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Digital Circuits

* Digital circuits: hardware components that
manipulate binary information.

 Each basic circuit is called ~ legic gate
* Each gate performs a specific logic function.



Binary Logic
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* Binary logic deals with Os omd %5
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Operator Definitions

Binary logic operation vs. binary arithmetic
* Definitions of AND, OR, and NOT:

AN D o R No T
O.0-0 o+o= © o =1

1=0
1.0 = A+O = +

1:4 - 1+1 = 14



H
Truth Table

* Truth table: a tabular listing of the values of a function for all
possible combinations of values on its arguments
 Example: truth tables for the basic logic operations

AND ok NoT
A l ‘)&0'3 X ’X“’a K X
0 ) o o o o o (
o l 0 o | ! ‘ ©



Example: Truth Table
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Boolean algebra
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Logic Diagrams and Expressions

Boolean algebra: algebra dealing with binary variables and logic

operations.
Boolean equations, truth tables and logic diagrams describe the

same function!
Truth tables are unique; expressions and logic diagrams are not.

This gives flexibility in implementing functions.
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Axioms of Boolean Algebra

e Axioms: a set of mathematical statements that we
assert to be true.

* Identity 4 . x= X
O+x= x
* Annihilation o . - 5
1+ %x= 4
* Negation -1

1=0
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Basic Identities of Boolean Algebra (1/2)" -
1. CoMmu\uZCh-‘l’\-ve. o e 43: ,30 x \

Rt9:- Y+ x
2. Assetinkive, X (9-3)=(x-9)-3
K+ (Yt3)= (x+9)* 3%
3. Disteibarive X+ (§+3)=(%x-9) € (%-3)
%+ (9-3)= (x+y) - (7<+s)

4 . ‘Ld&lﬂtfb‘(’wc,e Ko Xz= x
K+ X = X
5. A‘ASor‘)‘('\.e'\.v X ('x“"])cx

X + (f)(.g) = &
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Basic Identities of Boolean Algebra (2/2)"
6_ COM‘O:V\KV\%I (f;(olg).‘. (r)(.ﬁ): x

9. Complemetakion o5 -4

’X")-(:G

q. LVG\U\HW, ; = X
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Duality

( (
| . 4
e Dual: m+evdnm%m9 AND amd Ok O5 adk 45

“9“\9*\\!1 FD (Aha\ of F) xF

* Example: X i
- . —ACt DR
2 F=(Afz)'8\—0 2 F =[A-c)+ &j 1
| AF
2) G=pgrACHBC =) 6°- G
- ?ud«‘ce
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Summary of Useful Theorems

* Boolean algebra is applied to reduce an expression to obtain a
simpler circuit.
1. Mil\imiso\“’iw = C Om(ox‘h'q‘n% ( p. &)

2. Consensas: 9+ %3y Y3z Ky« x 3
(x+9) (Re3)(y3)= (x+9) (K+3)

3. '§Im9\i£\'u\*:9‘~; rx.(.e‘x‘a = fx-\-'a,

’K(f;-\"a) ='X3_
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Example: Boolean Functlon
0 TvutW ‘h’\\o\b

- > =
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-7 L~ -\—q\_ 1=\ O|1(0 v, o o o
F;: w**w 3 T
= 0l1[D] o | o | \
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— b //1 ONO| © [ | \
7 qw(\»«'x’a- 9=0
S Lfofi[o [ | [
6=\ X< 1(11]0 | \ 0 o
wz0 b7 111]|1| o 1 o
- F3 Fq - T — - -
Q(“L’“w’ o fi= ('x‘a%) = R+ 3ty
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NoT
% Complementing Functions

! [
* Complement: wtevchanging 05 amd s in e dvutle table

* General rules: use DeMorgan's theorem to complement a
function
- \w\'erd/\ouae AND ond oK

- COMQ\CMUM‘\’ e ach \iteval (f)(%;(/ 6—33>M0\ Con stent

L Coest)

o %)(0\'”‘9{2‘ :

Y E:FYr etz F ‘(f?uﬁ,f %93 ) =('X*%+3).(§+3+3>

fh= Lt o[+ GD)ee) -
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Normal and standard forms
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Boolean Function

e —

* Can be represented by a truth table with 2" rows. n is
the number of variables in the function.

* There are many algebraic expressions to specify a
given Boolean function. It is important to find the
simplest one. F(x.93)= %9+ 3

* Any Boolean function can be transformed into a logic
diagram with only AND, OR, and NOT gates. ~

—

=)-
o
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Normal Forms

* Itis useful to specify Boolean functions in a standard
way.

