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Chap 12 Multirate signal processing

12.1 Sampling rate conversion

12.2 Implementation of multirate systems
12.3 Filter design for multirate systems
12.4 Two-channel filter banks
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Sampling rate conversion (Resampling)™

Conceptual flow x[n] Discrete signal with period T

l Reconstruction, e.g. filtering, polynomial approx.

XelT Continuous signal — - sinf(t — nT)/T]
L() Jf\_X_:Oox[n] oy P— LYY
. Ideal signal
Sampling

A
X0 [H] — X (HT[)) Resampled discrete signal with period T,

Discrete rate (a) Ty = DT. (b) Ty = T/I. and (c) Ty = T(D/I)

conversion
(D, I: integer) Downsample Upsample
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Downsampler: sampling rate compressor: &

Sampling Rate Compressor

x[n] xpln] = x[nD]
mﬂm —— D <N

02 n  Sampling San"lpling 0 1 n
period: period:
T Tp=DT
CTFT XD(EJQTD) = L i X il - gz_n
DT DT
{=—00
l D—1
1QTpy 1(Q—mQp)T
o(687) = 3 (455
m=0
| D= |
Joy _ J(w—2mm)/D .y
DTFT Xp(e!) = & Z}((e ) w2 QT

m=0

12.1
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Downsampler:

CTFT example

X.(j$2)
D=3 |
Fs 0 27Fims Q
X(ejQT)
1
2 0 2n 2
T T
1 XD(BjQTD) TD =37
() =57 Z Xe ( ( _E_))
TD TD
D—1 XD(EJQTD) i 2=202n)T
Yo(e#) = L3 x (e man X@ET) | X(eH0T) (2T
b /
/\ /\ /\ 77\/ /\ /\//\
Q
TD TD T_D T
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Downsampler: DTFT example

X(e’“)
> AN A A A A A
—61 I —nm_nTogL w o 4 6r @
3 3
Stretch x (ijﬁ)
—6m —A4r 27 —T_T 0% T 2 47 6br W
3

Shift \ Y (ej(w—ZIr)/ 3) \
/\ 1
—6r —Ar

=2 —W_EO% /4 2% 47 6br W
Shift X (ej(m—4:r)/3) \
/\ : /\
—6m A 27 -7 _7_?:' 0 %f b4 2 4 6br @
Add and scale replicas Xp(e?)
D—1
X[)(ejw) o Z X ( |(w—2mn)/[_)) I/D /\/\
m 0
6 — 47 o -7 _%r(') T 2 4 6r ®
3
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Downsampler: D=2 example

General case x[n] ={....x[—2].x[—1].x[O], x[ 1], x[2]. ...}
Drlx[n]} = {. ... x[—4].x[-2]. x[0]. x[2]. x[4]. .. .} = xp[n]
Dolx[n+ 11} ={.. .. x[-3].x[—1]. x[1], x[3]. x[3]. .. .}

I¢ l R Ly l N Ly
XD(er) — ;X(e_]w/_-) 4 ;X(E‘I(UM"_RJ)

Spectrum
expansion §
x[n] 12 X(e")
x[n] = cos(won) | |
0 n -7 -0, ) O, T ®
xpln] = cos[wp(nD)] = cos[(Dwqg)n] ] } X, (")
1/2
[ .

-7 —2m

12.1 EE3660 Intro to DSP, Spring 2020 7



Downsampling with aliasing (D=2)

X(e'®)
o - 0 P o7 ®
X (/2 Y (il@—27)/2
3 /I%/()\
=27 = 0 T 2 0
Xp(e?)
=27 - 0 T 27 w
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Downsampling with lowpass prefiltering

(Decimation)
Hyp(e®)
1
P - _%1’ 0 J'ET T 21 w

V(e!®) = Hyy(e™) X (/)

NN N

27 —T i -
Y () X (ele2m02)
I / \/\
27 - v L — _
Vb (e!®)
1/2
/\/ \/\
27 T " - - _
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Decimator

