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Chap 8 Computation of DFT

• 8.1 Direct computation of the DFT

• 8.2 The FFT idea using a matrix approach

• 8.3 Decimation-in-time FFT algorithms

• 8.4 Decimation-in-frequency FFT algorithms

• 8.5 Generalizations and additional FFT algorithms

• 8.6 Practical considerations
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DFT

𝑁2 multiplications + 𝑁(𝑁 − 1) additions

⇒ 𝑂(𝑁2)

IDFT

8.1

Direct Computation of DFT
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Redundancy in DFT coefficient

k

n

Even n Odd n

𝑊𝑁
(𝑘+𝑁/2)𝑛

= −1 𝑛𝑊𝑁
𝑘𝑛

Example (N=8)
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FFT idea (reorder in time)

4-point

DFT
Diagonal

matrix
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Divide and conquer

Complexity for N = 2𝑣 :
𝑁

2
log𝑁 multiplications +

𝑁 log𝑁 additions

⇒ 𝑂(𝑁 log𝑁)
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FFT idea (reorder in frequency)
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Decimation-in-time FFT

Decimation in time

N/2-point DFT N/2-point DFT

Divide

Merge
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Shuffle and merge
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Butterfly computation flow

Bit-reverse order In-place computation
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Butterfly computation flow
Bit-reverse order

In-place computation
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Decimation-in-frequency FFT

Decimation in frequency

Merge + N/2-point DFT

Divide

Merge + N/2-point DFT
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Butterfly computation flow

Bit-reverse order

DIF butterfly
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Cooley-Tuckey algorithm 

(general approach)

Setting Composite number

Divide x[n] in N2 sub-sequences of length N1

Divide X[k] in N1 sub-sequences of length N2
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Cooley-Tuckey algorithm 

(general approach)

Decomposition

N2-times N1-point DFT

(complexity: 𝑂(𝑁𝑁1))

Element-wise multiplication

(complexity: 𝑂(𝑁))

N1-times N2-point DFT

(complexity: 𝑂(𝑁𝑁2))

Overall complexity:

𝑂(𝑁(𝑁1 +𝑁2 + 1))
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Cooley-Tuckey algorithm 

(general approach)

Procedure

Special cases • Decimation-in-time FFT: N1=N/2, N2=2

• Decimation-in-frequency FFT: N1=2, N2=N/2

• Radix-2 FFT: N=2v

• Radix-4 FFT: N=4v

• Half as many stages as radix-2

• 4-point DFT still doesn’t require multiplications

• Half as many multiplications as radix-2
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Computation time

Prime numbers



Appendix
Sparse Fast Fourier Transform
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https://groups.csail.mit.edu/netmit/sFFT/index.html

https://en.wikipedia.org/wiki/Sparse_Fourier_transform

“100 Top Stories of 2013: 34. Better Math Makes Faster Data Networks”, Discover Magazine, 2013.



Frequency sparsity in several 

applications
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𝑘 log𝑁
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Algorithm flow

Randomly distribute the 

sparse frequency components

Extract 1-sparse signals 

using filter banks

Find the 1-sparse frequency 

location in each bucket
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Quick view of sFFT

Random

Permutation

(𝑐, 𝑑 are random)

𝑋 𝑘 =෍

𝑛

𝑥[𝑛]𝑒−𝑗2𝜋
𝑘
𝑁𝑛

𝑥[𝑛] ⟶ 𝑥′[𝑛′]𝑒−𝑗2𝜋
𝑑
𝑁𝑛

′

𝑥′ 𝑛′ = 𝑥 𝑛 , 𝑛 = 𝑐𝑛′, 𝑐 𝑚𝑜𝑑 𝑁 ≡ 1

𝑋 𝑘 =෍

𝑛′

𝑥′[𝑛′]𝑒−𝑗2𝜋
𝑑
𝑁𝑛

′

𝑒−𝑗2𝜋
𝑘
𝑁𝑐𝑛

′

=෍

𝑛′

𝑥′[𝑛′]𝑒−𝑗2𝜋
𝑐𝑘+𝑑
𝑁 𝑛′ = 𝑋′ 𝑘′

𝑘′ = 𝑐𝑘 + 𝑑

Spread all frequency components 

as a uniform distribution
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Quick view of sFFT
1-sparse recovery

More time shifts can be tested to increase SNR.


