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DFT

7.1

Operations for Fourier transforms

Direct transform Inverse transform Exact
(spectral analysis) (signal reconstruction) computation
1 N—-1 X N—-1 s
.~ ~ —j5Fkn ~ ~ _15Fkn
DTES &, = — X[nle W X[n] = Crel N es
=% 2 > ’
n,:o k:O
finite summation finite summation
S iQ = iQ I [P 9 o
DTFT X(el*¥) = Z x[nle " x[n] = —] X(e*el**dw  no
27 Jo
n=—00
infinite summation integration
1orfo k2 - 139
CTFS ¢ = — f F (e 0 Fo( = ) et no
0J0 k=—00
integration infinite summation
CTFT XC(jQ)zf xe(f)e 1 dr xc(r)=Ef X.(jQ)e*¥dQ  no

—0C0
integration

—00
integration
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Computing CTFT, CTFS, and DTFT

Computing CTFT
(via DTFT)

Computing CTFS
(via DTFS)

Computing DTFT
(via DTFS)

7.1

00 oo
Xe(j) = ] (e i~ Y xe(nT)e I T(T) £ ()

—00 n=—oo

XC (JQ) —

TX(e!T), Q| <=/T o
X(e)”) is the DTFT

otherwise

Approximate CTFT by DTFT but need to consider the effect of periodic
spectrum and aliasing distortion (due to undersampling).

1 N—1 1 N—1 |
3 —] iy *‘i\’ ~
ek~ = ) XeDe FMN(T) = = 5 S{nje IV = ¢
TO 1=0) N 1=0
n= n—=

Approximate CTFS by DTFS but need to consider the effect of aliasing
distortion (due to undersampling).

N-1

B - o
X(el®) ~ Z{:) xnle 1 & Xy(el?)  xnln] = xlnlpyln] - & = ﬁx[k]
n=

Approximate DTFT by DTFS but need to consider the effect of finite-segment
windowing.
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Discrete Fourier Transform (DFT)

Analysis equation

X[k] =

Twiddle factor

Roots of unity

Orthogonality

N—-1
DFT

Z x[n]Wk” Ny x[n] =

n=0

(W)Y = (%4 = e =

Synthesis equation

Z X[k]Wy "

N

N—1 N—1
| _ | 2 I, k—m=rN
(k—m)n __ T (k—m)n __ ’
—Sw =— > el =
N n=0 ! N n=0 {O |

otherwise

7.2
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Matrix formulation of DFT

xX[0] 1 T1 1 1 10 x[0] 7
X[1] 1 Wy ... Wy ! A[1]
DFT . == . _ .
XIN=11] L1 wht L Wl hAED N — 1
Xy = Wyxy. (DFT)
IDFT xN o W]T[IXN
IR 1
N N — N N
Conjugate transpose
Complexity Matrix-by-vector multiplication requires O(N2) operations;

Fast Fourier transform (FFT), in Chap 8, needs only O(NIlogN).
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Periodicity of DF T

Sequence “seen” by user

mHI

n
x[n]

DFT

IDFT
x[n] Sequence “seen” by DFT

IIHMH,IHM

Could mtroduce high-intensity high-frequency components which do not
belong to the signal itself => any alternative?
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Sampling DTFT in frequency domain

Aperiodic signal

Sampling DTFT
as DFT

IDFT

Periodic extension

1 2 _
x[n] = —f X&) e 1 dw
21 Jo

oo
~ s 2 22w g,
XK1 2 X (% ) = > xnle InH
n=—0oQ
N—1 00 ,
X[k] = Z ( Z x[n — EN]) eI Whn
n=0 \fl=—o0
| N ) i | N
X[n] = — X(e3TK) el Wk = — X[k]W "
[n] = Cray ~ D XKWy
k=0 k=0
o0
X[n] £ Z xX[n — EN] (may introduce time-domain aliasing)
{=—00

IDTFT approximation x[n] = X[n]pn[n]

7.3
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Example of sampling DTFT X(e)]

4 ﬁ,@%
(a)  x[n] J
IDTFT 2}

n 0 :
0 T o 27
N X[l
®VS™ w1661 2 F16ln] = x[(n)16)
= IDFT »l!
4—
N =16
0 1 1 1 !
0 T o 2
© ) IXIKI
Y x[n —8¢] £ %g[n] # x[(n)s]
{=—c0
”“II “lllt ““ll ”Ilh . 0 . . . .
0 8 0 T o 2

time-domain aliasing due to insufficient sampling
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Example of sampling and reconstruction of DTFT