Decimator
Lowpass filter Sampling Rate Compressor
x[n] Gain = 1 v[n] xplm]
T “=D T To=DT
M
For FIR filter xp[m] = vimD] = Z hlk]x|mD — k]

k=0
Overall computation can be reduced to 1/D

. .. 27
To avoid aliasing If X(e J‘”) 0, wyg<|ow|<m then ws= s > 2wy

Safe choice we = /D
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Upsampler: sampling rate expander s

Sampling Rate Expander
l”[”l”“]ll x[n] xuln] l | ‘ I ‘ ‘ ‘ |
—| A1 >

0 n O n
Sampling Sampling
period: period:
T T, =T/1

x[n/I], nisamultiple of [
Upsample xu[n] £ Ur{x[n]} £ xpx[n] £ i k

otherwise

DTFT X, (e) = X(e)
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Upsampling with images (I=3)

X (')
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Upsampling with lowpass postfiltering
(Interpolation)

G1(e'®)
I

—2m T 27 w
! !
X ()

—irr _r (Ij) ¥ 2IR' w
1 I
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Post-filtering

Interpolator

Interpolator
Sampling Rate Expander Lowpass filter
x[m] xu[n] Gain=1 xq[n]
— i e b/ >
We = T
T T
T I = T I = 7

X, (ejm) _ X(ejwf)

Xi(e?) = Gie(e!)Xu ()

alnl= ) xulklgdn — 4]

k=—o0

Overall computation can be reduced to 1/I for FIR filters

12.1
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Decimation and
Interpolation in

12.1

CTFT

xe(t) Xc(i£2)
OI t _2HFrr1ax {I) ZNFmax Q
7 Fundamental
-t~ x[n = xc(nT) X(e9T) frequency rang
r = nT e 7w T w g
= T -
xpln]l =x.(mTp) T, =2T X(e!7D)

il ‘ |"l""|

NN

r_nTD
T T T, T
xuln] Xy (19T
NH AAAA
=z 7
auln] Gri(e'9T)
giiiie 1 -
x 2
W T T TT
X (°7)
HH AN NEAN
2 2t 82

T 15

~
~l A
SIEL
-.]



Xe(t) X (iR2)
Decimation and /\f\ A

Interpolation in

12.1

DTFT

0 ! 2 Fpax 0 27 Fynax Q
x[n] = xe(nT) X
/N, NN
| xpln] = x(nD] Xp(e) = 2T
].|]||m|m. NIV NN

xu[n] \ X, (1)
1WM|AAAXA

-2
goin] Gpi(e'®)

l,|||||,l

-2 0 27 W

e, A A A
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Linear interpolation

Zlin[n — k]

Input: Fast index
Output: Fast index I

L
n=ml +k h
|1 . jo
N ——, T <n<lI Gpi(e™)
glin[n] = l
0, otherwise
Glin(ejw) = l [—Sln(wI/Z):r ﬂ/ vlﬂ\_
I | sin(w/2) o R - """';
5 5
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Fractional delay

|deal v[n] = ye(nT) = xc(nT — tp) = x[n — A] A= /T
(non-practical)

Hig (e1?) = e7198

hn] = F~'[emibe] = sinfzr (n — A)]

T(n—A)
T N N
Practical aonet ] [ I T
example of I
A=1/2 >0 2 4 6\ 8 10 12 14 16 18 20
T rres xe(t)
[=2 xi[n] o II ] III! . _\TTIIT\I l,r’l'T_l“‘I\. -
L 1 L
0 5 10 15 20 25 30 35 40
se
1-sample wlnlo r]l ] I ]T- TI]TT. . AT -
delay klll'lz\y 4\|“|h “L 1171
>0 5 10 \ 5 20 25 30 35 20
D _ 2 Sr e xc(t —ID)
B yln] g 1 T ]. T }\r]T . P <1 1 ]
y[n] = x[n — %] S o l | | Il | o
0 2 4 6 8 10 12 14 16 18 20
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Non-integer sample rate conversion

