
Networks TheoremsNetworks Theorems

ChenhsinChenhsin Lien and PoLien and Po--Tai ChengTai Cheng
CCENTER FOR ENTER FOR AADVANCED DVANCED PPOWER OWER TTECHNOLOGIESECHNOLOGIES

Dept of Electrical EngineeringDept of Electrical EngineeringDept. of Electrical EngineeringDept. of Electrical Engineering
National National TsingTsing HuaHua UniversityUniversity

HsinchuHsinchu, TAIWAN, TAIWAN

Chapter 3 , EE2210 - Slide 1/54



Center for Advanced Power Technologies
National Tsing Hua University, TAIWAN

Node voltage
g y

A A node voltage node voltage is the potential difference between the given node and some is the potential difference between the given node and some 
other node that has been chosen as a other node that has been chosen as a reference nodereference node. The reference node is . The reference node is 
called the called the groundground..
Node Node cc has been chosen as ground. The upside down "T" symbol is the has been chosen as ground. The upside down "T" symbol is the 
notation for the ground node. Nodes notation for the ground node. Nodes aa and and bb are two other nodes of this are two other nodes of this 
circuit. Their node voltages circuit. Their node voltages eeaa and and eebb are marked.are marked.

Although the choice of Although the choice of reference node reference node is in fact arbitrary, it is most is in fact arbitrary, it is most 
convenient to convenient to choose the node that has the maximum number of circuit choose the node that has the maximum number of circuit 
elements connected to itelements connected to it The potential at this node is defined to be zero V orThe potential at this node is defined to be zero V orelements connected to itelements connected to it. The potential at this node is defined to be zero V, or . The potential at this node is defined to be zero V, or 
groundground--zero potential. zero potential. 
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Node voltages from branch variables 
g y

Let us determine the node voltages from the known branch variables.Let us determine the node voltages from the known branch variables.
Figure shows our circuit with a known set of branch voltages and currents. Figure shows our circuit with a known set of branch voltages and currents. 
Let us determine the node voltages Let us determine the node voltages eeaa and and eebb..

V 2=ae

V 5.1 1A 5.1 =Ω×=be
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Example
g y

Determine the node voltages corresponding to nodes Determine the node voltages corresponding to nodes eebb and and eecc for the circuit. for the circuit. 
Assume that Assume that gg is taken as the ground node.is taken as the ground node.

V 321 =+=+= egbeb vve

V 112 −=+−=+= fgcfc vve
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Branch variables from Node voltages 
g y

Let us determine the values of the branch variables with a known set of node Let us determine the values of the branch variables with a known set of node 
voltages.voltages.
Figure shows our circuit with a known set of  node voltages. Let us determine Figure shows our circuit with a known set of  node voltages. Let us determine 
the branch variables the branch variables vv00, , ii00, , vv11, , ii11, , vv22, , ii22, , vv33, and , and ii33..
Branch voltage Branch voltage vvabab and node voltages and node voltages eeaa and and eebb is related as:is related as:

V 5.05.121 =−=−= ba eev
baab eev −=

A 5.0
Ω 1
V 5.0

Ω 1
1

1 === vi

V 5.12 == bev

A5.1
Ω1
V 5.1

Ω1
2

2 === vi
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Example
g y

Determine all the branch voltages for the circuit in Figure when the node Determine all the branch voltages for the circuit in Figure when the node 
voltages are measured with respect to node voltages are measured with respect to node ee..

V1211 −=−=−= beev V1211 === ba eev
V 2022 =−=−= eb eev
V132 −=−=−= eev V1323 −=−=−= cb eev

V 1014 =−=−= ea eev

V101 === eev V1015 =−=−= ed eev
V 2316 −=−=−= cd eev
V303 V3037 −=−=−= ce eev
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KCL
g y

Consider the Consider the subcircuitsubcircuit as shown, let us write KCL for Node 0 directly in as shown, let us write KCL for Node 0 directly in 
terms of the node voltages terms of the node voltages ee00, , ee11, , ee22, , ee33, and , and ee44,(defined with respect to some ,(defined with respect to some 
ground).ground).