* Common normal forms
-+

10 Sv\ws O‘G M}(\\'Qrw\s (SOM)

Y. Qeoduck of mowkerms (pom)
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7

Minterms

AND
Minterm: a product term in which all of the variables appear

exactly once, either complemented or uncomplemented.

Minterm represents exactly one combination of variables in
the truth table.

w LY
0 )\ M;o\‘{’{rms ‘GO( n V&V.u‘o\es.

° E)‘&MP\Q: 9\ Vav(a,b\es/ X Mo\?

Teutw toble K ‘a minterm f'am‘ao \
"o o 5 M,
) | ,-i"a' LY
‘ @ 9('5 M2
(

! m
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£ Maxterms

0R
 Maxterm: a sum term in which all of the variables appear

exactly once, either complemented or uncomplemented.

* 2" maxterms for n variables.
Example: 3 vaviables X omd 4

’l\ru\"u ab e K Va, Mw,c*‘z»'w\ $ ‘a mbo ‘

o o Xty Mo
- M
) \ ,x‘_‘a |
o _
\ 5 x o M2

( . g‘t% M3
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Standard Minterms and Maxterms

m, M,
Minterms and maxterms are designated with a subscript,
corresponding to a binary pattern
All variables are presented in a minterm or maxterm and will
be listed in the same order (usually alphabetically)

Example: For variables a, b, c:
— Maxterm

o thx

bt at ¢ K 7<o:lo+c X b+

-

— Minterm o-b C
/

)('oa.c. x\ocv
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Minterm and Maxterm Relationship.

* Each maxterm is the complement of its corresponding
minterm and vice versa.
 Use DeMorgan's Theorem

m;:()('a

P’\a:&-w}
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Minterms and Maxterms with Three Variables

XYy Z minterms notation maxterms notation
0 00O X'y’'z’ mg X+y+z M,
1 001 X'y’'z m, X+y+2z’ M,
2 010 X'yz’ m, X+y’+2z M,
3 011 X'yz ms X+y’'+2’ M,
4 100 xy’z’ m, X' +y+z M,
5 101 Xy’z Me X' +y+z’ Ms
6 110 xyz’ Mg X' +y’+z Mg
7 111 Xyz m-, X'+y’'+7’ M,
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Sum of Minterms (SOM)

* A Boolean function can be represented algebraically from a
given truth table by forming the logical sum of all the
minterms that produce 1 in the function.
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SOM Example 1

0 é\'\\/w o dvek v deble .

Cind Srm
% ¥ F\"‘('aa%) mintevm F('x‘«a'-‘)_
0 %7 o l Mo
o 0 \ o "
0 I o ' -
o ( ( o "3
| o o o g
( ) { [ me ‘—'Z(o,;’g'q>
| | o o mp
\ \ \
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SOM Example 2
0 (;(\\/W F('X(“A.%): Mt Mgt My
F;“A A yuk W keble-

XYz F(x, 33) =

mo 000 0 \

mi 001 ! © ~
6 \

m3 011

me 100 | o

W\S'].Ol 0 \

w6, 110 o |

my 111 \ 0
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SOM Example 3

P(ud-lce.

éﬁvw (/(A,B,C'p,’ﬂ:
D Devive s frakh fable
2) Fivd the SOM Boolem 7t

M, x ’“l\“' M+ M3

eSS B kw"‘\,ug (e va \S)
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Properties of SOM

W/
There are & minterms for n Boolean variables.
Any Boolean function can be expressed as a logical sum of minterms.

The complement of a function contains those minterms not
included in the original function.

A function that include all the 2" minterms is equal to 1.

A function not in the sum-of-minterms form can be converted to
that form by a truth table. £(x4,3)= %+ "3 2

Implementation of this form is a two-level network of gates such

that: 1_&}@«3;?

* The first level consists of n-input AND gates

* The second level is a singl-é OR gate (with fewer than 2" inputs)

D H—
D ¢ .