Information-preserved interpolation first

Interpolator Decimator
x[m] | xln) [Gan=r | | @A | [ Gan=1 | vfn] xplr]
—_— ] P , -7 i _n pP—| D
| T LD
. T T T i)
1 I/ 1 1
. I, 0<|w| < min (%%)
H(ejw) =
0. min(F.5) <lo|<nx
v
x[m] xf] | Gain=1 xln] xpl]
—_—l 1] }— . (n T\ D }——
we=min| 7+~
(I D)
T T D
r T T T

This approach is only practical when | and D are small integers.
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Lanczos resampling

« |deal sinc function masked by a sinc window
— Good approximation for sinc function
— Useful for interpolation, scale-up, scale-down
— Indexed by parameter a

1.2
X
L(x) = sinc(x)sinc(a) if —a<x<a
0 otherwise
* For interpolation at «,
filter coefficients:

mag

hin] =L(n — a)
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Multirate identity for downsampling

D—1

z transform of 5

Jfﬂ _ Ww—2mm)/D

downsampling Xp(e ZX (e )
m =()

D—1

1
D Y(z) = X(whe/P
vln] = x[n ]<——> (7) = Dg )

Interchange of D—1
filtering with Y(z) = H(2)V(z) = H(é)— > X(EPwg)
downsampling A —0
)
{ D= D—1
k=0 k=0

x|m] vi[m] ym] x|[n] v2|n] ylm|
—_—| |D }—| H(Z) P » HP) —>] |D |—>
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Multirate identity for upsampling

zljransforrn of Xu(ejw) _ X(ejw[)
psampling
x[n/Il, n=0,xl,£21I,...
v[n] = > Y() = X()
0. otherwise
Interchange of
filtering with Y(2) =V, (Zf) — H(g")){(gf)
upsampling
)
Y(2) = H()V2() = H(Z)X ()
x[n] vi|n] yim x|n] v2[m] ylm]
—»| He) —| t1 = » 11 }+——| HEZ) —
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Example

(M=2)

(M=3)

Filter

12.2

Polyphase filter structure

H(z) = h[0] + h[11z7" + h[2])z7% 4+ h[3]z> + h[41z~* + h[5]z7°
_ (1:[0] + a2l + 11[4];5—4) 4+ (11[1] Rl + h[5]{4)

)

: 1p (-2 Po(2) 2 h[0] + h[2)z~" + 4]z~

P1(2) = h[1]+ ]1[3]3_1 + ]:,[5]3—2

Po(z) £ h[0] + A[3]z™"

2y — 3 —1 3 =2 3 A —1
H(-\,) P{} («- ) +z P] («- ) +Z PZ (-&» ) P](-\) h[l] + h[4]4

Py(z) £ h[2] + h[51z~"

Y(2) = H2)X(2)
= Po(H)X(2) + 7 'P1 ()X (@) + 77 P ()X ().

= Po(2)X(2) + 7 HP1()X(©) + ' [P2(HX (D)1}
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Polyphase filter structure

M—1
General case Hz) =Y 7P (M)
k=0

peln) 2 hinM + k], k=0,1,.... M —1.

Realization

x[n] yIn] x[n]
— P(M)

—|  Pi(z™)

—- Py—1(z)

Direct form Transposed form
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Decimation
system

Polyphase
implementation

Polyphase decimator

x[n] ——

H(z)

v[n]

\D

N—1
Hz) =) hlklz™F = ZP(ZD)’
k=0

- PO(ZD)

D

—  P5(zD)

D

B

_— PD_1(ZD )

D

; ]
}

_—
Multirate
identity

— y[n] = v[nD]

n
xoln| Po(2) ‘Jf’@[ ] yln]

D

x1[n]
RN g
y1[n]

D

xD__l[n-]. PD—I (z)

yp—1(n]

12.2
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) v[n]
Interpolation xn] —| 1 }—>»| H@E) |—> y[n]
system
N-1 I-1
Hz) =Y hklz™" =Y Pz
k=0 k=0

Polyphase
implementation

x[n]

—_—| 1] ﬂ_... Po(2)
i TI —l ﬁ. . P](Z)
Multirate
1 identity
—-| 1] || Pa(Zh) - Pi1(2)
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Half-band filters

Ideal half-band we SINwe(n — «)
filter hln] =

(noncausal zero-phase)

1/2, n=«
w2 |0, n—a =42 44, .