04321 =+++ iiii

0
4
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3
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1

01 =−+−+−+−
R

ee
R

ee
R

ee
R

ee
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The most powerful approach of circuit analysisThe most powerful approach of circuit analysis
Node analysis is based on the combination of element laws, KCL, and Node analysis is based on the combination of element laws, KCL, and 
KVL.KVL.
It is a particular application of KVL, KCL methodIt is a particular application of KVL, KCL method

1.1. Select reference node (ground) from which voltages are measured.Select reference node (ground) from which voltages are measured.
2.2. Label voltages of remaining nodes with respect to ground. These areLabel voltages of remaining nodes with respect to ground. These are2.2. Label voltages of remaining nodes with respect to ground. These are Label voltages of remaining nodes with respect to ground. These are 

the primary unknowns.the primary unknowns.
3.3. Write KCL for all but the Write KCL for all but the groundnodegroundnode, substituting device laws and , substituting device laws and 

KVL.KVL.KVL.KVL.
4.4. Solve for node voltages.Solve for node voltages.
5.5. Back solve for branch voltages and currents (i.e. the secondary Back solve for branch voltages and currents (i.e. the secondary 

unknowns)unknowns)unknowns)unknowns)
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For convenience let’s use conductance

i
i R

G 1=

For convenience, let s use conductance

i

KCL at e1: 0)0()()( 21321101 =−+−+− GeGeeGVe

KCL at e2: 0)0()()( 152402312 =−−+−+− IGeGVeGee
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Move constant terms to rightMove constant terms to right--hand side and collect unknownshand side and collect unknowns

)()()( GGGGG )()()( 10323211 GVGeGGGe =−+++

140543231 )()()( IGVGGGeGe +=+++−

Two equations and two unknowns Two equations and two unknowns  Solve for Solve for ee’s’s
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Step 4:cont
g y

SolveSolve
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Super Node  
g y

A floating independent voltage source is a voltage source that has neither A floating independent voltage source is a voltage source that has neither 
terminal connected to ground, neither directly nor through one or more terminal connected to ground, neither directly nor through one or more 
other independent voltage sources.other independent voltage sources.p gp g
It is not possible to complete Step 3 of It is not possible to complete Step 3 of 
node analysis since node analysis since ii55 is not known.is not known.
To deri e the desired statement of KCLTo deri e the desired statement of KCLTo derive the desired statement of KCL,To derive the desired statement of KCL,
we draw a surface around both nodes. we draw a surface around both nodes. 
Nodes 1 and 2 form a super node.Nodes 1 and 2 form a super node.
KCL for node 1KCL for node 1

KCL for node 2KCL for node 2

0521 =++ iii

0+ iii

KCL for  super nodeKCL for  super node

0543 =−+ iii

04321 =+++ iiii
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Example
g y

In this circuit, the voltage source having value In this circuit, the voltage source having value VV33 is the only floating is the only floating 
independent voltage source.independent voltage source.
Nodes 3 and 4 form a super node.Nodes 3 and 4 form a super node.
Node 3 is labeled with the unknown Node 3 is labeled with the unknown 
node voltage node voltage ee, and so Node 4 is labeled, and so Node 4 is labeled
with the node voltagewith the node voltage ee ++ VV33with the node voltage with the node voltage ee + + VV33..

0)()]([ 3122131 =+−++−+ eGVeGVVVeG

321

3121121 )(
GGG

VGVGVGGe
++

−++=
321
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Linearity  
g y

ConsiderConsider

Write down the node equationWrite down the node equation

0)()( 21 =−+− IeGVeG Linear in e, V, I.

RearrangeRearrange

)()( 21

IVGeGG +=+ 121 )(

Linear in e, V, I.
No eV, V2, VI….terms.

conductance matrix      node voltages   =    linear sum of sourcesconductance matrix      node voltages   =    linear sum of sources
GG ee SS

121 )(
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Linearity  
g y

ConsiderConsider

SolveSolveSolveSolve

I
GG
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GG

Ge
2121

1 1
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OrOr
I

RR
RRV

RR
Re 212
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+
=

In general, In general, 

RRRR 2121 ++

............ 22112211 +++++= IbIbVaVae
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Linearity 
g y

Now we can find the branch variables Now we can find the branch variables vv00, , ii00, , vv11, , ii11, , vv22, , ii22, , vv33, and , and ii33. . 
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HomogeneityHomogeneity and and SuperpositionSuperposition
HomogeneityHomogeneity

SuperpositionSuperposition
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Specific superposition example:Specific superposition example:
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The output of a circuit is determined by summing the responses to The output of a circuit is determined by summing the responses to 
h ti lh ti leach source acting alone.each source acting alone.