Product of Maxterms (POM)

* A Boolean function can be represented algebraically from a
given truth table by forming the logical product of all the

0 ok maxterms that produce 0O in the function =>
Yol ie -

ogy\o\w\‘)\e' o
Givew €Lty %) 20700

\:Iv\d *s Pom vae”;”‘”

0 Gy Yyt table
%) By Boslems o gebre
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POM Example 1

0 G‘\VW A vak {’m(o(n.. and H’S Pom -

Fx,93)  Merbtrm
o S )

o o 0 b F(".a\g):MDomz.MB,

o ) | (L M Moo Mg

o | o 0 Mo

o l ° M3 _ ~

L © o Cl) Ma - («*31-3) ) ('x“’a“’}) ’

o | o Mg - =\, [ = =3,

' [ 0 0 Mb (‘X‘ta"s) (7‘1‘3"'3)

I | | CD My (R*5f3>
’F(%la.’n‘- (s, 1) o =T Mm(0,23 56)

M e (s, 43) =z ( G 4A) =T (o, 2,3,5,6)
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*' POM Example 2

‘5:0
© EEy)= a3+ Y3 Xy Find s Pom
O Pyrtwreble = = 77 (@) By Boolea— olgebra
*r 4y ¥ F
o ; ) \ S°M, F:z(o/ |, 3, L’,bv:})
o o | { T
o ( [ o M,
o (DO O ‘
| o ) \
( o] | on Mg
| ‘ 0 l
> O o «

F: Ml’”f

35



Wse Booleaw o\ gclovos <o Ce.0)
0

TR T | AT A Xe1:

_ _ _ o2 .T)(‘N’S)
= 45-('3««3) tuy(xes) + Xy (343

= fx-a§+ 15; * Xqde %33\“ '7‘55*§‘5§

Reockice Aistvibabive

oM € (193)= X3 Y4Y = (x3rq) (xT+3)
- () (53 (e2)- G03)
= (xt9)- (4¢3) - ('Xf}) N+0 = x
= ('X+'a+’a-'i)~ (ye3+ *&2 - (xe3+47) _
= (‘xw}\-t/;) (x+ -3«%).(4)%* ) (y+3+ x)- (¢ 3*‘3)

(x+o43 ~ _
= (::«2—«-3)) (x-«-ca-t;_). k’;“‘j“'} )- (”‘*‘a”)




POM Examp|e 3

P rockice
o F (A'%‘C‘Q.E):“ M(Z. q)' '\’“")

Fnd S ot b Yoble and SoM.
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SOM and POM Conversion

* Any Boolean function can be represented by either
SOM or POM normal forms.

— To convert from one normal form to another, interchange &
and 11 , and list the index that are excluded from the
original form.

ComM Pom
0 Emm?\e. .

F(aﬁ‘.alﬂsv\ip(\.‘h?) =T (0,1,3, 5,6)
M Pom

Go
‘é (1.&)'3)52t°,7" 3'5‘,6) =T (l,‘h :]’)
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Conversion to Normal Form

* Convert any Boolean expression into normal form

%
— By truth table

v By expanding the missing variables in each term using x +
X'=1,xx'=0

"ﬂ‘a(Hi) TRy1e %93

(’X-\'"()) = (w—afz.g): (’x-ﬂar})o ('x—tbﬁf)
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Complement of Function

 The complement of a function expressed as a sum of
minterms is constructed by selecting the minterms missing in
the sum-of-minterms normal forms.

e Alternatively, the complement of a function expressed by a
Sum of Minterms form is simply the Product of Maxterms
with the same indices.

39



Standard Forms

9 - level

+ . -
Sum-of-products (So¢) -D})>_
— Has fewer literals than SOM ED
Product-of-sur (pos)

roduct-or-sums Pos =

— Has fewer literals than POM D}_D——

)

The corresponding circuit may be simpler than that
of the normal form.

Standard forms are not unique.

40



(vey)- (543)
pos  Standard Sum-of-Products (SOP)

e Standard Sum-of-Products (SOP) form: equations are

written as an OR of AND (product) terms SO ke
- 2 1W

Dy

:13%+133+«33+ 7&3%”‘9}

Xybe x(53eyTegavgy) 53 )

—F = xnd e x (yy) 343 22 L=t
5 (5%3) G+3) : =

5 AND

1 6R

(5‘:|7‘ __3 G‘:ZO
T XY ot K GNZ=2
J Sop - 4 AND :

- ) .
AN L=? 3 —FE 4ok
o oo . r‘i
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Opt
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Circuit Optimization

 The complexity of a logic circuit directly related to the
algebraic expression (literal count).

* Goal: to obtain the simplest implementation for a given
function.

* Optimization is a formal approach to simplification that is
performed using a specific procedure or algorithm.

e Simplest form is not necessarily unique.