T wen—aa)

General half-band  4[0]=1/2, h[2n]=0. n=4+1,42,...
filter . _
(noncausal zero-phase) hl|—n| = h[n] or H(E_Jw) = H(er)

Hz) =Po(Z) +2'P1(Z) = 3 +27'Pi(2)

Property H(z) +H(=z) =1 H(e') +H(eﬂw_n)) = 1
H(e!®)
FIR hin) /\v"\._/l —— / llliilf-lband
filter
M -5 0 5 M ' —; oY i 0 T e VA?? ’
2 2 2 2
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Half-band FIR design

I Given the specifications ws, Ap, and Ag of the half-band filter, obtain the parameters

dp. &5, and ws so that they satisfy the design requirements and the constraints of the
half-band filter. That is,

§ = min (8p,8s), wp =1 — ws. (12.92)

2

. Design a single band Type II FIR filter G(z) of order M /2 = 2p — 1 (odd) with @, =
2wy, ws = 7, and 5§ =268 us_ing the Parks—McClellan algorithm. Since G(z) 1s Type 1I,
the frequency response G(e!®) is equal to zero at w = . §,

can be replaced by any filter design
method, e.g. windowing

3. Scale the impulse response g[n] by one-half, upsample the result by a factor of two, and
set the middle coefficient to 1/2. The result i1s an impulse response /1[n] with system

function H(z) given by

H(z) = ; [z—m + G(zz)] , (12.93)

which 1s a half-band filter with passband cutoff frequency wp.
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Design example of a half-band filter

Specification ws = 0557 A, = 50dB
(fixed window) w, = 0.457 _
A, =44 dB
wp = 0.9 l
W, =095r | <— Aw =0.1r — | L = 62 |—> | Hann window
G(2) H(z)
20 T T T T T T T T T 100 T T T T T T T T T
2 0 T8 |
)] )]
S 20t - E
% %-100 - E
S “0r =
_60 1 1 1 1 1 1 1 1 1 _200 1 1 1 1 1 1 Il 1 Il
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Normalized Frequency (xm rad/sample) Normalized Frequency (xm rad/sample)
0 T T T T T T T T T 0 T T T T T T T T T
@ @
-2000 a
£ -2000 f . S
[} (&)
2 T -4000 .
3 -4000 - : B
g S 6000
o o
_6000 1 1 1 1 1 1 1 1 1 _8000 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Normalized Frequency (xm rad/sample) Normalized Frequency (xm rad/sample)
29
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Kth-band or Nyquist filters

General Kth-band 1/K., n=0
filter hin] =
(noncausal zero-phase) 0. Hn = :|:K, :|:2K, “a e
1 K—1
HE) =2+ ) T P() we = /K
k=1

Property K—1 K—1 |
Y H(zWg) =1 Y H(el ) =
k=0 k=0
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Multistage decimation and interpolation

Large decimation factors D (or interpolation factors |) require
narrow passbands and thus demand smaller transition bands,

which results in long FIR filters.

Issue of single-
stage systems

Two-stage
systems
Decimation
x[n] xpln]
—| H(2) s | Dy s Hy(z) o1 | Dy —>
(a)
x[n] | xpln]
= HI(Z) _-'Hz(ZDl) = erl — J,Dz =
(b)

x[n]

12.3

Hi(2) Hy(zP1) f— | (D1D2)

(c)

H(z) = Hi(2)H2(z")

EE3660 Intro to DSP, Spring 2020
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Provide shorter filters and require less computation.

