EE 3640 Communication Systems [ Spring 2023

Solution to Homework Assignment No. 1

1. (a) Since
1, . .
cos (2m f.t) = 5 (e72ret 4 emi2mlet)
and |
e]Qﬂ'fctg(t) \:\ G(f _ fc)
we have

m(t) cos(2m fot) = o [M (f = fo) + M (f + fc)].

N —

(b) Similarly, since

1, . ,
sin (27 ft) = % (6]27rfct _ e*JQﬂfEt)
and

et g(t) = G(f — fo)
we have

m(t) sin (2n f,t) = % M (f— f.)— M(f+ £)].
2. (a) First, we have

G(f) = / " g(e It

0 0~
_ / o—(ati2n )t gy / pla=i2m )t gy
0+ —o0
1 > 1 "
_ : 6—(a+j27rf)t . : e(a—j27rf)t
—(a+j2nf) or  (a—=727f) oo
o 1
(a+j2nf)  (a—j2nf)
 —jAnf
a2+ (2nf)?
As sgn(t) = lim,,0 g(t), we have the Fourier transform of sgn(¢) given by
: o —jAnf 1
ili%G(f) B lelg(l) a? +4mw2f?  gnf’
(b) Since
u(t) = (1/2)[sgn(t) + 1]
we have the Fourier transform of u(t) given by
1 1 1 1
—F t —F 1] = —+ =4(f).
S lsen(®)] + 5P [ = = + 58(6)
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(c) We have t
/ g(r)dr = /O g(t—Ndx (et A=t—7)

_ / gt = Nu(V)dx

= g(t) x u(t).
Then, from (b), the corresponding Fourier transform is

61)+ (37 + 50 ) = 35610 + 560800

3. (a) Let ¢’ (t) = e *u(t) and then g (t) = ¢ (t) cos (27 f.t) . Thus their Fourier trans-
forms are related by

G =50~ f)+ G (7 + f).

We have -
G (f) :/ et (t) eIt
= /00 e~ tem 2 It gt
0
0
B 1
14 g2nf
Hence

1 1 1
G =3 [1+j2w<f—fc> TRt L)
ol 2n(f + f)+ 1+ 527 (f = fo)
2[(1+j2rf)* = (j2r f)’]
1472w f
1 +4n2f,? — An2f2 + jAnf’

(b) Ignoring the discontinuity, we have

Since from the result of Problem 2.(b),

ult) = =5+ 0 ()

by the duality property the inverse Fourier transform of G (f) is given by

0() = =15+ 50 (1)
_ 25 () + j%.
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4. (a) The Fourier series of gz, (t) is given by

gn,(t) = Y e

where fo = 1/T; and
1 [To/2 '
Cp = — gr, (t)e 72t gy
To J-1y)2
1 To/4 ]
- e—]27rnf0tdt
To J-1y/a
1 <Wn)
= — .gsin|—
™ 2
1/2, n=>0
={ 0, n=2m
(=™t _
G-z "= 2m —1

It is clear that c_,, = ¢,. We have

0o m,

L,
_ = ]27r(2m—1)f0t
9m(1) = 5 Z @m—1)r ’

(b) We know that H(f) is an ideal band-pass filter with mid-band frequency f, and
bandwidth fy. The output is then given by

y(t) = cr - e H(fo) + ey - e (— fo)

— lejQﬂfOt + le*jQﬂ'fot
m s

2
= — cos(2m fot).
T

5. (a) Let
g(t) = Acos (2nft +6) = Acos@cos (2m f.t) — Asinfsin (27 f.t) .
We have
GU) = Plg (0] =5 cosO 5 (F = 1)+ (4 + £)] = 5505 = £) =6 (7 + ).

For the Hilbert transform, we obtain
G(f) = G(f) - —jsen(f)
= SO~ £+ 3+ £ + 5 o016 (7 = £ = (7 + £)].
Therefore,
g(t) = F [é( f)} — Alsin6 cos (2rf,t) + cos O sin (27 f.4)]
= Asin 2nf.t +0).
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(b)

Let y(t) = m(t) cos (2m f.t). According to the result of Problem 1.(a), we have

Y(f) = Fly(t)] = 5 M (F = f) + M (F + L)

For the Hilbert transform, we obtain
Y(f) =Y(f) —jsen(f)
1
= Z[M(f_fc) _M(f+fc)]'
Therefore,
§0) = F [V ()] = mt)sin 2rfet)
We have
gr(t) = Re

= Re[(g(t) + ja(1))e 72m]
= g(t)cos(2m f.t) + g(t) sin(2m f.t).

Similarly,

(t)]
9

go(t) = Imlg |
= Im[(g(t) + jg(t))e 7>

= —g(t)sin(2nf.t) + g(t) cos(2m fet).
From (a), we have

1 A , 1 . .
91(t) = Sla(OF 4 g(B)e ) + - [gl)er = (t)e .
J

Then

Gillf) = 3G = £+ GF + F] + 5(G(S = ) = GUT+ o)

Since G(f) = G(f)(—jsgn(f)), we obtain

a _ ]G(f_fc)a_WSfSW
G =)= { —jG(f — f.) , elsewhere

and

. - —jG(f‘f‘fc)v_WSfSW
G(f+ fo) = { JG(f + fe) , elsewhere.

Combining together, we have

Gz(f):{ GU—J) T Gf+f), -W<f<sW

0 , elsewhere.
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(c) From (a), we have

1

o NPT B
9a(t) = g=lg(B)e™ " — g + S g(t)e 7T 4 (1))

Then

[G<f + fc) + é(f - fc)]

N —

Golf) = %[G(f ) -G~ )+

Similarly, we have

][G(f_fc)_G(f+fc)] 5 _nggw

0 , elsewhere.

Golh) —{

7. We have

Acos (2nf (T —1t)), 0<t<T
0 elsewhere

x

[ Acos(2nfit), 0<t<T

1 0, elsewhere
x

since f. is a large integer multiple of 1/7". We obtain

Z(t) = h(t) = Arect((t — (T/2))/T).

Hence the complex envelope of the output

where

sz{l—m,w<1

0, elsewhere.

Therefore, the output

y(t) = AQTA (#) cos (2 f.t) .



8. Since

t
x(t) = A.cos [27rfct + 27rk:f/ m(T)dT]
0
we have the complex envelope of x(t) given by
i’(t) _ Acej27rkf fot m(’T)dT'

For the low-pass equivalent model,

gop | dAma(f+5F), SE<f< A
a(f) = { 0, ( ’ ) efsewhere. ’
Then the output
V() = G XD = ma £+ 51) K01

for —Br/2 < f < Br/2. Hence

g(t) = adfl—gf) + jmaBra(t).

Since %g(t) = j2nfG(f), we have

Qkfm(t)

y(t) = jrBraA, [1 +
T

:| ej27rkf fg m(T)dT'

Therefore,

2k rm(t t
y(t) = mBraA. [1 + me< >1 cos (27rfct + 27rl€f/ m(7)dr + g) ,
T 0