DTFT 1
Causal exponential sequence x[nl = d"uln], 0 <a<1<+——> X(e "”) =TT
—ae”
Sampling of DTFT )?(ejw) is sampled at frequencies wy = 27 /N)k,0 <k <N — 1

. Magnitude of Spectra
Reconstruction of DTFT s P

10
8
(]
S
£ 6
:
~ 2:-"[ »( 2:"[ kﬂ 2
X[n] = E X eI WK eI ™ 2
0 0.4rx 0.87 .27 1.6 2
2 N—1 2 . Signal Amplitudes
~ 2 T .
Xy (e K‘i‘) = E F[n]e I xkn 1
Q
n=0 = . . -
g 0.8} . . /x[n]
Q- . [ )
E L [ ] L ]
A )
0.4} . N
If time-domain aliasing exists, DTFT is unable to be 0 : " —

reconstructed from its sampled DFT. Time index (1)
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ldeal DTFT reconstruction for
timelimited signals

DTFT of N-point sequence

Signal reconstruction
from DTFT samples

Ideal interpolation for
DTFT reconstruction

7.3

N—1
)?(ej“") — Zx[n]e_j“"”
n=>0
| Nl 2 2
_ | — V(alSrky L5 kn
x[n] = |:NZX(e N )e N j|p [1]
k=0
N—1
jw . ¥, IE—T!\ , (e E—T!\}
X(e'™) fV§X(e N )Py [e A ]

Py(el®) = sin.(a)N/2) a0 (N=1)/2
N sin(w/2)
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Practical DTFT reconstruction by zera:
padding

| X (e7)]
x[n] !
DTFT
(a)
1)
0 3 " 00 b1 2
| X [k
x[n] 4

NI

0 : - - k
0 3 " 0 1 2 3
Zero-padded sequence | X [K]|
4%
x[n]
0] 2 x[n], 0<n=<N-1 o LB [FMWI W
.XZ n — C ‘\“ e - ":'
P 0, N<n<K-—1 ‘ ‘ ‘ ‘ N I AV s I
0o 3 7 0 1 2 3 4 5 6 7
| X (k]|
K-point IDFT <] Aty
~ s 2 N=] -2 K=l _’DFT A 1S /lX[k]l 4 ’
X(eJTf\) — Zx[”]efjfkﬂ — szp[n]wf\ﬂ — sz‘ (d) ““ 16 s‘r\ . - 'T,"
n=0 n=0 n 0 ‘V’T T T‘\/’T 1 l\“.l" k
0 3 15 0 4 8 12 15
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xc (%) Xe (]'Q)
CTFT \
~f——-
0 t 0 94
Sampling Periodization
Y Y
. " 2
x[n] = x.(nT) X (12Ty — _ X | i2 - im=—
DTFT

HI””

““IH S /\/\/\

0 nT 2
Periodization Sampling
v Y
) o0 DFT 2k . 2%
x[n] =E=Z_:coxc(nT—€NT) -—N-— X[k] = —m;ooX (Jﬁ‘]mT)

i

Ul {1

L[]

7.3
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Periodic and circular properties of DF

Modulo-N operation

n=IN+r, 0<r<N-—1= (n)y £nmoduloN =r

Periodic extension X[n] = x[(n)y], foralln X[k] = X[{(k)n]. forall k
Circular folding
x[n]
o ; (111, L
nl = x[(—n)§]1 & i[N,— . T;n SN : i)
== e e 1111 -
0 N 3[n]=5<[—n]n
X({—n)N] [;)\fT X[{=k)N] "y 11”” 1111 rTTT”
) N-1

7.4

0
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Symmetry properties of DFT for
real-valued sequence

x[n] = xrln] + jxilnl, 0 <n<N-1

: xi[n] =0
X[k] = Xg[k] + jXi[k]. O0<k<N-—1
Xg[] = NZ_:IxR[n] cos (%’f,m) _ NZ_:IX[”] cos (%ﬂk”) Even-point sequence Odd-point sequence
n=0

n=0

Nl N x[n] x[n]
Xi[k1 =) _ xg[n]sin ) = > xln]sin 2
I - n=0 ) N - n=0 N
- - o — e ]  — — — — ]
0 7 0 6