Interpolation

| (z) = 1 Iy —n

H>(z) ——>

(a)

x[n] x[n]
| M 1) | 1 I, | H, (zP2)}—| Ha(z) >
(b)
x[n] xi[n]
—| 1+ (I112) | H\(zP2)Hy(z) —>
(c)
31



Example of large decimation factor

Single-stage High original sampling rate  Fy = 100 Hz
decimation _
Reduced sampling rate F1 = 10Hz
28

D =10 we. = /D =0.1x

(a) Single—stage Decimation Filter H(z)

0

B m
—-80
00.1x T

@

M = 489

Decibel

Computation complexity Cp = (M + 1)Fy/D = 4900 mults/s
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Example of large decimation factor

(d) Equivalent Single—stage Decimation Filter C] _|_ C2
Two-stage 0
decimation

= 2080 mults/s

Decibel

=50

I

Dy = 5 0 on

. n D, =2
M; =49 M> = 107
Cy = WM, +1)Fu/D, = 1000 Cr = (M>+ 1)F1/D> = 1080
(b) Two—stage Decimation Filter H,(z) (¢) Two-stage Decimation Filter H,(z)
0 0
3 — \ F{ £ Fy/D| = 20 H7
= 2
- WWWYW A s wwmmwmwmn
—80 -80
0 027 i 0 /2 T
® ®
123
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Interpolated FIR (IFIR) filters

|F ()]
/ \ / ! \ w
0 e 27
(a) Prototype FIR filter
flnl, n=0,4+L+2L, ... Pl
filn] = | )
@y — F(el® 2T 0T 2m 27
FL(e ) - F(e ) 'L | | L\ T (b)Upsampled FIR filter
|G'(ej“’j| I Ideal Fil
| : ! | t
Y + 4 e? : ’er 7 ‘.
A ‘"~ Practical Filter—_; \
:b!‘ i i ‘\‘i ,“ I ‘\‘ w
Ty 7 2n
L i3 (c) Interpolating filter
|H ()]
- (L
HE) = FE)GE) f \ [
I I I w
_r o I 2n
L L (d) Interpolated FIR filter
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Example of large decimation factor

Interpolated FIR

L =5

wpr = wpl = 0457

wp = 0.097, wy, = 037

Lr = 108 Lo = 27 L+ Lp = 135
(c) Filter F(z) Response (b) Filter G(z) Response (d) IFIR Filter Response
0 0 0
—-80 —-80 + —80 '
0 /2 T 0 0.3n T 0 0.1x T
()] [6)] ()]
C = 1350 mult/s
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Filter bank

Analysis Filter Bank

Synthesis Filter Bank

Filter banks Sub-band
x[n] signals yoln|
—1 Ho(z) = vg[n] so[n] =——>=| Go(z) p——>
1 Hi(z) = v [n] s1[n] =——=| G(2) yl[n]b—@
A
—| Hg—1(2) — vk-1|n] sk—1[n] = Gx-1(2) yroilr]
Uniform DFT > L
Filter bank o= ghk[nk Zh[n (&) = He)
Ho(e*) Hi(e*) Hg—1(e®)  Ho(e")

/

yIn]

12.4 Two-channel filter banks

K

. 08 9 o8

EE3660 Intro to DSP, Spring 2020
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Maximally decimated multirate filter bankig:

Analysis Filter Bank Synthesis Filter Bank
x[n] Yoln] y([n]
> Hy(z) p—»{| K}—> —I-T_KI—> Go(2)
vo[n] soln]
| Hi(z) ]| K}—> —»-11 K[—»| Gi(2)
v1[n] s1(n] A
Vik—1[n]
| Hge—1(z) =] K} —l 1 K = Gx-1(2)
vk-1[n]  sg—i(n]
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Two-channel filter bank

Analysis Filter Bank Synthesis Filter Bank

xo[n] wo(n)