To set To set VV = 0, replacing Independent voltage source by a short circuit= 0, replacing Independent voltage source by a short circuit

To set To set II = 0, replacing  Independent voltage source by an open circuit= 0, replacing  Independent voltage source by an open circuit
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To find node voltage To find node voltage ee of the circuitof the circuit

VV acting alone       acting alone       II acting alone   acting alone   

R IRR 21

Sum or SuperpositionSum or Superposition 

V
RR

ReV
21

2

+
= I

RR
eI

21

21

+
=

IRRVReee IV
212 +=+=Sum or Superposition    Sum or Superposition    
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Superposition method 
g y

For each independent source, form a For each independent source, form a subcircuitsubcircuit with all other independent with all other independent 
sources set to zero. Setting a voltage source to zero implies replacing the sources set to zero. Setting a voltage source to zero implies replacing the 
voltage source with a short circuit, and setting a current source to zero voltage source with a short circuit, and setting a current source to zero g , gg , g
implies replacing the current source with an open circuit.implies replacing the current source with an open circuit.
From each From each subcircuitsubcircuit corresponding to a given independent source, find corresponding to a given independent source, find 
the response to that independent source acting alone. This step results in a the response to that independent source acting alone. This step results in a p p g pp p g p
set of individual responses.set of individual responses.
Obtain the total response by summing together each of the individual Obtain the total response by summing together each of the individual 
responses.responses.pp
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Example
F th i it h b lF th i it h b l

g y

For the circuit as shown below,For the circuit as shown below,

N d ltN d lt dd b f d f th N d l ib f d f th N d l iNode voltages, Node voltages, ee11 and and ee22, can be found from the Node analysis., can be found from the Node analysis.

322431143
1 ))((

)()(
GGGGGG

IGVGGGVGGGe
+++

++++=
434321 ))(( GGGGGG +++

434321

32122113
2 ))((
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GGGGGG

IGGGVGVGGe
+++

++++=
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Example (cont.)
Let’s us findLet’s us find ee11 by superposition,by superposition, g yLet s us find Let s us find ee11 by superposition,by superposition,

Set Set VV22 and and II to zero to find the voltage component to zero to find the voltage component ee1A1A of of ee11 due to due to 
source source VV11 acting alone.acting alone.
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Example (cont.)
g y

The responseThe response ee1A1A to voltage source to voltage source VV11 can be found from the can be found from the 
following circuit  as:following circuit  as:

G
1

434321

1
1 )]/([

V
GGGGGG

Ge A +++
=
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Example (cont.)
g y

The responseThe response ee1B1B to voltage source to voltage source VV22 can be found from the following can be found from the following 
circuit  as:circuit  as:

G
1

434312

2
1 )]/([

V
GGGGGG

Ge B +++
=
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Example (cont.)
g y

The responseThe response ee1C1C to current source to current source II can be found from the following can be found from the following 
circuit  as:circuit  as: I

GGGGGG
Ge C

434321

3
1 ))(( +++

=
434321 ))((

The total response The total response ee1 1 by summing together each of the individual by summing together each of the individual 
responses as:responses as:

CBA eeee 1111 ++=
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Averaging Circuit
Fi dFi d f th i it h b lf th i it h b l

g y

Find Find vv00 for the circuit as shown below:for the circuit as shown below:

Ci it ith 5Ci it ith 5 V ti lV ti lCircuit with 5Circuit with 5--V source acting alone.V source acting alone.

5k1 Ω V 
2
5V 5

k 1k 1
k 1

05 =×
Ω+Ω

Ω=v
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Averaging Circuit (cont.)
Ci it ith 6Ci it ith 6 V ti lV ti l

g y

Circuit with 6Circuit with 6--V source acting alone .V source acting alone .
vv0606, the response of the 6, the response of the 6--V sourceV source
acting alone, become.acting alone, become.

V 
2
6V 6

k 1k 1
k 1

06 =×
Ω+Ω

Ω=v

AndAnd vv0 0 is sum the two partial responses.is sum the two partial responses.