~Centerof symmetry—

Xr[k] ¢ : Xr[k] ¢
XpIK] =XRl(—K)x] ! T ! SR
1t
5 — — - k 5 - v
X*Tk] =XT{—k)y] | |
X [k] ‘ X, [k] ‘
Xilk] = — Xi[{—k)y] - L I k o S
0 l l i 7 0 l | i‘ 6

7.4 EE3660 Intro to DSP, Spring 2020
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Circular-even/-odd decomposition

A real-valued sequence can be decomposed
into two sequences: one is circular-even
symmetric and another circular-odd:

x[n] = x*[n] + x°[n]

a Xl +x[(—n)n]

xX[n] & 5 = x°[(—n)N]
x°[n] £ il —X-z[(—ﬂ)N] = —x[(—n)N]

A complex-valued sequence can be decomposed
into four circular symmetric sequence:

x[n] = xg’[n] + xg’[n] + jxp°[n] + jxp°[n]

X[k] = Xg'[k] + Xg°lk] + jX°[k] 4 jX[°[K]

N-point sequence  N-point DFT

Real real part 1s even - imaginary part is odd
[maginary real part is odd - imaginary part is even
Real and even real and even

Real and odd imaginary and odd

[maginary and even imaginary and even
[Imaginary and odd  real and odd
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Symmetry properties of DFT

N-point Sequence N-point DFT

Complex signals

x*[n] X*[(—k)N]

X*[(—n)N] X*[k]

xRIn] X°k] = +(X[K] + X*[(—k)N])
jxiln] XCO[k] = 7 (X[K] — X*[(—k)NT)
xe[n] = 3 GInl + #*[(=n)n])  XRIK]

xCln] = 5 (x[n] — x*[(—n)N])  jXi[k]

19| —

Real signals

[ X[k] = X*[(—k)N]
Xr[k] = XR[{(—k)N]

{Any real x[n] 1 Xjlk] = —X1[{(—k)N]

| X[K]| = |X[(—k)N ]

| ZX[k] = —ZX[{(—k)N]
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7.4

Fast computation for DFT of two real
valued sequences

x[n] = x1[n] + jxz[n]
Xi[k] = X°[k] and jXz[k] = X“°[k]

XS [k] = 5 (X[k] + X*[(—k)N])
XCCO[k] = 5 (X[k] — X*[(—k)n 1)

One, instead of two, complex-valued DFT computation
for two real-valued sequences.

EE3660 Intro to DSP, Spring 2020
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Circular shift

Circular operations

z[n] = xl[{n —m)n] “]]n,, "

0 N "
xl(n — m)y] < WE"X[K] o L
it i

Circular convolution

Circular correlation

7.4

n
Z[n] = x[n-2]

na [ 1111

x[0]

N—1
yiml 2 him Mxtn]  yinl =Y hmlalin — m)y]

}_-’[H] = h[f?-]@-x[’?] <[jvi> Y[k] = H[/(]X[/&] x[3]

x[1]

N—l|
rol€12 ) x[nlyl(n — £)n]

n=~0
re[€] = xn] (N)y[(—n)y <—>Ru[k] X[KIYT(—K)n]
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DFT of upsampled and downsample
sequences

N-point
xln/L], n=0,L,...,(N—1)L
Time-domain upsampling B & / _ )
(leads to DFT-domain LN-point | O. otherwise.
periodic extension)

ADm) 2 Xk = X[ y]

NL
. . 1 |
DFT-domain upsampling —x[(n)n] = —i[n] DFT XDk
(leads to time-domain periodic extension) 2 8 NL
. . . N
Time-domain downsampling xonlnl =x(nM]. 0<n< ——1
(leads to DFT-domain overlapping/aliasing) M
M —1
xon 1] <ﬂ> | X k+ mN
(M) N/M M 7 g M
m=()
e, DFT
DFT-domain downsampling — Z |:n + m—:| ——> Xonlk]
(leads to time-domain overlapping/aliasing) N/M

