Problem set #4 (Modern Physics)

06/04/2018 Provided by Masahito Oh-e

Solve the problems below. Describe the ways of thinking in English: only final solutions are not
accepted. Make clear how you reach each solution.

As official homework, you are not forced to do the problem 3', but for those who are interested in
deriving Schrédinger equation expressed by spherical polar coordinates, the problem 3: is prepared.
If you work on problem 3' and properly solve it, you can get some bonus points.

Problem 1 (20 points)
Express — by spherical-polar coordinates. Use the relations below.
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Problem 1'. (Bonus)
In the same way of problem 1, derive —2 and by spherical coordinates and derive how

h2 2 2
kinetic energy hamiltonian H= —2—(667+ %+ ;7) can be expressed in spherical coordinates.

See the following pages.

Problem 2. (20 points)
Using the commutator [[X, iy] = ihfz, and its cyclic variants, prove that total angular momentum

squared and the individual components of angular momentum commute, i.e [L?, [x] =0 etc.

Using [2= E§+E§+E§ the commutator with total angular momentum squared can be evaluated
(20 = (12402402 1)=12+12,0,0= Dl L0+ (L DAL, + LMLy, L+ (L, DL, = -in
LL,~inL,L+inl, L+inL L, =0

Similarly [L2, L] = [(2, ] = L2, 1] =
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Problem 3. (30 points)
The Schrédinger wave function for a stationary state of an atom is y = Af(r)sin6 cos6-e¢'® where (r,

6, @) are spherical polar coordinates.
(a) Find the z component of the angular momentum of the atom.
(b) Find the square of the total angular momentum of the atom.

(a) L= -in i
Ly= |h —Af(r)sme cosB-e'?=i( —iRAf(r)sin@ cosB-e'?) = AAf(r)sind cosB-e'P=hy
Therefore, the z-component of the angular momentum is h.

" eor Cosé @ 1
(b) L“=-h [092 Siné 66+S|n 95¢2]

ngu = hz[a;2 CS?:;’ aae+s.:_ga¢2] Af(r)sin@ cos6-e'9=—2Af(r)e!?{-4sinBcos B + cotf(cos? B —sinH)

_sin 6 cos 6}
sin? 6
= BH2Af(r)sin6 cosB-e'? = 6Py
Thus, L?= 6. But L2 = |(I+1) = 6A?. Therefore, 1=2

Problem 4. (20 points)
Calculate the expectation value <r> of an electron in a state of n=1 and 1=0 of hydrogen atom. r is
the position from the nucleus. Use the wave functions appropriately in Table 6-1 of the textbook.

You can use the integration of [°x” exp(-ax) dx = aZL (n>-1, a>0).

What we are interested in is the radial part of the wavefunction of the state, n=1 and 1=0.
We use the R7 o(r) = a§7e"’aﬂ

<r>=[7R; o(n)rR o(Nrdr=4(5-)°a [0 exp(-20)dp = Ja0 (P = 77)

Problem 5. (30 points)
Assume the Hamiltonian of a particle in three dimension is expressed by spherical-polar

coordinates (x =r sinacos¢, =r sinf@sing, y =r cosf) as below:
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If a wavefunction: ¢ = N:za""r (N, b: the positive real constant) is given, determine the value of

= (k: the positive real constant)

b so that y is the eigenfunction of 7 and also derive the eigenvalue.

The wavefunction ¢ = Ne™" depends only on r.
Hy = [—i 2. K]L// = —% [b? - %]Nce‘br - fNe‘br: —%w + ['fn—b - K] 17([/ . Here, we use

d -br_ —br A —br—d . -bry — p2,-br
ol -be , 42€ (be )= be™".

In order for  to be an eigenfunction of H for any r,
Fb k=0
. b= n2
The eigenvalue for this,
mb2_ M m?k _  mk:
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