V11V6V5 ++

Note that Note that vv00 is the average of the two input voltages.is the average of the two input voltages.

V
2206050 ==+= vvv
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Consider:Consider:

Let's us choose to apply a test current source to the terminals. To find Let's us choose to apply a test current source to the terminals. To find 
the response the response vv by superposition.by superposition.
B itiB itiBy superpositionBy superposition

iRIVv THn
n

nm
m

m ++=  βα

The first two terms is independent of external excitation and behaves The first two terms is independent of external excitation and behaves 
like a voltage  source          .like a voltage  source          .
The coefficient of the last term is independent of external excitement The coefficient of the last term is independent of external excitement ii

THv
pp

and behaves like a resistor         .and behaves like a resistor         .
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OrOr iRvv THTH +=

As far as the external world is concerned (for the purpose of IAs far as the external world is concerned (for the purpose of I--V V 
relation),“Arbitrary network relation),“Arbitrary network N”isN”is indistinguishable from:indistinguishable from:

ThéveninThévenin equivalent networkequivalent network

Open circuit voltage at port:Open circuit voltage at port:

Resistance of network seen from port:Resistance of network seen from port:

THv

RResistance of network seen from port: Resistance of network seen from port: 

Chapter 3 , EE2210 - Slide 32/54
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Graphically forGraphically for iRvv THTH +=

Open circuit (Open circuit (ii ≡ 0)≡ 0)p (p ( ))

OCTH Vvv ==

Short circuit (Short circuit (vv ≡ 0)≡ 0)

TH Ivi SC
TH

TH I
R

i −=−=
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Method 5:The Thévenin Method 
g y

Developed at 1883 by M. Leon Developed at 1883 by M. Leon ThéveninThévenin (1857(1857––1926), a French 1926), a French 
telegraph engineer.telegraph engineer.
Replace network N with itsReplace network N with its ThéveninThévenin equivalent then solve externalequivalent then solve externalReplace network N with its Replace network N with its ThéveninThévenin equivalent, then solve external equivalent, then solve external 
network Enetwork E
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A Method for Determining the 
g y

Thévenin Equivalent Circuit 

TheThe ThéveninThévenin equivalent circuit for any linear network at a given pairequivalent circuit for any linear network at a given pairThe The ThéveninThévenin equivalent circuit for any linear network at a given pair equivalent circuit for any linear network at a given pair 
of terminals consists of a voltage source of terminals consists of a voltage source vvTHTH in series with a resistor in series with a resistor 
RRTHTH. The voltage . The voltage vvTHTH and resistance and resistance RRTHTH can be obtained as follows:can be obtained as follows:

1.1. vvTHTH can be found by calculating or measuring the opencan be found by calculating or measuring the open--circuit voltage circuit voltage 
at the designated terminal pair on the original network.at the designated terminal pair on the original network.

22 RR b f d b l l i i h i f hb f d b l l i i h i f h2.2. RRTHTH can be found by calculating or measuring the resistance of the can be found by calculating or measuring the resistance of the 
openopen--circuit network seen from the designated terminal pair with all circuit network seen from the designated terminal pair with all 
independent sources internal to the network set to zero. That is, with independent sources internal to the network set to zero. That is, with 
independent voltage sources replaced with short circuits andindependent voltage sources replaced with short circuits andindependent voltage sources replaced with short circuits, and independent voltage sources replaced with short circuits, and 
independent current sources replaced with open circuits. (Dependent independent current sources replaced with open circuits. (Dependent 
sources must be left intact, however.)sources must be left intact, however.)
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To find current To find current ii11 of the circuitof the circuit

Replacing network N with its  Thévenin equivalentReplacing network N with its  Thévenin equivalent

2IRVTH =

2RRTH =

Current Current ii11 is    is    
21

2

1
1 RR

IRV
RR
VVi

TH

TH

+
−=

+
−=
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Example
fi dfi d f h i if h i i

g y

To find current To find current II of the circuitof the circuit

Replacing network A withReplacing network A with

its  Thévenin equivalentits  Thévenin equivalent

V 1=THAVTHA

Ohm 2=THAR
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Example (cont.)
l i k i hl i k i h

g y

Replacing network B withReplacing network B with

its  its  ThéveninThévenin equivalentequivalent

V 1−=THBV
Ohm 2=THBR

The circuit become:The circuit become:

A 
5
2

2 1 2
)V 1(V 1 =
Ω+Ω+Ω

−−=I
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Find condition that voltage across Find condition that voltage across RR55

is zero.is zero.

