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5.1 Sinusoidal response of LTI systems

5.3 Distortion of signals passing through LTI systems

5.4 |deal and practical filters

5.5 Frequency response for rational system functions

5.6 Dependence of frequency response on poles and zeros
5.7 Design of simple filters by pole-zero placement

5.8 Relationship between magnitude and phase responses
5.10 Invertibility and minimum-phase systems
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Eigenfunctions of LTI systems
g

Eigenfunction e/ x[n] = e!" —> ylnl = H (&)l all n
CX:.
H(e!) £ H@)| oo = Y hlk]e I
k=—00
Uniqueness y[n] = H (e'?)x[n] if and only if x[n] = /", all n

Frequency response H(ej‘”) — |H(ej“))|ej4H(ejw) = Hgr (ej")) + jH (ej‘”)

Phase response

Magnitude response or gain

Filtering xln] = Aed@® L L) — A|H (el |ellenté+ ZH (@)
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Example of first-order difference equation |

Vinl = ayln — 1] + baln]

: b

H(el?) = .
| —age )@
. b
H ()] = i |
V1 —2acosw+ a2
JH(e®) = /b — tan—! 230
1 —acosw

At w = 2m /20, gain is 0.58 and
phase shift is -0.26m.

(or —0.267/ew = —2.55 samples)
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Continuous and principal phase

Phase ambiguity

Principal phase

Continuous phase
(integral of group delay)

5.1

functions

H(ej(z)) - |H(eJ(z))|eJLH(eJ )

0\\ \\

27k .

Br b ™~
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Steady-state and transient response

Causal system and practical input

Response

yinl =) hiKIx[n — k]
k=0

— (Z hlk]e Ik

k=0

n
— Z h[k] ej(u(n—k)
k=0

> hlkjem ik

o0
elon _
k=n+1

0.¢]

_ H(ejw)ejwn o Z h[k]e—ja)k ej(un '
—————
Vss [n] k=n+1
Steady-state Vieln]
Transient

5.1

Amplitude

hin] =0,n <0

41t

jon

uln]

x[n]l=e

lim y[n] = H(el”)el" = y[n]
n— Q0
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Figure 5.3 Transient and steady-state responses for sinusoidal excitation x[n] = cos(0.057n).
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5.3

Distortionless response system
vlnl = Gxln —ngql, G>0 Maintain the “shape’

Y(eja)) _ Ge—jwn.dX(ejw)

_ jw .
H(e”lw) = Y(e ) — —Jwnd
X(e](!))
— |H( ej('”)| =G Constant gain
—> /H( ej“’) = —wng Linear phase
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Magnitude distortion

H(e)| # G "

Original signal

MM

Example:

x[n] = cos(won) — %cos(3a)0n) + %cos(Sa)On) vinl
- |

YR

Low-frequency attenuation

VAR AWVA R AWA T

viln] = ¢y cos(won + ¢1) + ¢2 cos(3won + ¢2) + ¢3 cos(Swon + ¢3)

VTV

Signal Cq (65 Cc3 b1 Py D3 Amplitude

High-frequency attenuation

AANWAN

x[n] 1 —1/3 1/5 0 O O original 1 -
viln] 1/4 —1/3 1/5 0 0O O highpass voln]
valn] 1 —1/6 1/10 0 0 0 lowpass

WAV
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Phase or delay distortion

Constant phase shift

/H (el —wn It
7o w'h [
y[n] = A|H (e')| cos[wn + ¢y + ZH (e')] V W y
b ZH() 7

— A|H (eY)]| cos { [n + =+ —]}

w

Linear-phase shift

Phase delay T ((,z)) e — (ej“”) v f\/\ /\/\/\ M\
- 2 \m/ \/m/

Example:

Nonlinear-phase shift

Signal ¢1 3 (of ¢2 ¢3 Phase shift 14
x[n] —1/3 1/5 0 0 0 zero yslnl

v3[n] —1/3 1/5 /6 /6 /6 constant
va[n] —1/3 1/5 —n/4 —-3n/4 —5m/4 linear
vs[n] —-1/3 1/5 —m/3 /4 /7 nonlinear

e p—
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Group delay

Example of modulation:

