+ K1) + h[ 4 ]xfn — %]

9.3 FIR
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M <[] L . <
[n—5]+ ) hlklxin— k] ‘ { ‘
k=Y 41 — Y
M —1 A [
1+ 3 WM — Klaln — M + 4] : : :
k=0 Jhm “MH Y A2 |

yinl
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9.3 FIR

Direct form for linear-phase FIR

h(n] = =h|M — n],

M—1

O0<n<M

Type I: M even,
Type II: M odd,

symmetric
symmetric

Type lll: M even, anti-symmetric
Type IV: M odd, anti-symmetric

y[n] = Z h[k] ("f[” — k] —xln—M+ k])
k=0

x[n]

== = 7 == =
b
yz!
A—1 A1 A1
=1 ~1
=} S .
H[O] J!h[l] Y h[2]
— —= > o y[n]

EE3660 Intro to DSP, Spring 2020
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FIR example

H(z) =5— 10771 +5772 20777 +35:7% = 2077 + 5770 —

1 1 1 1 1 I

x[n] e=—» > 1 > ‘Hln 1 ;,.; 1 1
Direct form Y5 Y-10 Y5 y-20 Y35 Y-20 y5 y-10 Y5
= = = = = = = > — y[1n]
x[n] e=—>w > > - > - =
Transposed form Y5 l—lO | B Y-20 }35 Y-20 V5 Y-10 V5
= e = = = e y[11]
z ! z ! z ! 7! z! 7! Z! 71 '
-1 1 -1 -1
x[n] e=——g—>m» ——————e
Y
- = i — | |
Direct-form
. A -1|A 1 -1 1
linear-phase z z z z
= ——
5y —-10Y 5y =20V 35VY
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Cascade form

Cascade-form
linear-phase

H(z) =5 (1 — 239471 4

FIR example

z_z) (1 4 1.482077! + 2.2604z_2)

——e y[n]

« (1 — 174577 2) (1 4 0.656:" ! + 0.4424z—2)
5 1 1
x[n] — = = -L -»-l -
| | A Y Y
~2.394 1483 ~1.745 0.656 |
Y A Y Y A
1 1 0.4424
=

Hiz) =5 (1 — 413977 + 61775772 — 413977 + z:“‘)

X (1 +2.139:7 1 436757772 42139270 + z—“)

9.3 FIR
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9.3 FIR

Polynomial Lagrange interpolation (Chap7.3)

N—1

X(@ =) nl"
n=0
<d_L Substitute IDFT for x[n]

N—-1[ , N—-1I 7

1 N ~ -2 N1 23’1’
=~ X(eITH Y (eJ kz—l)
k=0 n=0
G Reconstruct X(z) by DFT sampling

N N—-1 X(e' S8 k)

X@ = —— 3"

k(l—el

').Tk _1
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Frequency sampling form

N N—1

H(2) = 1—; 3

k=0

H|k]
1 B Z_leJZJTk

@ Real-coefficient system

_ 1=V | HO] | H[3]
H(z) = N l—z_1+1+z

Hlk] = H(z2) |Z:ej2nk/N

= Zz}H[k 1| Hi(2)

B cos(ZH[k]) — z~ ' cos(ZLH[k] — 2""T"{)

N
I — 2cos(2ﬁk) 4z
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Frequency sampling form

= = ey
A ‘ : )
1/4 H 0]

| ]

Y - |
4 [ |

T
2HI] cos(ZH|1])

- = - —

1

A | |
2cos(2m/4)  |cos(Z H(1] = 2n/4)
=k -
Implement FIR using parallel lIR ¢ I¥S
Pro: could use fewer MACs; parallel form ]
Con: unstable (use r<1 instead) -
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Example of frequency sampling form

1/33 1
xn] s—t—y—t—g—in = ::_I 1 s y[n]
—2‘33 | 2 - :—1__-9-;:1 |
1[:“'
1, k=20,1,2,31,3 ! 1964 | 1991 ,
27 f —i32r -1
Hlkl=H( 3 =e 73" x 105, k=3.30 1
0. otherwise L
2 L e
'I' -.-_I
_ 3 I —1.99 4+ 1.997! 857 | 1961
H(z:) = < 4 + - Z - | 1857 | -1.964 r
33 |1-: | —1.964771 + 7 =
N 1.964 — 1.9647! N —1.96 + 19677 -
| — 1857z +7z2 " 1 —1.683—! + 72 — 039
E |
1.6?:’..3 D.@__S';'S
Only 9 multipliers required (17 for linear-phase form) =
-1
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ﬁn[”] =ﬁn—] [n] + kmgm—l n—1], m=12,....M
gmln] = kpfm—1lnl +gm—1ln—-1. m=12,....M

x[n] = foln] = goln]
vln] = fulnl.

xln]  f,ln] filn] f,[n] 1y, lnl vln]

g,Inl g,In] g,[n] g, 1nl

9.4.1 All-zero lattice structure EE3660 Intro to DSP, Spring 2020 25



Recursive solving for lattice coefficients:’

fylnl filn] filn] = x[n] + kix[n — 1]
. L= L= —
k giln] = kyx[n] + x[n — 1)
. v[n] = a{(}l)x[n] + a(]'l}x[n — 1]
- aél} £ 1, agl) £k

faln] = filn] + kagi[n — 1]
Jolnl Siln] Lln] = (x[n] + kix[n — 1]) + ko (kyx[n — 1] + x[n — 2
= x[n] + (ky + kik)x[n — 1] + kox[n — 2],

v[n] £ fHln] = aéz)x[n] + cs':]'z)x[n — 1]+ agz) x[n — 2]

. 2 2
g,In] g [n] g,[n] g2 [n] = aé“)x[n'] + aﬁ“)x[n — 1]+ a[(jz)x[n — 2]

aéz} £, agz) £ ki(l+ ko)., agz) £ k>

9.4.1 All-zero lattice structure EE3660 Intro to DSP, Spring 2020
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Recursive solving for lattice coefficien

Build recursive formulation on A (z) and B,(2):

m
fn-;[n]=Za§””x[n—i], m=12...M 4,0 é —Z M ay)

dg

@

LS

A7 Cud
* Sy,
=

ba

= 1

Jﬁ'

K0
N

m Hl
gmln] = Zam X[n — m=12,....M B, (z) £ Om( Z '™ i A Zb}(’”):’._f

m— !*

B (JO() N ‘0

Bn(z) =7 "Au(l /2)

_ . _—1 .
Recursive formulation: Am(-@-} — Am—l (2) + km-x- Bm—l (2)

Bn(z2) = kpAp—1(2) + :_] Bnu—1(2)

9.4.1 All-zero lattice structure EE3660 Intro to DSP, Spring 2020
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@

Recursive solving for lattice coefficients: !

M
Initial condition  H(7) = Zh[k] 7k c‘ri‘m = h[k]/h[0]  knm =*~"f$”
k=0

An—12) = ——5 [An(2) — kpBn(2)]

Until solving k,

9.4.1 All-zero lattice structure EE3660 Intro to DSP, Spring 2020 28