Replacing network N with its  Thévenin equivalentReplacing network N with its  Thévenin equivalent









+

−
+

=−=
42

4

31

3

RR
R

RR
RVvvv baOC 4231 RRRRRt +=
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The circuit is equivalent to:The circuit is equivalent to:

The condition that voltage across The condition that voltage across RR55 is zero is:is zero is:5 5 

2

4

1

3

42

4

31

3

42

4

31

3 or    or    0
R
R

R
R

RR
R

RR
R

RR
R

RR
RVvOC =

+
=

+
=








+

−
+

=
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Another way
g y

The circuit is equivalent to:The circuit is equivalent to:

The condition that voltage across The condition that voltage across RR3 3 is zero is:is zero is:

4

5

1

2

54

5

21

2

54

5
2

21

2
1 or    or    

R
R

R
R

RR
R

RR
R

RR
RVv

RR
RVv THTH =

+
=

++
==

+
=

Chapter 3 , EE2210 - Slide 41/54



Center for Advanced Power Technologies
National Tsing Hua University, TAIWANThe Norton Method g yThe Norton Method

Consider:Consider:

This time let's us choose to apply a test voltage source to the terminals. This time let's us choose to apply a test voltage source to the terminals. 
To find the response To find the response ii by superposition.by superposition.
B itiB itiBy superpositionBy superposition

N
n

n
nm

m
m R

vIVi ++=  βα

The first two terms is independent of external excitation and behaves The first two terms is independent of external excitation and behaves 
like a voltage  source          .like a voltage  source          .
The coefficient of the last term is independent of external excitement The coefficient of the last term is independent of external excitement ii

nm

Ni
pp

and behaves like a resistor         .and behaves like a resistor         .
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Developed at 1926 by E. L. Norton, an American engineer at Bell Developed at 1926 by E. L. Norton, an American engineer at Bell 
Telephone Laboratory.Telephone Laboratory.p yp y
Replace network N with its Norton equivalent.Replace network N with its Norton equivalent.
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OrOr
N

N R
vii +=

As far as the external world is concerned (for the purpose of As far as the external world is concerned (for the purpose of ii--vv
relation),“Arbitrary network relation),“Arbitrary network N”isN”is indistinguishable from:indistinguishable from:

Norton equivalent networkNorton equivalent network

Short circuit current at port:Short circuit current at port:

Resistance of network seen from port:Resistance of network seen from port:

Ni

RResistance of network seen from port: Resistance of network seen from port: 
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Replace network N with its Norton equivalent, then solve external Replace network N with its Norton equivalent, then solve external 
network E.network E.
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A Method for Determining the Norton 
g y

Equivalent Circuit 

The NortonThe Norton equivalentcircuitequivalentcircuit for any linear network at a given pair offor any linear network at a given pair ofThe Norton The Norton equivalentcircuitequivalentcircuit for any linear network at a given pair of for any linear network at a given pair of 
terminals consists of a current source terminals consists of a current source iiNN in parallel with a resistor in parallel with a resistor RRNN. . 
The current The current iiNN and resistance and resistance RRNN can be obtained as follows: can be obtained as follows: 

1.1. iiNN can be found by applying a short at the designated terminal pair on can be found by applying a short at the designated terminal pair on 
the original network and calculating or measuring the current through the original network and calculating or measuring the current through 
the short circuitthe short circuitthe short circuit.the short circuit.