* Optimization requires a cost criterion to measure the
melluty of a circuit.
(,omgv (7,4 0\\ QS-@I . . .
CAD tools are commonly used today for optimization.
* Cost criteria we will use:
A, Likeval cost (L)
5 2 é[o&& (npet  cost (G>

o 3. C‘[ox\‘& \v\gvc\' Losk witv nNolg (CTN) 43



Literal Cost

«( Literala Voviable or its complement

* Literal cost: the number of the literals appeared in a Boolean
expression.

— Simple to count.

— Not accurate in some cases.

E‘ﬂmw\f‘c‘
V _
F ~Ascr pco+pB, L= 1 G=q QU= Ati=lo
b () o) (31067) o1 G, Gam orne

)
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Gate Input Cost

Gate input costs: the number of the inputs to the gates
corresponding to a given Boolean expression.

— Obtain from the logic diagram.

For SOP and POS equations, it can be found from the equations by
finding the sum of:

— All literal appearances - L \ -G

-

— The number of terms excluding single literal terms - 6

— The number of distinct complemented single literals (GN)
Gate input cost is a good measure of logic implementation.
— It is proportional to the number of transistors and wires in implementation.

— It considers the internal inputs, particular important for circuits more than
two levels.
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O pnchice Cost Criteria Example 1

e F=AB'+BC+B'C’
L =
G -
Nz

e G=(AC'+B)(B+C+D’)(B"+C’+D)
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Cost Criteria Example 2

\/\/309'50” foS
* F=ABC+AB'C,G=(A+C')(B"+C)(A"+B)
L =6 Le¢
6‘: “t 1:% C‘\: LfB,:q
Q= gzl Gu=t3=12

F=C1 Sawe -de—iwl Sawe L .

ke G-
Cunchin® has betker G and Ao funChew
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Other gates

48



Other Gate Types

e Why?
— Implementation feasibility and low cost
NAD eaSier 4o -CMor.‘cMQ +haw AND, oR
Nog

e Gate classifications

— Primitive gate - a gate that can be described using a

single primitive operation type (AND or OR) plus
inversions. AND, 6k, NoT, NAND NOR pu{fer

— Complex gate - a gate that requires more than one

primitive operation type for its description.
Kot ANOR Aoz, AT, AO, 6 oA
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NOT (CO""\!W‘W"')

— > Buffer

e A buffer is a gate with the function: F= x

fx—D-’r-

* |n terms of Boolean function, a buffer is the same as
a connection!

* So why use it?

— A buffer is an electronic amplifier used to improve circuit
voltage levels and increase the speed of circuit operation.

—_—
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&
NAND Gate

* Digital circuits are more common to implement with
NAND/NOR gates rather than AND/OR/NOT gates due to
simple fabrication.

* NAND is an universal gate that any operation can be -_-_Do—-
implemented by NAND gates.
o NAND Y AND+ NOT = NoT4+OR NAND
[ o - Suymbol * — J—
L Koy = ATy d '3—1}_—‘:‘*'3
0 ° ! -
o { ‘ NoT- oR
0 |

\\ l 0 3‘:5)’— *ey
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NAND-NAND Implementation

* NAND-NAND implementation procedure:
- o (Ano-oa)
— Simplify the function in the sum-of-products form. \ — —

— Transfer it to a 2-level NAND-NAND expression by DeMorgan’s
Theorem.

— Draw the corresponding NAND-NAND implementation. An 1-input
NAND gate can be replaced by an inverter.

52



NAND-NAND Example

Sof
) - CO' Wwse NAND
0 (x\vw F(P\,GC 0) A+ NAND - NAND
A
P' 5 ':)8 T’WI -
‘B e —_—
ek
C —
D~ AN
AND-OFLSoP) —> NANO-NAND

ka‘,v,,c_'o)‘-: A8+ cCD = (agno) = (A5 » 56)
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NOR Gate

0 NoR: 6R- NOT = NoT - AND

S umbol
rer ) g
x *9” 2o _ _
o -+ ;‘,D" F= Xy
o
0 ! °
\ o o
\ \ o
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NOR-NOR

* NOR-NOR is the dual of the NAND-NAND implementation

— AND-OR => NAND-NAND
— OR-AND => NOR-NOR

v
o Exawmele: [ (%x.9.3)° (7(1"3*'3) ('3('+J+§) . use NOR
(A AN O NOR — No&

A s ~x

— vy -
Dy i
x x =
Y = f )
3 ®

= Girgr) Goged) = Byt ogd)

Nog _ NoR
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XOR/XNOR (1/3)
xo R ‘
* F %0y xBy
* Definitions 1 =) (:“3' ° ‘a
— The XOR function: * 6'3 =Ry xy MO 5
- The eXclusive NOR (XNOR): 57 . merse | |
"0 ;:)Do—F

* The eXclusive OR (XOR) function may be:

— Implemented directly as an electronic circuit. >
— Implemented by interconnecting other gate types.