5.3

Group delay

d¥ (w)
dw

Ay
ng(w) - =

V() = —f Tea(6)d6 + ¥ (0)
0

x[n] = s[n] cos wen

s[n] is a lowpass signal with maximum frequency o, << w.

b

W(w)

V(w) ~ ¥(w:) + d
dw

(w — we)

W=

p— —Tpd(a)c)a)c — ng(a)c)(a) - CUC),

b

s — Tea(we) cos{weln — Tya(we)]}  Sroup delayfor the

yln] ~ ‘H (e)™) envelop s[n] (“group”)
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s[n] cos(wn)
0.2

Input signal
ol s|n] cos(wan)

Example of magnitude and ., , 7

-0.1

group-delay distortions

50 100 150 200 250 300 350 400
Sample number (1)

30 r

w) = 0.34x wy = 0.6
5 _20r
: 1 1 (r— Y
Input signal: s(f) = exp __# = |
V2ro 2 o 0
0 L L L )
0 0.2n 0.4n 0.6m 0.8n n
Radian frequency ()
0r -
—~ =40 : :60 E
! 1%
. bo s —80F 140 2
Bandpass filter: H(z) = e 100 &
[1 —2rcos(wo) 27! + 22727 2] 172
< -160 10 Z
wy = /3, and K = 8 [ . . . : 1 ©
0 027 0.4r 0.6m 0.87 n
Radian frequency (o)
02r
0.1F
Output signal: = O‘WVW\WWWMWWWWM
-0.1r
_()-2 1 1 1 1 1 1 1 J
0 50 100 150 200 250 300 350 400

Sample number (1)
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Lowpass filter

|Hlp(ejw) |

~,

LHp(e)

e o | < w,

Hp(e!) =
0. we < || <7
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sin we(n — nq)

e =

o0

> Implnll = oo

n=—0oQ

Ideal filters are unstable and thus
not practical.
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Bandpass filter _ e—Jjong wr < |o| < wy
H ( e‘](?_) ) —
| Hop (") | 0, otherwise
- 1= sinw¢(n — ny)
hypln] =2 - COS won.
N T(n —ny)
I — — 0
_TIE —® —® 0 ® ® T ® we = (wy —wy¢)/2 Ideal bandpass filters are
u / . I u modulated lowpass filters.
£Hip(e) . w) = (wy +wyp)/2
Highpass filter Bandstop filter
A L His (€'
LHp(e*) | Hip(c) | L H() | His (') |
*\ 1 . ————————— —
! | | . |
|’ -, 0 @, T © -T —©, - 0™~ o W, T O
hnp[n] = é[n] — Mp[n] hys[n] = é[n] — hypln]
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|H (e") ]

Good filters should have

« Small ripples in passband

* Low gain in stopband

* Narrow width in transition-band

Practical filter

Stopband

Transition-band

Passband

Transition-band

Stopband

0

Wy Wiy

Wy Wyy

Figure 5.11 Typical characteristics of a practical bandpass filter.

Example of practical lowpass filter:

5.4

ﬁlp[n] —

sinw.(n — ny)

0.

T(n —ng)
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Frequency response for rational systemii’
functions

"I|

N M

vinl == ayln— k14 ) byxin — k]
k=1 k=0
zeros
M M
Zka_k 1_[(1 — %z )
H(z) = —=0 _ B H(el?) = pyt=!
— — e = bo—;
T+ az™ [T =pz™")
k=l k=1 =el®
poles
. M . N .
1 ()] = bol [T |1 = zxe™ ™ / [T]1-peeivl.
k=1 k=1
. M . N _ Detailed analytical
ZH (&) = Zby + Z Z(1 —ze 1) — Z (1 = pre™1?), expressions
k=1 k=1 available
Moy ’ N4 ’
rgd(a)) = Z — [Z(l — zke_Jw)] — Z —_— Iié(l —pke_J“))]
P dow P dow
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5.5

