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« 13.2 Jointly distributed random variables
« 13.4 Random processes
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Randomness and statistical regularity.

Randomness
(statistical variability)

Statistical regularity
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Random variables

Random variable A function from S to real numbers

S={HHH,HHT HTT .HTH,TTT,TTH,THH,THT}.

l

X=1{0,1,2,3}
the total number of heads

- 1
Probability -
(frequentist) ’
0.8}
: 0.7t
Example: E
X 06}
Event A: X<4 05 I .
P(A) = 1\111—I>rolo % 0.4k W
03

10° 10° 10*
Number of trials N
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Probabillity distributions

Probability distribution
function (pdf): fx(x)

Cumulative distribution
function (CDF) : Fx(x)

Example: F-16 noise

as
Pr(ay < x < ap) = f fx(x)dx
a

Fy(a) £ Pr(x < a) = f fx (x)dx

N=20000 samples
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Statistical averages

. . N
Arithmetic average of ! S
observations TN 4 1"
1=
Mean value m, = E(X) £ [ Xfx (x)dx
J —00
> > o .
Variance oy £ var(X) £ E[(x —my)"] = f (x — my) fx(x)dx
—00
= E(X?) — 2mE(X) + m> = E(X?) — m?
Standard deviation oy = /var(X)
.o
Expectation Elg(X)] = f g(x)fx(x)dx
—00
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Example of random variables

U(0,1) can be simulated by pseudo-
Uniform distribution X~U(a,b) random number generator.

1/(b—a), ifa<x<b

0. otherwise

fx(x) =

var(X) = E(X?) — [EXX)]* = %(b — a)?

Normal distribution X ~ N(m, 52)

fX (x) = 1 e~ (x—m)* /202

V2mo

1. Linear combination of normal distributions

Is still normally distributed.

Central limit theorem applies everywhere.

3. N can be simulated by inverse transform
sampling method.

/(x)

N
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Figure 13.6 (a) A scatter plot of the heights of 1078 sons versus the heights of their fathers,

and (b) the corresponding two-dimensional (2-D) histogram.
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Jointly distributed random variableg::;
Conditional pdf frix(Y[X=a) Jxy (L y) = fyix (v[fx () = fxy (x[y)fy (v)

Covariance

Correlation

Independent

Uncorrelated

13.2

Cxy 2 cov(X,Y) 2 E[(X — my)(Y — ny)]

cov(X.Y) = E(XY) — E(X)E(Y)
Positive covariance Negative covariance Covariance near zero
|2 el y Y
s 2 o . o .
— et o e o o 1
ﬁ ‘...P:. o.'g .| oo :Va A
Sl I yelpte L S A— Y Y R P N ee
3 wkeb 4 Thw ' .
~" .‘O’ .!~OU~O -
W - + &2 + -
— X L x L X
X X X
A
vy = E(XY)

not always true

frixO)=fr(v) = fryy) =y () <--

l \

X. Y uncorrelated < cov(X,Y) =0or E(XY) = E(X)E(Y)
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Jointly distributed random variables:::

Correlation
coefficient
(measure linear
relationship)

Covariance matrix

Correlation matrix

Linear combination
of random variables

13.2

~ . X — iy ~ A Y —my
X~ % and TE—2
Ox ay
~ o~ cov(X.Y) Cyy
Pxy = cov(X.Y) = ~ ‘ —1 < pyy <1
| Vvar(X)y/var(Y)  oxoy -
c11 c12 ... Clp ]
€21 €22 ... Cp
Fa Fa
C, = cij = cov(X;. X))
_Cpl sz .o Clr)}_)_
P p
T ,
Y = Zt’ffXg =da x E(Y)= th‘E(X;') = aTm_r
i=1 i=1
var(Y) = var(a'x) = aTC_ra > () C, is nonnegative definite
20 T . . .
E(Y")=a Rya >0 R, is nonnegative definite
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Random process

A collection or ensemble of functions (or sequences) with probability
assigned to each
X[n,¢]

Number
Ang,] / Sequence o at _
ne reallization IS a seguence
11tree tle , q
& ¢
I I I ? 11 .
¢l L3 l

x[n,C_B]‘

Te TIIT? QTH
ll [3

Sample space S

rwoO0=T SoAase X

tls t1
e 1111
|

Random variable x[no,C]

Figure 13.9 The concept of a random (stochastic) process as a mapping from the sample
space of a random experiment to an ensemble of sequences.
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Stationary random processes