— Ho(z) P |2 }—s vo[n] —» 12 |—> Go(2)

yoln|

x[n] vl
x1|n] w 1]
—>| 16 [ 12 e bl ] 12 e G |
n
1 I B
Vo(z) = EHO(Z”Z)X(ZMZ) - EH{}(—E]H)X(—ZUZ),
) Transfer Aliasing
Yo(z) =Wo (Z )GD(Z)s term term
| |
Yo(2) = E[HO(Z)X (2) + Ho(—2)X(—2)|Go(2). > Y() = E[T(Z)X (2) + A()X(—2)]
T(z) £ Hy(2)Go(2) + H1(2)G1(2).
1 -y A —_ -~ —7 -
M@ = [Hi@X@ + Hi(=)X(=9]Gi() D A(2) = Ho(=0)Go(2) + Hi(=29)G1(2).

12.4 EE3660 Intro to DSP, Spring 2020
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12.4

Condition

Solution

Product filter

Perfect reconstruction

A(z) = Hy(—2)Go(2) + Hi(—2)G1(2) = 0,
T(z) = Ho(2)Go(z) + H1(2)G1(z) = G "P,

Hox)  Hi(@ ||Go@)| |Gz
Hy(—=2) Hi(=2) || Gi(2) 0

—.".'D 2E—HD
Go(z) = Hi(=2), G1(2) = ———— Ho(-2).
Amp (& Am (Z)

R(z) £ 7"PHy(2)Go(2) = Hy(z)H|(—2)

Ay (2)
R(—7)= — — Ho(—2)H(2) = ZPH1(D)G1(2) A2 =—2u0)
5;?:(4)
R(z)+ R(—2) =2 (Gain G = 2)
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Two-channel perfect reconstruction filter bank

Necessary
condition

Additional
conditions

12.4

R(z) +R(—z) =2

L
R@) =1+z"Ri() R(z) must be a half-band filter
R(z) = Ro(zz) + ;j_]Rl (;2) Proof

Ro() + 7 'Ri(2) + Ro(P) — 7 'Ri () =2

Orthogonal R(z) = H(H(™)

R(z) is an autocorrelation sequence

Bi-orthogonal R(2) = Hyp(2)Gp(2)

R(z) is a correlation sequence
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Perfect reconstruction FIR filter bank:
Conjugate quadrature filter (CQF)

Conjugate:
Hy (2) = H(Z), [% H(e™/®) = H* (/) for real-valued h

Hi(z)=—zMH(=z").

Quadrature:

w shifted by = = mirrored around /2

FIR condition Ap(2) = Ho(29)H | (—2) — Ho(—2)H(2)

CQF

(M is odd) _ _ _
=M [HEHE") + H—oH(-)]
= HH( ") +H(—H(-z") =1

|H(ejm)|2 + |1LI(E:J‘(""_”))|2 = 1 Power complementary
[Ho(e))]” + [Hi(e')|* = 1

Synthesis filters Go(z) = 2H,(—2) = =2 MH(: ™), R(z) = 2P Hyp(2)Go(2)

. |
Gi(z) = —2Hy(—z7) = —2H(—2). =2H@H(<")

R(2) +R(—z2) =2

12.4 EE3660 Intro to DSP, Spring 2020 41



R(z) as
autocorrelation
sequence

Orthogonal filter

CQFs

12.4

Properties of CQF

rpln] = h[n] % h[—n] ‘(i> Rp(2) = H(z)H(E_l)

Ri(e) = |H() " = 0

h[kJh[k +2n] = 0. n#0 +Half-band R(2)

I

DTFT

ho[n] = h[n] «——— Hy(e!?

| H(ej‘”),
hn] = (—1)'R[M — n] <22 H (el

(e")
(e")
DTET (e19)
(")

_H(e—j(w—x))e—jwﬂ’f,

go[f?] = h[M — ?‘l] > GU el 2H(e—jw)e—ij‘

a1l = —(=1)"hin] <215 Gy (e

w

—2H (e ™),

EE3660 Intro to DSP, Spring 2020 42



2

12.4

Design procedure of a CQF bank

. Design a lowpass zero-phase half-band FIR filter Ry(z) of order 2M, where the number

M must be an odd integer (see Section 12.3.1).