m=0

7.4 EE3660 Intro to DSP, Spring 2020
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Property N-point sequence  N-point DFT
)é
SU m mary Of x[nl, hin], v[n] X[kl, H[k]., VK]
DFT properties x1 0l xa ] X\ 1K1, X4
I.  Linearity aixi[nl + arxo[n] a1 X[kl + arX»[k]
2. Time shifting x[(n — m)n] WA X k]
3. Frequency shifting Wy """ x[n] X[ (k —m)y]
4. Modulation x[n] cos(2m /N)kon %X[(k + ko)n]1+ %X[(k — ko)N]
5.  Folding x[{—n)n] X[(—k)n]
6.  Conjugation x*[n] X*[{—=k)N]
7.  Duality X[n] Nx[{=k)]n]
8.  Convolution hln] @x[n] H[k]X[k]
9.  Correlation x[n] @y[ (—m)n]  X[K]Y[(—Kk)N]
10. Windowing vin)x[n] v VIK] (N)x[k]
N—1 1 N—1
11. Parseval’s th ' *n] == X[k)Y*
arseval’s theorem Z x[n]y™[n] N Z (k1Y ™" [k]
n=0 k=0
N—1 1 N—1
_ . : > 1 2
12. Parseval’s relation Z |x[n]|” = N Z | Xk]|
n=0 k=0
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Linear convolution using DF T

Linear convolution

Zero padding +
Circular convolution

x[n],0<n<L-1 L-point input signal

hn], 0 <n<M-—1 M-point impulse response
i .

vinl= Y hlkln—k. O<n<L+M-2 f;*tmﬂs)lgﬁgl“

k=—00

Vapln] = hyp [ (N) xp ] %13 Y[k] = HIKIX[k]

Can be much faster
for long-tap impulse

x[n]

(M=1) zeros

Pad with Xzp[n] N—point X[k] :
™ DFT response using FFT

Length

L

Yk - n
N=L+M—1 k] ]\;I%J;%nt yln]
Length
N

hin] Pad with | P[] | Nepoint | HIK] | Y[k] = H[k]X[k]

Length | (L—1) zeros DFT

M

22
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Matrix interpretation

Linear convolution [ y[0]
yl1]
y[2]
V3]
V4]
V3]

| v[6]_

Zero padding + _y[()
Circular convolution
v[1

-
]
v[2]
v[3]
v[4]
v[5]
I_

| y[6

7.5

0
x[0]
x[1]
x[2]
x[3]
x[4]

0

0
x[0]
x[1]
x[2]
x[3]
x[4]
0

0 -
0
x[0] | | ~[O]
x[1] |:h[1]
x[2] | | h[2]
x[3]
x[4] |
0 x[4]
0 0
x[0] 0
x[1]  x[0]
x[2] x[1]
x[3] x[2]
x[4]  x[3]

EE3660 Intro to DSP, Spring 2020

|

x[3]
x[4]
0
0
x[0]
x[1]
x[2]

x[2]
x[3]
x[4]

0
0

xt(ﬁ)]
x[1]

x[1]7
x[2]
x[3]
x[4]

0
0

X [-O] _




Overlap-add method for indefinite-length
input signals

Partition input signals into non-overlapped blocks to have overlapped
output blocks. Add the overlapped part.

neighboring blocks

7.5 EE3660 Intro to DSP, Spring 2020

| y10] |1 {nj0] 0 0 0 0 0 0 0 |
y[1] h[1]  h[0] O 0 0 0 0 0 | [[ x[o]
y[2] h[2) R[] R[0] O 0 0 0 0 x[1]
y[3] 0 A2l A[1] AK[O]| O 0 0 0 x[2]
0 0  h[2] &[] ||k[0] O 0 0 x[3]
— ] o 0 o ARl ||rpy RO] O 0 X[4]
0 0 0 0 |r[2] &[] AKO] O x[5]
0 0 0 0 0  h[2] AR[1] h[0] x[6]
0 0 0 0 0 0  h[2] R[] x[7]
0 0 0 0 0 0 o A2l
Overlap M-1 points between

24



Overlap-save method for indefinite-length
iInput signals

Partition input signals into Q-point overlapped blocks to generate
(Q-M+1)-point output directly without additional additions.

