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Direct Computation of DFT
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Redundancy in DFT coefficient

Example (N=8)
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FFT idea (reorder in time)




N-point FF

8.2

_____

S~ [

___________________________

Divide and conquer

Merge N/2-point DFTs

N-point Input Sequence x[n] Complexity for N = 27 :
N T
= Even = Odd - log N multiplications +
N log N additions
N/2-point N2-point | | = O(Nlog N)
Sequence Sequence i
XE|N Xo|n E
f el f ol | Xp — Waxr
N/2-point N/2-point : 2
DFT DFT i Xo = Wyxo
¥ Xclk] Y Xolk] | 2

Xg = Xg — DvXo

N-point DFT Coefficients
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8.2

FFT idea (reorder in frequency)
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Decimation-in-time FFT

N—1
Divide XK= ) W', k=0.1...N—1
n=0 = Decimation in time
N_i N
=Y a2m] Wy Y x2m + 1T WY
m=0 m=0
L N1
= > x2m] W+ WE Y x2m + 1] W
m=(0 m=0
\ } \ }
| |
N/2-point DFT N/2-point DFT
Alk] Blk]
k i'\"ir
Merge X[k]=A[k] + WyB[k], k=0,1,..., 5 |
;"V k ;"V
X|k+ 5 =A[k] — WyBLk]. k=0,1,..., 5~ l
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Shuffle and merge

|7 Shuffling i Merging i

x[0] x[0] o x[0]}—|x[0] erge twol —o X[0]
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(| fe2)l b4t~ DFTS [ ~lverge twol o XI1]
><: 2-point
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Butterfly computation flow

Stage 1 Stage 2 Stage 3
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Bit-reverse order

In-place computation
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Butterfly computation flow

Bit-reverse order

In-place computation

Memory Memory Memory Memory Data

Address Content Content Address Index
000 x[0] > x[0] 000 000 x[0]
001 x[1] x[4] 001 100 x[1]
010 | x[2] \ /: x[2] 010 010 x[2]
011 x[3] x[6] 011 110 x[3]
100 | x[4] x[1] 100 001 x[4]
101 | x[5] > x[5] 101 101 x[5]
110 x[6] / \\ x[3] 110 011 x[6]
111 X[7] > x[7] 111 111 X[7]

Natural Order Bit Reversed Order

(a) (b)

Figure 8.7 Shuffling a sequence with N = 8 samples by bit-reversal indexing: (a) shuffling
using two arrays, and (b) in-place shuffling.
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DeC|mat|on IN- frequency FFT

. 7 (”—I—?)
. X[2k1 =) " x[n]W ‘“+ [n—l— }W
Divide ngo % 3
J-1
— 3 ’~”+Z [H } Wi
Decimation in frequency n=0 n=>0 :
5-1
X N N
=Z x[n] +x|n+ — W!‘”. k=0,1,..., — — 1
2 2
n=>0
\ J
|
Merge + N/2-point DFT
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A N
X[2k+ 1] = Z [(x[n‘] —X |:n + —}) Wﬁ,} Wk”
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Butterfly computation flow

DIF butterfly
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8.5

Setting

Cooley-Tuckey algorithm
(general approach)

N = N|N>  Composite number

n=~Nm+n, n=01....Nj—1, nm=0,1,.

Divide x[n] in N, sub-sequences of length N,

k=k +Nikr. ki =0,1,....Ny—1, k=0.1,..

-

Divide X[Kk] in N, sub-sequences of length N,

nk = (Nany + na)(ky + Nik2)
= Nn1kr + Ninakr + Nonky + nok

WN =1, Wyl = Wy,. Wa? = Wy,

EE3660 Intro to DSP, Spring 2020

. N> — 1

Ny — 1

14



Cooley-Tuckey algorithm
(general approach)

No—1 Nj—1
Decomposition X[k, + N kx| = Z Z X[Non, _l_}?Z]W!‘(\;N:zn]+:12)(k1+N1k2)
ny=0 n;=0
Element-wise multiplication
@ (complexity: O(N))
No—1 Ni—1 /\

Overall complexity: '\ TAT qukin kina kan:
ONN, + N, +1)) | XLKI +Nika] = Z Z X[Nomy 4 mo] Wi | W™ | W™

ny=~0 np=0 '
\ }
|
N,-times Ny-point DFT X [k ]
(complexity: O(NN;))

|

N,-times N,-point DFT
(complexity: O(NN,))
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Cooley-Tuckey algorithm
(general approach)

. Form the N, decimated sequences, defined by (8.51), and compute the N{-point DFT
of each sequence.

. Multiply each N;-point DFT by the twiddle factor Wi‘”z, as shown in (8.54).

3. Compute the N>-point DFTs of the N sequences determined from step 2.

Procedure

(]

Special cases Decimation-in-time FFT: N;=N/2, N,=2
« Decimation-in-frequency FFT: N,=2, N,=N/2
* Radix-2 FFT: N=2V
« Radix-4 FFT: N=4V
« Half as many stages as radix-2

» 4-point DFT still doesn’t require multiplications

(1,1,1,1)

« Half as many multiplications as radix-2

8.5

wlow' w' w11 1 1
w'ow owt oWt |1 —j -1
whowr ot w1 -1 1 -1
wowrowt w1 -1 -
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Flop Count

Computation time
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Appendix
Sparse Fast Fourier Transform

“100 Top Stories of 2013: 34. Better Math Makes Faster Data Networks”, Discover Magazine, 2013.

https://groups.csail.mit.edu/netmit/sFFT/index.html
https://en.wikipedia.org/wiki/Sparse_Fourier_transform
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Frequency sparsity in several
applications

1 sl

Time Signal Frequency Frequency
(Exactly sparse)  (Approximately sparse)

Sparsity is common:

GPS  Oil Exploration

Medical
Imaging
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Algorithm flow

Filters

D Gt ekt

Randomly distribute the
sparse frequency components

Extract 1-sparse signals
using filter banks

<_________________

\%

Find the 1-sparse frequency
location in each bucket
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Random
Permutation
(c,d are random)

—j2 g Y
x[n] — x'[n']e”/“"N"

x'[n'] =x[n],n=cn',cmod N =1

k' =ck+d
&
 — T Spread all frequency components
> f T b > f as a uniform distribution
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Quick view of sFFT

1-sparse recovery

Lemma
We can compute a 1-sparse X in O(1) time.J

)

5 a ifi=t
"1 0 otherwise

o Then x = (a, aw!, aw?!, aw?, ... aw!"—11),
Xo = a X; = aw'

0 X1/X = w! = .

More time shifts can be tested to increase SNR.

EE3660 Intro to DSP, Spring 2020

23



