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Chap 6 Sampling of continuous- 7!
time signals

6.1 Ideal periodic sampling of continuous-time signals
6.2 Reconstruction of a bandlimited signal from samples
6.3 The effect of undersampling: aliasing

6.4 Discrete-time processing of continuous-time signals
6.5 Practical sampling and reconstruction

6.6 Sampling of bandpass signals

6.7 Image sampling and reconstruction
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Periodic sampling of continuous-tim
signals

Ideal
X1 > ADC » x[n] = x.(nT)
FE=1/T

Many continuous-time signals could lead to the
same sampled discrete-time signal
=> Non-invertible?

=T 0 r 2T T AT
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Frequency-domain relationship
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Interpretation of e Bandwidth
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uniform sampling /\ Qut = 2P
Q=2nF
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Sampling theorem: Let x.(7) be a continuous-time bandlimited signal with Fourier gzﬁ

transform

X.(jQ) =0 for|Q| > Qu. (6.18)

Then x.(r) can be uniquely determined by its samples x[n] = x.(nT), where n =
0,£1,£2,.... if the sampling frequency €25 satisfies the condition

6.1

27
Sampling frequency > Nyquist rate
X(ej.QT)
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raite
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Nyquist frequency = Folding frequency ~ NYAWSt  Folding Sampling
[pfquendy frequency  frequency
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Reconstruction from discrete-time
signals

Ideal
x[n] - DAC > x.(1)
F.=1/T

We can fully recover a bandlimited signal
based on sampling theorem.
=> How to do it? Ideal vs. practical?

x[nlg (t —nT) x[n]
xp (1)

(n—DT nl (n+ DT

6.2
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|deal bandlimited interpolato
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Periodic sampling vs. Bandlimited reconstructio

Frequency-Domain
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Aliasing example due to undersampling (1/

Spectrum of x.(t)
F
F

Spectrum of x,(¢)

No aliasing
2
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6.3
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Aliasing example due to undersampling (2/3}*

I

| |
AT

|

4 5 6 ik 8 9 10
1(sec)
&5 6

t(sec)

Figure 6.15 Sampling a continuous-time linear FM signal: (a) signal, (b) samples connected
by line segments, and (c) output of ideal DAC.
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Aliasing example due to undersampling (3/

CTFT ) 2A
xe() = e~ X9 =5es A0 | 00 | 1 —da?
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Figure 6.16 Aliasing effects in sampling and reconstruction of a continuous-time

nonbandlimited signal: (a) continuous-time signal x(7), (b) spectrum of x.(7), (¢) discrete-time

signal x[n] sampled at T = 1 s, (d) spectrum of x[n], and (e) bandlimited reconstruction v.(7).

In this case, aliasing distortion is unavoidable.

{ igl (sec)
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Discrete-time filtering of | 2 f |
COntanOUS-tlme Slg nals Sampling @ Spectru.mscalin%andperioc.iizatiinz
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Example of ideal bandlimited differentiator =~

. j2, Q2] = Qg
Bandlimited differentiator HC (]Q) — )
0. otherwise
ﬂ w= QT and QT ==
Discrete filter H( ja)) = 1I-I (jw/T) = Jo lw| <m
c — ? cljw — ﬁ w| =

I
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Example of second-order system (1/2)

. d?y.(t dy. (
Continuous system 31;2( D200, 240 1 a2y () = @2
Y (s) Q2
o(s) = Non-bandlimited

Xe(s)  $2+ 208 + Q2

Q2
he(t) = oo ¢¥nlgip [(Qm/l — 2) t] (1)
V1—=12 : )

Discrete sampling
(impulse-invariance transformation)

Q2
hin] = h.(nT) = LSl gip [(Qm/ l — 52) nT] u(n)
V1 =22
QH _ n .
_ (e ‘:Q“T) sin [(QHT,/ 1 — §2) n] u(n).
V1 =12
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Example of second-order system (2/2)

