
EE 3640 Communication Systems I Spring 2023

Solution to Homework Assignment No. 1

1. (a) Since

cos (2πfct) =
1

2

(
ej2πfct + e−j2πfct

)
and

ej2πfctg(t) ⇌ G(f − fc)

we have

m(t) cos(2πfct) ⇌
1

2
[M (f − fc) +M (f + fc)] .

(b) Similarly, since

sin (2πfct) =
1

2j

(
ej2πfct − e−j2πfct

)
and

ej2πfctg(t) ⇌ G(f − fc)

we have

m(t) sin (2πfct) ⇌
1

2j
[M (f − fc)−M (f + fc)] .

2. (a) First, we have

G(f) =

∫ ∞

−∞
g(t)e−j2πftdt

=

∫ ∞

0+
e−(a+j2πf)tdt−

∫ 0−

−∞
e(a−j2πf)tdt

=
1

−(a+ j2πf)
e−(a+j2πf)t

∣∣∣∣∞
0+

− 1

(a− j2πf)
e(a−j2πf)t

∣∣∣∣0−
−∞

=
1

(a+ j2πf)
− 1

(a− j2πf)

=
−j4πf

a2 + (2πf)2
.

As sgn(t) = lima→0 g(t), we have the Fourier transform of sgn(t) given by

lim
a→0

G(f) = lim
a→0

−j4πf

a2 + 4π2f 2
=

1

jπf
.

(b) Since
u(t) = (1/2)[sgn(t) + 1]

we have the Fourier transform of u(t) given by

1

2
F [sgn(t)] +

1

2
F [1] =

1

j2πf
+

1

2
δ(f).
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(c) We have ∫ t

−∞
g(τ)dτ =

∫ ∞

0

g(t− λ)dλ (let λ = t− τ)

=

∫ ∞

−∞
g(t− λ)u(λ)dλ

= g(t) ⋆ u(t).

Then, from (b), the corresponding Fourier transform is

G(f) ·
(

1

j2πf
+

1

2
δ(f)

)
=

1

j2πf
G(f) +

1

2
G(0)δ(f).

3. (a) Let g′ (t) = e−tu (t) and then g (t) = g′ (t) cos (2πfct) . Thus their Fourier trans-
forms are related by

G (f) =
1

2
[G′ (f − fc) +G′ (f + fc)] .

We have

G′ (f) =

∫ ∞

−∞
e−tu (t) e−j2πftdt

=

∫ ∞

0

e−te−j2πftdt

=

∫ ∞

0

e−(1+j2πf)tdt

=
1

1 + j2πf
.

Hence

G (f) =
1

2

[
1

1 + j2π (f − fc)
+

1

1 + j2π (f + fc)

]
=

1 + j2π (f + fc) + 1 + j2π (f − fc)

2
[
(1 + j2πf)2 − (j2πfc)

2]
=

1 + j2πf

1 + 4π2fc
2 − 4π2f 2 + j4πf

.

(b) Ignoring the discontinuity, we have

G (f) = 3u (f) .

Since from the result of Problem 2.(b),

u (t) ⇌
1

j2πf
+

1

2
δ (f)

by the duality property the inverse Fourier transform of G (f) is given by

g (t) =
3

j2π (−t)
+

3

2
δ (−t)

=
3

2
δ (t) + j

3

2πt
.
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4. (a) The Fourier series of gT0(t) is given by

gT0(t) =
∞∑

n=−∞

cne
j2πnf0t

where f0 = 1/T0 and

cn =
1

T0

∫ T0/2

−T0/2

gT0(t)e
−j2πnf0tdt

=
1

T0

∫ T0/4

−T0/4

e−j2πnf0tdt

=
1

πn
· sin

(πn
2

)
=


1/2, n = 0
0, n = 2m
(−1)m−1

(2m−1)π
, n = 2m− 1.

It is clear that c−n = cn. We have

gT0(t) =
1

2
+

∞∑
m=−∞

(−1)m−1

(2m− 1)π
ej2π(2m−1)f0t.

(b) We know that H(f) is an ideal band-pass filter with mid-band frequency f0 and
bandwidth f0. The output is then given by

y(t) = c1 · ej2πf0tH(f0) + c−1 · e−j2πf0tH(−f0)

=
1

π
ej2πf0t +

1

π
e−j2πf0t

=
2

π
cos(2πf0t).

5. (a) Let

g(t) = A cos (2πfct+ θ) = A cos θ cos (2πfct)− A sin θ sin (2πfct) .

We have

G(f) = F [g (t)] =
A

2
cos θ [δ (f − fc) + δ (f + fc)]−

A

2j
sin θ [δ (f − fc)− δ (f + fc)] .