. If the minimum value &,,;, of the real and even function Rg(ej‘“) 1s negative, form a

nonnegative function as
Ry (e) = Ro(e) + [8min| = 0. (12.130)
This is equivalent to adding the value |5,,i,| to the sample ry[0], that is,

re|n] = ro[n] + [Smin| [n]- (12.131)

. Scale R4 (2) so that the frequency response 1s equal to 1/2 at = /2,

1/2
R(z) = R (2). (12.132)
1/2+ ‘é\min‘ "

Determine the minimum-phase filter H(z) by solving the spectral factorization problem
R(z) = H(2)H(z™") (see Section 5.8).

. Specify the remaining filters of the bank using (12.115b) and (12.120).
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Example of a CQF bank (1/2)

halt-band FIR filter Ry(z) M =7  Parks—McClellan algorithm
0.5 L o
, 04 5 1 o0 1= ,
= ~ o5t 9 o0 =
g 03 RN £
% 0.2 _g 0§ 00 n0S 2
s 001 %3—0.5- o O \ z
E o 0 _
-5 0 5 -1 0 1 2 0 02 04 06 08 1
n Real Part /Tt
R4 (2)
0.5 o :
- ; @
0.4 5 O | =~
= a® | [
2 03 = 058 g7 o \ E
= 02 g o ixto 0 n0s |
2 o =051 U0/ \ =
0 R e 0 s
5 0 5 1 0 1 2 0 02040608 1
n Real Part /T
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H (z) Minimum-phase (not linear-phase)

Example of a CQF bank (2/2)

? |
, 04 5 1 O N .
: 2 051 ¢ o \ E
”—é_ 8? T g O+O -------- % LS S— n0.5 \ g
: 0.5 \ . O S
< ® 3 N =
s | B S E o VA
—£).1t :
0 4 6 -1 0 1 2 0O 02 04 06 08 1
n Real Part o/T
10;
Hy(el”) © 7< Hy(e!)
NAVAVARYAVA
| \
V y \l
40 025t 057t 0751 =
w
45
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Perfect reconstruction FIR filter bank:
Quadrature mirror filter (QMF)

Quadrature:
w shifted by # = mirrored around 7 /2

OMF Ho(z) = H(z). Hi(z) = H(-2),
Go(z) =H(@)., Gi(z) =—-H(-2).

Poly-phase

N P2 L —lp (2
implementation H(@) = Po(’) + 27 Pi(2)

]

12 Po(z) ©. Vol ® Pi(z) 12
Z_l >< Z_l
¥l
2 Pi(z) —{)— v P(z) —{ 12
—] —1 nn]
Aliasing-free A(z) = Hy(—2)Go(2) + H (—2)G1(2)

= H(—2)H(z) — H(2)H(—2) = 0.
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Design H(z) directly for QMF

Transfer
function

PR is not
practical

Linear-phase
H(z)
(M is odd)

Design criterion
by Johnston

12.4

T(z) = Ho(2)Go(2) + H1(2)G1(2)
= H*() — H* (—2).

T(2) = Am(2) = 22 'Po(H)P1(F)

Py(z) = bpz7"0

-2 —(2
= H(:) b(}: ZH) I b[: (-J‘I[—I—l)
J I(:) - bl:’ &

H(el”) = A(e)?)e1oM/2

= T(e) = oM [|H(el)[* + [H(e )]

J=a /(:}H(ej“’)}zdw—l— (1 — a)f: (1= 7)) des
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Example of a QMF bank

0.6
? ¢
0.4
% 02
_(}'2 | | 1 | 1 | 1 ]
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n
Analysis filters Magnitude distortion function
0.057
! 7§
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2 s ' VMV V VO
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