1 4+1.655z7 1 +1.655772 + 773

Example H(z) =
p 1 — 15777V +1.264772 — 0473
I 0
5 05 8 o
£ 5
> ~ 20}
S 0 2 ’3:‘
50 2
= 05 x —40r
| x —
_l I ) ) ) ) _60 N L N
-1 =05 0 0.5 | 0 /2 i 3n/2 27
Real Part o
6 _
3 g 4l
&, =
— &
3 —_—
% 3 ol
T 3
N
~3n - - - 0 - - - -
0 /2 T 3n/2 21 0 /2 i 3n/2 2n
® ®
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Geometrical evaluation from poles and®:”
Zeros

l_[{/y:1 Qk(w)

Im |H (eI?)| = |by| :
[Teey Ri(w)

M N
/H(el®y= /by + w(N — M) + Z O (w) — Z O (w)
k=1 k=1

Oy (w) = distance of kth zero from z = el?,

0]0 L Re Ry (w) = distance of kth pole from z = el®,

O (w) = angle of kth zero with the real axis,

di(w) = angle of kth pole with the real axis.
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Example of complex conjugate poles”

dm

Pk = 0.9¢E7/3 Magnitude responses
10 B A

Phase responses

.. /Total ...... p/ w — Oy (w)
\‘ - ““ k

P’-
-
-
-

...
-

-
-
-

- -
________

- —1t/2 0 /2 T

5.6
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Example of two zeros

dm éﬂ(ejw) Zero inside unit circle
®
0 m
Ain = —w + B4y (w)

| LH ()

Zero outside unit circle
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Design of simple filters by pole-zero
placement

Guidelines:

« Place a zero at 8 = w, on the unit circle to suppress magnitude at w = w,.

* Place a pole at ¢ = w, inside the unit circle to enhance magnitude at w = w,.
» Place complex conjugate pairs for zeros and poles to assure real coefficients.
« May introduce zeros and poles at z=0 to make N=M.

z-Domain

H(z)
Poles and Zeros

Time-Domain IDTFT Frequency-Domain
=}
\j@
Difference Equation DTET |H ((‘ ) |
Impulse response > Passbands and
P Stopbands
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Example: Discrete-time resonator

bo bO

(1= relfz ) (I=re=ifz1) ~ T—@reosg)z ! +7z2 P12 =70

H(z) =

20 R sinf(n + 1)e] y

. h[n] = bor : [1]
KN sin¢
_q) .
05 \\// O
sz
-1 .

[a—

e
th

Imaginary Part
o
|H () | (dB)

; - - -10
-1 =05 0 05 1 —T —1/2 0 /2 T
Real Part 0)
/2 10
§ /4 E
[
5 L
2 3
—-n/4 =
N & o}
—7t/2 : : : : : : : ;
-7t —1/2 0 /2 T -7 —1/2 0 /2 T
0 )
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5.7

H(z) = bo[1 — (2 cos q‘))z_l +z777]

Example:
Notch filter I —(2cosg)z ! +277°

G(Z) = bo lIR (plus two poles)
1 — (2rcosg)z—! 4 r2z=2
1 s
N, el ’
E 05 - ..
O | ]
—T 0 T
0]
T
é /2 K t-
é ] — M B
R E N N
| Tt N T
= -2 Tl '
N
-1 1 1 1 1
=’ -2m/5 0 27/5 m

®

Figure 5.24 Magnitude and phase response of a second-order FIR notch filter (dashed line)
and a second-order IIR notch filter with r = 0.9 and ¢p = 27/5.

EE3660 Intro to DSP, Spring 2020
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Example:
Comb filter

Example:
Hiz)=1-— 7}
G =1-z7z"

o0

00 G(eja)) — Z h[n]e—ijﬂ — H(erL)
A L L n=—00
G)E£H(E) = ) ™"
n=—0Q hin/L]l, n=0,£L,£2L,...
glnl = .
0. otherwise
|H ()|
1 ==~ e \ __________
Q ) Se ) ",. -
UU \‘ "‘
2 . e
.E ‘.‘\ "‘
%ﬁ 0‘5 B ‘~“‘ »"
= o) -
G ()|
0 -
-7 —7t/2 0 /2 s
0)
2R N NN R
B e,
o] -
=
fan]
ST
O
=
-—
o~
NN e
- —1t/2 0 /2 s
[0

Figure 5.25 Magnitude and phase response of a first-order difference filter H (el and the
corresponding comb filter G(e!”) for L = 8. Note that G(e!”) is periodic with period 27 /8
radians and that both filters have a linear-phase response.