Strictly stationary the sets of random variables x[n{].. . ... t[np] and x[ny+k]. .. ...

have the same joint probability distribution for any set of points,

any number p, and any shift k.

p=1 f(x[n]) =f(x[n + k]) (ensemble average is static over time)
E(x[n])=m, and var(x[n])= crf, for all n

p=2 f(x[n],x[m]), depend only upon the lag (time difference) ¢ 2 n—m

coe[nn, m] £ cov(x[n], x[m]) = ¢y [£]. for all m, n

Autocovariance sequence (ACVS) (ensemble covariance is static
over time)
Wlde-sense A random process which satisfies the condition of p=1 and p=2.
stationary (WSS)

Ioclm + €, m| = E(x[m 4 C]x[m]) = rwll] = cxnl€] + ””i

Autocorrelation sequence (ACRS)
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Sinusoidal random
process

WSS sinusoidal
random process

13.4

Examples

x[n, &k] = A(Ck) cos[w (p)n + ¢ (k)]

not stationary

x[n] =Acos(wn+ ¢), ¢ ~ (0,27)

27
E(x[n]) = AE[cos(wn + ¢)] = 214 f cos(wn + ¢)dg =0
T Jo

re[n,m] = E[A cos(wn + ¢)A cos(wm + ¢)]
A2 2 1
= — — {cos[w(n — m)] + cos|w(n + m) + 2¢]} d¢

2 0 2

A?_

= 5 cosw(n — m).
I 5 1
re(f) = EA cos wl
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Properties of correlation and covariance

sequences
Jointly WSS ryll] = cxyl€] + mymy cross-correlation sequence
Cxyln, m] £ cov(x[n], v[m]). {=n—m

Fyln, m] = E(x[n]y[m]) = cw[n, m] + E(x[n])E(y[m])

Symmetry r[] = ra—4] o] = ry[—4]
Cxxl €] = e[ 1] Coyll] = ey 1]
even symmetry not even
Correlation matrix - [0] rlll o nlp = 1T
re[1] [0 ..o m[p—2]
Toeplitz R, = . . . .

(so as covariance matrix)

_r_x[p'— 1] *".r[ﬂ'_ 2] r.xtO]

rij = EGdn—ilxn—j]) = rlj—il
aTRxa > ()
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Response of LTI systems to random processes

WSS WSS
x[n,C] > hln] > y[n.C]
simplified oo
vin.¢1= Z WKIxin — k.¢] —— ylnl= > hlklx(n — k]
k=—o00 k=—00
Expectation E(v[n]) = Z hKIE(x[n — k]) — EQ[n)) = m, Z h{k] = my
k=—o00 k=—00

Cross-correlation E({mly[n]) = )~ hIKIE([m]x[n — k]) t=m—n
k=—o00

ol = ) WKt + K= ) h[=ilralt — i = h[—] % rull]

k_

=—00
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Response of LTI systems to random processes 5

Cross-correlation 7wl = Z hlklre[€ — k] = h[€] % ry[£]

k=—00

oo

ACRS ’*t\‘ﬁ'[i;] — Z ranlmlra€ — m] = rppl€] * ryl€]

mM=—00

Ryl 1= hLET*h[=E1 e [£]

0| o L]
el hin) e hl=n] "
| HE) o | H'EO) T

) | Ry Sy
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13.4

Power spectral density (PSD)

[Assume x[n] and h[n] are all real-valued]

00

Ser(w) = Z Foxl £ ]e—ﬂ’-"i’-ﬁ ACRS and PSD are DTFT pairs.
f=—00

Sex(w) = E¢[X(e/®,0)X*(e/*, 0]

= E¢ “X(ejw, ()l2 ] >0  Average power on frequency
Si(—w) = Si(w). (real and even) & ry[€] = ry[—£]

S (@)
A® ' A®

1 -

o A
_// ¥

(o)
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LTI response

Cross PSD

Remark

13.4

Properties of PSD

S_\'_r (w)

}2

Syy(@) = |H(e!)

N | It . 2
E(vi[n]) = ‘)_/ ‘H(ejw) Sye(w)dw

S}‘_r(ft)} — H{e‘iw}51.1'x(f'”

ral] = cull] + m?

l

Ser(@) = Coe(e!”) + 2mm 8 ()

l

Cause problems for analysis, e.g. large leakage power due to windowing

l

Prefer to remove the mean value.
(default if not mentioned in the following)
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