For the Hilbert transform, we obtain

Ĝ(f) = G(f) · −j sgn(f)

=
A

2
sin θ [δ (f − fc) + δ (f + fc)] +

A

2j
cos θ [δ (f − fc)− δ (f + fc)] .

Therefore,

ĝ(t) = F−1
[
Ĝ(f)

]
= A [sin θ cos (2πfct) + cos θ sin (2πfct)]

= A sin (2πfct+ θ) .
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(b) Let y(t) = m(t) cos (2πfct). According to the result of Problem 1.(a), we have

Y (f) = F [y(t)] =
1

2
[M (f − fc) +M (f + fc)] .

For the Hilbert transform, we obtain

Ŷ (f) = Y (f) · −j sgn(f)

=
1

2j
[M(f − fc)−M(f + fc)] .

Therefore,

ŷ(t) = F−1
[
Ŷ (f)

]
= m(t) sin (2πfct) .

6. (a) We have

gI(t) = Re[g̃(t)]

= Re[g+(t)e
−j2πfct]

= Re[
(
g(t) + jĝ(t)

)
e−j2πfct]

= g(t) cos(2πfct) + ĝ(t) sin(2πfct).

Similarly,

gQ(t) = Im[g̃(t)]

= Im[
(
g(t) + jĝ(t)

)
e−j2πfct]

= −g(t) sin(2πfct) + ĝ(t) cos(2πfct).

(b) From (a), we have

gI(t) =
1

2
[g(t)ej2πfct + g(t)e−j2πfct] +

1

2j
[ĝ(t)ej2πfct − ĝ(t)e−j2πfct].

Then

GI(f) =
1

2
[G(f − fc) +G(f + fc)] +

1

2j
[Ĝ(f − fc)− Ĝ(f + fc)].

Since Ĝ(f) = G(f)
(
−jsgn(f)

)
, we obtain

Ĝ(f − fc) =

{
jG(f − fc) , −W ≤ f ≤ W
−jG(f − fc) , elsewhere

and

Ĝ(f + fc) =

{
−jG(f + fc) , −W ≤ f ≤ W
jG(f + fc) , elsewhere.

Combining together, we have

GI(f) =

{
G(f − fc) +G(f + fc) , −W ≤ f ≤ W
0 , elsewhere.
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(c) From (a), we have

gQ(t) =
1

2j
[g(t)e−j2πfct − g(t)ej2πfct] +

1

2
[ĝ(t)e−j2πfct + ĝ(t)ej2πfct].

Then

GQ(f) =
1

2j
[G(f + fc)−G(f − fc)] +

1

2
[Ĝ(f + fc) + Ĝ(f − fc)].

Similarly, we have

GQ(f) =

{
j[G(f − fc)−G(f + fc)] , −W ≤ f ≤ W
0 , elsewhere.

7. We have

h(t) = x(T − t)

=

{
A cos (2πfc(T − t)) , 0 ≤ t ≤ T
0, elsewhere

=

{
A cos (2πfct) , 0 ≤ t ≤ T
0, elsewhere

= x(t)

since fc is a large integer multiple of 1/T . We obtain

x̃(t) = h̃(t) = A rect((t− (T/2))/T ).

Hence the complex envelope of the output

ỹ(t) =
1

2

(
x̃(t) ⋆ h̃(t)

)
=

A2T

2
Λ

(
t− T

T

)
where

Λ(t) =

{
1− |t|, |t| < 1
0, elsewhere.

Therefore, the output

y(t) =
A2T

2
Λ

(
t− T

T

)
cos (2πfct) .
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8. Since

x(t) = Ac cos

[
2πfct+ 2πkf

∫ t

0

m(τ)dτ

]
we have the complex envelope of x(t) given by

x̃(t) = Ace
j2πkf

∫ t
0 m(τ)dτ .

For the low-pass equivalent model,

H̃(f) =

{
j4πa

(
f + BT

2

)
, BT

2
≤ f ≤ BT

2

0, elsewhere.

Then the output

Ỹ (f) =
1

2
X̃(f)H̃(f) = j2πa

(
f +

BT

2

)
X̃(f)

for −BT/2 ≤ f ≤ BT/2. Hence

ỹ(t) = a
dx̃(t)

dt
+ jπaBT x̃(t).

Since d
dt
g(t) ⇌ j2πfG(f), we have

ỹ(t) = jπBTaAc

[
1 +

2kfm(t)

BT

]
ej2πkf

∫ t
0 m(τ)dτ .

Therefore,

y(t) = πBTaAc

[
1 +

2kfm(t)

BT

]
cos

(
2πfct+ 2πkf

∫ t

0

m(τ)dτ +
π

2

)
.
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