5.7
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Example: Moving average filter
1 M—1
vinl = — ) xln—kl

M
k=0

M—1 —M M
1 —k I'1—-z I ¢ —1 M-1 zeros
H@) = - ; ¥ =

= " —Z_l — MZM_I(Z— ) + M-1 poles at z=0

1 1l
A _
2 —~—~
o <]
S 0 42 D
M = 10 & =
£
-1 0 . . .
—1 0 1 -7t —1t/2 0 /2 oL
Real Part w
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Example: Bandpass filter

- DTFT Ty
eja)mkh[k] : 5 H(ej[fU (Um])
5
o _
o =
Complex bandpass filter g 0 2 %
e S
E
-1 ]
-1 0 1 gn /2
Real Part

rcl/2

pTFT | e 1 .
hlk] cos wpk «—— EH(eJ[w wm]) + EH(eJ[w-l-wm])
I 1}
=]
QCS —_—
Real bandpass filter 2, 9 T

Ei =
2 e

-1 .

-1 0 1 gn —m/2
Real Part
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Example: Highpass filter

Generate a highpass filter from a prototype lowpass one:

DTFT

glnl = (=1)"n[n] < > G(e!?) = H(e)l™™])

Example of different equation:

N M
vinl ==Y (=D'ayln =k + Y (=1)"bpaln — k]

k=1 k=0
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Magnitude response cannot uniquely identifg::
phase response

Assume R(z) = H()H"(1/7%), complex h[n]
= H(x)H(1/2). real h[n]
v | |
R(Z)lg__:ejw — |H(e,lw)|2 _ H(GJ(‘))H*(GJ("))
Consider Hi(7) = (1 — CIZ_I) (1 — bZ_l) .
H2(Z) = (1 — CZZ_I) (1 — bZ), Have the same

L magnitude response
since their R(z) are

H5(z) = (1 — az) (1 — bz_l) : identical

Hy(z) = (1 —az)(1 — b2).

—_—

R(z) = HH(/7) = (1 _ az_l) (1 _ bz_l) (1 — az)(1 — bz)
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Definition

Invertibility

Decomposition

Example:

Minimum-phase systems

Hiny (2)

A causal and stable LTI system with a causal and stable inverse.
= All zeros and poles are inside unit circle.

1 A(z)

H(z)  B(2)

Any rational system function can be decomposed into a minimum-
phase system and an all-pass system.

H(z) = Hpin (:.)Hup(:)

1 /a*, where |a| < 1

H(z) = H(2) (:z_l — a*) zero: 7

(Z_l - a*) (match a pole at

—1
= H(z) = Hi(2) (1 — dag ) (l — a7_l) reciprocal conjugate)

5.10
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Minimum-phase systems

Minimum
delay property
response.
Im -
g
=
g0
— ] 7
(QNI(CD) '_Tt
Bin out/ - _ out
co_'\, Z’ O. (»)
Ol 16 “in
0 1 Re i3
£0
3
-5

/H (') = —w + Or(w) = B

5.10

A minimum-phase system has the minimum phase-lag and the
minimum group delay among all systems with the same magnitude

Phase-lag

-
-

_______

EE3660 Intro to DSP, Spring 2020

29



	投影片編號 1
	Chap 5 Transform analysis of LTI systems
	Eigenfunctions of LTI systems
	Example of first-order difference equation
	Continuous and principal phase functions
	Steady-state and transient response
	Distortionless response system
	Magnitude distortion
	Phase or delay distortion
	Group delay
	Example of magnitude and group-delay distortions
	Ideal (frequency-selective) filters (1/2)
	Ideal (frequency-selective) filters (2/2)
	Practical filter
	Frequency response for rational system functions
	Example
	Geometrical evaluation from poles and zeros
	Example of complex conjugate poles
	Example of two zeros
	Design of simple filters by pole-zero placement
	Example: Discrete-time resonator
	Example: Notch filter
	投影片編號 23
	Example: Moving average filter
	Example: Bandpass filter
	Example: Highpass filter
	Magnitude response cannot uniquely identify phase response
	Minimum-phase systems
	Minimum-phase systems