2.2. RRNN can be found in the same manner as can be found in the same manner as RRTHTH, that is, by calculating or , that is, by calculating or 
measuring the resistance of the openmeasuring the resistance of the open--circuit network seen from the circuit network seen from the 
designated terminal pair with all independent sources internal to thedesignated terminal pair with all independent sources internal to thedesignated terminal pair with all independent sources internal to the designated terminal pair with all independent sources internal to the 
network set to zero; that is, with voltage sources replaced with short network set to zero; that is, with voltage sources replaced with short 
circuits, and current sources replaced with open circuits. (Dependent circuits, and current sources replaced with open circuits. (Dependent 
sources must be left intact however )sources must be left intact however )sources must be left intact, however.)sources must be left intact, however.)
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To find current To find current II11 of the circuitof the circuit

Replacing network left of Replacing network left of aaaa’’ with its  Norton equivalentwith its  Norton equivalent

A 2=Ni

Current Current II11 is    is    
Ω=  2NR

11

A 5.1   0A 2
 2
V 1

11 ==−
Ω

+ II
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RRthth = R= RNN ..
Open circuit voltage:Open circuit voltage:p gp g

For the For the ThéveninThévenin’’ss::
vvococ = V= VTHTH ;;
For the NortonFor the Norton’’s:s:For the NortonFor the Norton s:s:
vvococ = I= IN N RRNN ;;
VVthth = I= IN N RRNN ..

Short circuit current:Short circuit current:
For the For the ThéveninThévenin’’ss::
iiscsc = V= VTHTH/R/RTHTH ;;;;
For the NortonFor the Norton’’s:s:
iiscsc = I= INN ;;
IINN = V= VTHTH/R/RNNIINN = V= VTHTH/R/RNN ..
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L
LTH

TH
L

LTH

TH R
RR

VP
RR

Vi 2)(   
+

=→
+

=
LTHLTH RRRR ++

To find the maximum of PL:
RRdP − )(

And the maximum of PL is 

LTH
LTH

LTH
TH

L

L RR
RR
RRV

dR
dP =→=

+
=    0

)(
)(
3

2

TH

R
V
4

2
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Conclusions
g y

DiscretizeDiscretize mattermatter

Physics   →   EEPhysics   →   EE

Lump Matter Lump Matter DiscretizationDiscretization (LMD) → Lump Circuit Abstraction (LCA)(LMD) → Lump Circuit Abstraction (LCA)

RR, , II, , VV forms forms LinearLinear networksnetworks

Analysis methods (linear and nonlinear)Analysis methods (linear and nonlinear)

KVL, KCL, IKVL, KCL, I--VV

Combination rulesCombination rules

Node method (and Mesh Method)Node method (and Mesh Method)

Analysis methods (linear)Analysis methods (linear)Analysis methods (linear)Analysis methods (linear)

SuperpositionSuperposition

ThéveninThévenin

NortonNorton
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MeshMesh: A loop which does not contain any other loops within it.: A loop which does not contain any other loops within it.

1. Assign mesh currents                       to the 1. Assign mesh currents                       to the mm meshes.meshes.miii ,...,, 21

2. Apply 2. Apply Kirchhoff’s Voltage Law (KVL) Kirchhoff’s Voltage Law (KVL) to each of the m meshes. Use to each of the m meshes. Use 
Ohm’s  law to express the voltage relationship within each mesh in terms Ohm’s  law to express the voltage relationship within each mesh in terms 
of mesh currentsof mesh currents .,...,, 21 miii

3. Solve the 3. Solve the mm simultaneous equations to obtain the mesh currentssimultaneous equations to obtain the mesh currents

, ,, 21 m

iii .,...,, 21 miii
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Special Case 1Special Case 1

When a current source exists in one mesh, then the current of this mesh is equalWhen a current source exists in one mesh, then the current of this mesh is equal
to this current source.to this current source.

sii =1
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Special Case 2Special Case 2
When a current source exists between two meshes, a When a current source exists between two meshes, a supermeshsupermesh is defined byis defined by
excluding the current source and any components in series connection with it.excluding the current source and any components in series connection with it.

0
0;0 2211

=+→
=+−=+

RiRi
RivvRi xx

02211 =+→ RiRi

( )
02211

21

=+
=+−

RiRi
iii s
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Summary for Node and Mesh 
Analysisy

For a circuit with For a circuit with bb branches and branches and nn nodesnodes

Node Analysis: Node Analysis: (n − 1) (n − 1) equations by applying KCL to eachequations by applying KCL to each

nonnon--reference nodes.reference nodes.

Mesh Analysis: Mesh Analysis: m = b − (n − 1) m = b − (n − 1) equations by applying KVL to equations by applying KVL to 

each meshes.each meshes.
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