h0] O 0 0 0 0 0 0
h[1]  h[0] 0 0 0 0 0 0 | [|x[o]]]
h[2]  K[1] h[0O] O 0 0 0 0 x[1]
0  h[2] A[1] |Aj0] O 0 0 0 x[2
0 0 K@) | A[L] R[O]] O 0 0 x[3]
I 0 0 |#r[2] A[] K[0] O 0 x[4]
0 0 0 0 h[2] &[] A[0] O x[5]
0 0 0 0 o a2l A RO]|] | x[6]
0 0 0 0 0 0 a2l Al ||| x[7]
0 0 0 0 0 0 o a2l |
_ [ Veir[3]'] 0] 0 0 al2] hl1]] [x[3]]
et convolution (wihout zero | 24| [#L1 A0} 0 0 A2] | ]
padding) since the first M-1 YOI | = | hl2] h{1]  Al0] 0 0 x[5]
outputs will be discarded. V(6] 0  A[2] Af1] A[0O] O x[6]
L y71 ] L0 0 a2l A1l A0l [ X7
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Fourier analysis of signals using DFT"

Three steps to apply DFT for Fourier analysis:

1. Sample continuous-time signals (periodic sampling)

2. Select a finite-length segment (time windowing)

3. Compute the spectrum at a finite number of frequencies (frequency sampling)

Xe (1) Ideal x[n] x[n] N—point X k]
- A/D 4’®_’ DFT =
(a) 1 T

R wln]

(1 %o (t 2 : X[k
xc(t) Xc() Ijgfgl x[n] NI_)pP(?%nt k]
(b) 1 T

wc(r)
T =1/F,

7.6 EE3660 Intro to DSP, Spring 2020 26



(a) xc(1)

Ay
(b) we(7)
_Ty 0 Ty
2 2
(d) Xe(t) = we(t)xc(1)

AR AN

VIV

X (jS2)
ﬂT
2
Q
-, 0 Q,
We(jS2)
To
Q
0
(c) A]T{] \
=
—a e e Q
—Ql 0 Ql

xe(f) = %Ale—jﬁbl eIl %Alej‘m el

N I, 0<tr<Ty
we(l) = wrl(l) = .
0, otherwise

Smearing
e (spectral spreading)

Leakage

7.6

EE3660 Intro to DSP, Spring 2020
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Loss of spectral resolution due to peak

merging
We(j(@ — Q }(J(Q — )
W\)\/\/ \/WW =
Q; 2
W.(i(Q — 1)) + W.(3(2 — 22)) A sufficiently long window should be
used to avoid peak merging.
AQ = QQ-Q[>2— or Tp> 1
Ty Fr—F
Q
Q21+
2
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Windowing on an ideal bandpass signal

(a)
15¢
L
ERRY!
Eos} Spectrum of infinite-length signal
< 0 1 1 1 1 ] ]
~100 -80 —60 —40 —20 0 20 40 60 80 100
F(Hz)
(b)

Spectrum of rectangular window

Amplitude

_8 0.2 VAN WA
E I / i - i i
g- 0'(1) ......... I) !’é’é‘i’!‘!’é‘.\. ......... , ._..,l_s.é.e.t'!&.é ........... Shifted copies of window spectrum
< ol I Y I NN, I T NSO I I
~100 -80 60 -40 -20 0 20 40 60 80 100
F(Hz)
(d)

¢ 0.4 : :

E Spectrum of windowed signal

EE; 0'3 [as “weighted average” of (a)]

100 -80 60 40 -20 0O 20 40 60 80 100
F(Hz)
29
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Spectral distortions due to time-windowing

Smearing The mainlobe smears the original spectrum and causes loss of resolution.
Leakage The sidelobes transfer power into bands that contain little or even no power.
Mainlobe _
Sidelobes

= 0

S § -20

Q&

g‘ 4. Magnitude response of a

5 %0 -40 rectangular window

=R

8“ —

s =60 -

0 10 20 30

7.6 EE3660 Intro to DSP, Spring 2020 30



Good windows and uncertainty principle

Good window 1. Narrow mainlobe bandwidth (requires long window based on uncertainty principle)
2. Small sidelobe magnitude (reduces effective window duration)

Uncertainty principle 0.¢)
y prineip 2 A 21 a2 |
o, = = |xc(1)|~dt Duration
s 1 ™ 5 :
ofe g Q7 X:(7€2)|7dS2  Bandwidth
T - e
_ |
GO0 — =
2