Z transform

Difference equation

Example

6.4
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Practical discrete-time processing of
continuous signals

Main differences from ideal processing:
* Practical signals are time-limited, thus not bandlimited => Need analog antialiasing pre-filtering

« Impulse sampling is not practical for ADC => Use sample-and-hold circuits instead
» Discrete signal values are quantized => Need to consider quantization noise
* lIdeal interpolator (sinc) is not practical for DAC => Use S/H reconstruction

Practical approximation of ideal A/D converter

xc(t) |Antialiasing | x,(¢) E San;gle A/D E x4 [n]
—  filter — > lr?old —| converter i
H,()2) | E=1/T E=1/T || l

Discrete-time

Practical approximation of ideal D/A converter system
i Reconstruction Samcll)le D/A E
filter ‘ hold [+ converter [e———
y:(1) i Hr(JQ) ysu(?) F = l/T FE=1/T i y[n]
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Sample-and-hold circuits for ADC

H = Hold
o R
Xinl(?) C/C vVVWA—1 Xout(?)
S = Sample J_ C
(a)
Input signal Output signal L
xout-”) 1 S/H Input S/H Output

\/ /
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Quantization of ADC converter

o

Continuous input

Quantization step A t -

9A |

6.5

Quantized

output \ =
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A A A g A A A A
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Binary
code words Range (2X,) |
(b)
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N
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Quantization Noise

Quantization error power
(assume error is uniformly distributed)

Signal power
(assume sinusoidal signals)

Signal-to-quantization-noise-ratio

6.5
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S/H reconstruction

(0.0
S/H amplifier XsH(t) = Z Xqlnlgsu(t — nT)
n=—0oQ
I, 0=t=<T crrr _ 2sin(RT/2) g7/
gsu(t) = T «——— Gsu(j) = e—IRT/
0. otherwise Q
T Ideal bandlimited
interpolator
/ \ GrL(j€2)
Sample and hold
|Gsu (i)
AN
_2n _ 0 n 2n Q
T T T T
QT/2 QT2
Reconstruction filter H,(jQ) = mej 2,1 < /T
(anti-imaging and equalization) r o 0. otherwise
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Frequency domain of S/H reconstruction

JZG‘IFT
2F
(a)
7| |Gsu(i2nF)|
1 1 1 1 F
_2FS _Fg 0 Fg 2FS
(b)

|Xsu(i27F) | = |Gsu(i2nF) X(e'2*FT)|

|H (i2F)|

—2F,

1 L 1 F
£ £ F 2F,
2 2

(d)
|X:(i27F) | = |H:(12n F) Xsu(j2nF) |

TN L /\l/\ 1 | 1 /\l/\ | MF \ \ F
—2F, —-F, _L 0 E F, 2F, F 0 F
2 2 2 2
(c) (e)
6.5 EE3660 Intro to DSP, Spring 2020 22



Xc(j2nF)
1 172
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Sampling of bandpass signals

Xo(j) = O =t =2l X j2rF)|

0, |Q|> Qy=27Fy Fiy=3(Fy~ 1)

4L _
B=Fg—FL F
2B < F, <4B (®)
Sufficient sampling rate /\
for perfect reconstruction F
Ideal bandpass (c) !
interpolator
-Fy  -F 0 R Fy F
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2D CTFT

2D sampling

2D DTFT

6.7

2-D transform for image processing

oo oo "
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0 0 S
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2-D sampling theorem

Bandlimited signal SC(FX,FV;) =0 for |Fx| > B, and |F:| > By
Sampling frequency st > 2B v and FS,‘ > 28\;
Fy Support of an ideal

lowpass filter

— st

F;

> 1

(a) No aliasing (b) Aliasing
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Moiré pattern due to aliasing
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Figure 6.36 Aliasing in resampled images (digital aliasing): (a) original image, (b) resampled
without pre-filtering, and (¢) resampled with pre-filtering.
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