
EE 3640 Communication Systems I Spring 2023

Solution to Homework Assignment No. 5

1. The transfer function of the low-pass RC filter is given by

H(f) =
1

1 + j2πfRC
.

The power spectral density of the output signal y(t) is hence

SY (f) = |H(f)|2SX(f)

=
A2

c [δ(f − fc) + δ(f + fc)]

4 [1 + (2πfRC)2]
+

N0

2 [1 + (2πfRC)2]

= SM ′(f) + SN ′(f).

The average powers of the signal and noise components of y(t) are∫ ∞

−∞
SM ′(f) df =

A2
c

2 (1 + 4π2f 2
cR

2C2)

and ∫ ∞

−∞
SN ′(f) df =

N0

2

∫ ∞

−∞

df

1 + (2πRC)2f 2
=

N0

4RC

respectively. Therefore, the output signal-to-noise ratio is given by

(SNR)O =
2RCA2

c

(1 + 4π2f 2
cR

2C2)N0

.

2. If the DSB-SC signal is transmitted, we know that the output signal of the coherent
detector in the receiver is

y(t) =
1

2
Acm(t) +

1

2
nI(t).

Since the average power of the modulated signal is Ac
2P/2 = 10 watts, where P is the

average power of m(t), the output signal-to-noise ratio of the receiver is then given by

(SNR)O =
(1/4) · Ac

2P

(1/4) ·
∫W

−W
SNI

(f) df
=

(1/2) · 10
(1/4) · 8 · 103 · 10−6

=
5

2 · 10−3

= 2500 ≈ 34 dB

where W = 4 kHz is the message bandwidth.

3. (a) For this AM system, the carrier power is 80 kilowatts, i.e.,

A2
c

2
= 80 kilowatts

1



and the total sideband power is 2 · 10 = 20 kilowatts, i.e.,

A2
c

2
k2aP = 20 kilowatts

where P is the average power of the message signal. We hence have k2aP = 1/4.
Also the power spectral density of the white noise is N0/2 = 10−3 watt per Hertz
and the message bandwidth W is 4 kHz. Therefore, when the carrier-to-noise
ratio is high, the output signal-to-noise ratio of this AM system is

(SNR)O, AM =
A2

ck
2
aP

2N0W
=

20 · 103

2 · 10−3 · 4 · 103
= 2500 ≈ 34 dB.

(b) From class, we know that

(SNR)O, AM =
k2aP

1 + k2aP
(SNR)C, AM

(SNR)O, DSB-SC = (SNR)C, DSB-SC .

Then given the same channel signal-to-noise ratio, we have

(SNR)O, AM

(SNR)O, DSB-SC

=
k2aP

1 + k2aP
=

1/4

1 + (1/4)
= 0.2 ≈ −7 dB.

Therefore, this AM system is 7 dB inferior to a DSB-SC system.

4. The input signal of the envelop detector is

x(t) = Ac cos (2πfct) + n(t)

= Ac cos (2πfct) + nI(t) cos (2πfct)− nQ(t) sin (2πfct)

= [Ac + nI(t)] cos (2πfct)− nQ(t) sin (2πfct).

The output signal of the envelop detector is then given by

y(t) =

√
[Ac + nI(t)]

2 + [nQ(t)]
2.

When the carrier-to-noise ratio is high, we may approximate y(t) as

y(t) ≈ Ac + nI(t).

Therefore, the output signal-to-noise ratio is given by

(SNR)O =
A2

c

E [n2
I(t)]

=
A2

c

2N0W
.
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5. (a) The input of the phase detector in the reciever is

x (t) = s (t) + n (t)

= Ac cos [2πfct+ kpm (t)] + r (t) cos [2πfct+ ψ (t)]

where n (t) is a narrowband noise. Let ϕ (t) denote kpm (t), the phase of the
modulated signal. Given that the phase detector is ideal, its output is then given
by

θ (t) = ϕ (t) + tan−1

{
r (t) sin [ψ (t)− ϕ (t)]

Ac + r (t) cos [ψ (t)− ϕ (t)]

}
.

When the carrier-to-noise ratio is high, we have

θ (t) ≈ ϕ (t) +
r (t) sin [ψ (t)− ϕ (t)]

Ac

.

Similar to the FM system, it can be justified that the following approximation is
good:

θ (t) ≈ ϕ (t) +
r (t) sin [ψ (t)]

Ac

= kpm (t) +
nQ (t)

Ac

in which the noise power is 2N0W/A
2
c and the signal power is k2pP. Therefore, the

output signal-to-noise ratio is

(SNR)O, PM =
k2pP

2N0W/A2
c

=
A2

ck
2
pP

2N0W
.

(b) The channel signal-to-noise ratio of this PM system is the same as that of the FM
system, which is given by

A2
c

2N0W
.

Therefore, the figure of merit of this PM system is

(SNR)O
(SNR)C

∣∣∣∣
PM

=
A2

ck
2
pP

2N0W

2N0W

A2
c

= k2pP.

6. (a) The average power of m(t) is

P =

∫ +∞

−∞
SM(f) df

=

∫ W

−W

S0

1 + (f/f0)
2 df

= S0f0 tan
−1

(
f

f0

)∣∣∣∣W
−W

= 2S0f0 tan
−1

(
W

f0

)
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and the average power of the emphasized message signal is

P ′ =

∫ +∞

−∞
SM(f) |Hpe(f)|2 df

=

∫ W

−W

S0

1 + (f/f0)
2 · k2

[
1 +

(
f

f0

)2
]
df

= 2WS0k
2.

To keep the average power unchanged, i.e., P ′ = P , we have

k =

[
f0
W

tan−1

(
W

f0

)]1/2
.

(b) The improvement factor I is given by

I =
E [n2

0(t)]

E [n2
de(t)]

=
2W 3

3
∫W

−W
f 2 |Hde(f)|2 df

=
2W 3

3
∫W

−W
f 2 1

k2[1+(f/f0)
2]
df

=
2W 3k2

3
∫W

−W
f2

1+(f/f0)
2 df

=
W 3k2

3 [f 2
0W − f 3

0 tan
−1(W/f0)]

=
(W/f0)

2 tan−1(W/f0)

3 [(W/f0)− tan−1(W/f0)]
.
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