Duration and bandwidth cannot be arbitrarily small simultaneously.
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Rectangular Bartlett Hann Hamming
- 1 1 1 1
| ] .5
Window
A 05 0.5 0.5 0.5
hoi -E
cnoices B 0 0 0
-0.5 0 05 -05 0 0.5 -0.5 0 0.5 -0.5 0 05 ¢
£
g %‘ 1 1 1 |
a8 =
T4 05 0.5 0.5 0.5
E —
S
-20 0 20 -20 0 20 -20 0 20 -20 0 20 Q
o 0 0 0 0
o=
£ T
83 20 -20 -20 -20
=
S @ —40 —40 / —40 —40
= N\
o =
£ —60 -60 -60 ~ -60 o
0 10 20 30 0 10 20 30 0 10 20 30 0 10 20 30 Q
- 0 0 0 0
=
5 @ =20 -20 -20 -20
o
2 2 40 -40 —40 —40
R
S 60 L1 60 60 60
- 10° 10! 102 10° 10! 100 10° 10! 102 10° 10! 10> Q
Mainlobe Rolloff rate Peak sidelobe
2t Window width (dB/octave) level (dB)
WHan(f) = [ 0.50 + 0.50 cos E wR(t)
0
Rectangular 47 /Ty —06 —13.3
2mt Bartlett 87/T, —12 ~26.5
b 0 N
WHam(#) =0.54 4 0.46 cos ( To WR(I) e 87/Ty ~18 -315
- - Hamming 8 /Ty —6 —429
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Example of different windows

The original signal has three sinusoids at frequencies 1, 3, and 4 Hz.

Amplitude
o o
>

o o
(SO N

=]
e

Amplitude
©c o o o ©

(=]
o

._
— o

oo

L B in

— 2

Rectangular window

]

[@e]
—_—
=

4 6
F(Hz)
Hann window

4 6 8 10
F (Hz)

o
n

Amplitude
o o o
— b W

OO
()
N
o)
o0

mplitude

<
I

Bartlett window

10
F(Hz)
Hamming window

7.6
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Frequency-domain sampling

Window Sample Periodize .
xe (1) — o z.0) A — | i
T =1/F; N
CTFT CTFT DTET N-point
DFT
, Convolve . Periodize . Sample
X.(jQ) > X.(jQ) > X(e/?) P | X[k]
Fs=1/T 2_J'r
N
Windowing should be Zero padding to enhance
applied before zero-padding visual representation
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Example of spectrum analysis using DFT

(a)

2T +3 2T 0<n <3l
x[n] = cos 8n 4cos 4n, <n<

0.

2T +3 41
x[n] = cos 9n 4cos 7n

0.

7.6

otherwise

(b)

(a)

>, 0<n<31

otherwise

(b)

EE3660 Intro to DSP, Spring 2020

Amplitude

Amplitude

Amplitude

Amplitude

20

10

10

20

10

10

16(m) 32(2m)
k(w)
16(m) 32(2n)
k()

0 16(m) 32(2m)
k(m)

6 16(m) 32(2m)
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Short-time DFT
(time-dependent)

Example of an FM signal

Spectrogram

L—1
X[k,n] £ Z wlm]x[n + m]e JTK/Nm

m=0

L is the length of the window w|[n]
Xlk,n], 0 < k < N — 1 is the N-point DFT
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Example of linear FM (chirp) signal (1/2)

Linear FM signal Xe (1) = Sin[J’T(Fl/T)tz]- O0<t=rt

1 d t
Instantaneous frequency Fi(t) = —— (m‘zFl/r) =F-. 0<t<rt
2 dt T

the frequency of x.(7) increases linearly from FF = 0to F = F
(a)

DTFT of 2s segment r |

g 05

z 0

m
; | (Y

F| = 500 Hz. 7 = 105, and £, = 1000 Hz : 4 06 08 I(SLC) 12 14 16 18 2

100 ®)

é) Can’t understand

E‘ 50 the signal well

<

0 1 1 1 1 1 1 1 1 1 1
~500 —400 =300 -200 —100 0 100 200 300 400 500
F(Hz)
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Example of linear FM (chirp) signal (2/2)

Spectrogram

Hann window
length

L.=—80

0 1 | 1 1 1 1 | 1 1 |

0 1 2 3 4 5 6 i 8 9 10
t(sec)
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