 The eXclusive NOR (XNOR) function is the complement of
the XOR function.
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XOR/XNOR (2/3)

e Uses for the XOR and XNOR gates:
— Adders, subtractors, multipliers
— Counters, incrementers, decrementers

— Parity checkers, parity generators

e XOR and XNOR do not exist for more than two inputs.
Instead, they are replaced by odd and even functions

for more than two mput%;M oo

* 4 3 x®4yO 3 \
° t Lo, A"

|
U [ 57



XOR/XNOR (3/3)

58



Parity Generators and Checkers (1/

* A parity bit is an extra bit added to n-bit code to produce and
produce an (n+1) bit code for error detection and correction.

 Example:

\ [ ' ode word s -
W23, gemevate a pavity it For evew fariy code

(4 vits )

Xy 3 Q), Som | (J:Z(u,v—,'r,?) g;@-ﬁ’
B o ©O o P 9% :“60'3';'6) b -
o b \ ‘ Cl ool)
<"; ll o. ; p= 7040 %
( 0 o |
R =)

| 0 o —
J|| | I p )) §

l ? _J

eo\Vi}b %W&*W 59




Parlty Generators and Checkers (2/

o Lo
" e/‘N (Q) ezo0 wo evvor | evew ﬂ S
PO‘VI*‘) C(I\PC v " 1]
e=\ vy ov Loak»\ 1 s
ouﬁu‘\
Q X '-3‘ 3 e ')D_ e
S = PRt
N v \
(
() (]
: 0 oY : 2 ))
o 0 | ' ¢:
) | 0 0 o
0 \ 0 | 0
0 \ | 0\ \
_ 0 | | 0
| o o 9
| 0 o \ ‘:
I 0 | °
[ 0 | | l
! I o 0
|
| 0 \
[
P! !
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PBsL
High-Impedance Outputs (1/2)

* Logic gates introduced thus far
— have 1 and 0 output values.
— cannot have their outputs connected together.

— transmit signals on connections in only one direction.

* Three-state logic adds a third logic value, High-
Impedance (Hi-Z), giving three states: 0, 1, and Hi-Z
on the outputs.
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Hi-Impedance Outputs (2/2)

e Whatis a Hi-Z value?
— The Hi-Z value behaves as an open circuit
— Looking into the circuit, the output appears to be
disconnected

 Hi-Z may appear on the output of any gate, but we
restrict gates to:
° TP e ()

£ A 3-state buffer | Conbve |

v f—

A transmission gate
Each of which has one data input and one control

input.
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The 3-State Buffer

Control (ewc‘uer) (au"vo\ =0 owt - \niq\n’ z Vu)owo\‘e Ss O‘G
/

ihew*
Ou\"

CO“\.V‘,\: 1[ DU\" =}~
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A

Gate implementation
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MOSEET ¢ mekal - o %14 - Semiconduchy Lietd C‘“:?d'

cuss SR MOS Switches
| ov:::dﬂ. r: - )

S, Semi CondunCh s

G- “

LT |x
G 4 X

Gove S (Sonvce) S
S0 -
fnos G\ : L‘s
0°
6 =C | o
1, X %
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NOT Gate Implementation

DY LH
g (o e0t) oxmige
= Low
J ”S\ lf 0
x ¥ ’
X L
=y Law (OV Shuwd) ’X‘-‘Low ,a:(_] ?/lv
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NAND and AND Implementations
VAINL

NAND — ~oT

3:} Y Q:W Y
Lot

A ] A —§|+_—| Y
b 1 B GND
GND G%ND —
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Basic Gate Implementation

Type Symbol Function # of Gate
transistors delay (_r_1_s)
NOT —Do— F=x 2/ 1
Buffer - F= 4 2
AND - e 6 2.4
OR D F? 6’ 2.4 >
NAND =D -0 4 . 1.4 +
NOR =D ety 4 v 1.4 v
XOR AD— F= 20y 14 . 4.2
XNOR P F: =@y 12 3.2

[Gajski] ©2



