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Fine spectral structures of atoms

When an atom is placed in a magnetic field, each of its fine structure
lines further splits into a series of equidistant lines with a spacing
proportional to the magnetic field strength. The electron has an

orbital magnetic moment.
Normal Zeeman effect |l Anomalous Zeeman effect Il
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The anomalous Zeeman effect shows up particularly for atoms
with odd atomic number Z (hydrogen, for example). In such cases, the
number of Zeeman sub-levels is actually even rather than odd. This
suggests the possible existence of an angular momentum like quantity
that can take on half-integer values.
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Stern-Gerlach Experiment
W. Gerlach and O. Stern, Z. Physik, 8, 110 (1922); 9, 349 (1922); 9, 353 (1922).
Potential energy in magnetic field:

AEmag = _(/umag )z (BO + aZ)

Force to Ag atom:
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What would be the result?
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From the Stern-Gerlach Experiment

v Ag atoms have magnetic moments.

v Each z component of their magnetic moments just shows
one of the two values.

v The value of (u,4,), can be determined with the velocity
of Ag, the distance to the glass plate, the magnitude of
inhomogeneous magnetic field and the distance between the
two spots on the screen.
(Ueo), = & Uy My = 0 g o7ax10 317
mag/z = — FB B om
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Ag: (1s)2(25)2(2p) 6~ (4p)6(Bs)!  £=0
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Double Stern-Gerlach Experiment I
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Double Stern-Gerlach Experiment II
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Measurement and operator

Physical quantity that can be observed by measurement
: Observable

Wave function g

Measurement: Operator o
Oy=Ay

Average=<y| Oly>=fy*Oydr
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Electron spin hypothesis
Year 1925 Uhlenbeck and Goudsmit

1. Electron: spin angular momentum S

Operator S, (u=x, y, z): eigenvalues +1/2h, -1/2h

. . . e .
2. Spin magnetic moment 1, =—m—Su
3. Commutation relations
S, 8,]=8,8,-5,8, =ins,
S,.$,]=5,8,-5,$, =ihS,
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Definin S, =S, +i-S A
? A A "y Si'm>:\/s(s+l)_ms(ms+1)|ms—1>
§ =5, -i-§,
= S,a=0 S.B=na = SxO‘:EB SXBZE(X‘
a=hp S B0 éyoc:ﬁiﬁ éyﬁz_ﬁia
. 2 2
Vector representation:
. 0 72 . hl0 1
= S = — SX:_
lo pl=lo Mbﬁ 0} ZL J
A 0 —in/2 . 0 —i
S — S =
Lo Bl=lo 6] O} = O}

h

2
: i . A[1 0
S.Joc B=[o mhf _;J s, }
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Interpretation of Stern-Gerlach Experiment
Ag atom: a spin and b spin

3 A 1
S,a=ha S.p=1p
s €g ., €nh
,Llu - SU :> ILlZ = Tr—
m, 2m, .
Double Stern Gerlach experiment I: S,a :Eha

Double Stern Gerlach experiment IT:
(cos@ S, +sinf S, )a = %hcos& a—%hsin 6 S : ais not an eigenfunction

<a|cosfS, +sindS, |a>= %hcos@ : Expectation value

e S I —eh
—<a|—c0s6S,+—sIinf S, |a >=——C0S6 = u, C0SH
m m 2m

e € e

: Expectation value of
maghetic moment
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The eigen function y of operator coséS, +sinés,

—cosg-a+sing-ﬁ
v 2

Confirmation:

(cos@ S, +sind §X)(cosg -a+sing-ﬂ)
:cosH-cos%iamos@-sin%§Z,B+sin9-cosg-§xa+sin6’-sing-§xﬂ

:h{(COSH-COS(9+Sin6’-Sin 9)a+(—c036’-sin9+sin6’-cos(9)ﬂ}
2 2 2 2 2

:%(cos%aﬂin%ﬁ) : ¢ > 100% up by coséS, +sindS,

: o .0 L0
<wyla > :<cosE-a+smE-ﬂ\a> =cos’ >

: Probability for a to be up
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Eigenvalues and eigenfunctions
of a spin operator

How to derive eigen functions and values?
Arbitrary functions are expressed by
v, =C,-a+C, -
Swi=Ew, =  S,(C,-a+C,-B)=E(C,-a+Cy-p)
C,(<alS,Ja>-E)+C, <afS,|f>=0
C, < BIS,|a >+C,; (< BIS,|B>-E;)=0

= <aSija>-B  <afS,|p> =0 Secular equation
<pS|e> <pIS,|B>-E

= E.

C,| +[C, | =1
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Spin angular momentum operator

|2 o S?  s(s+1n° s=%

. 1

L = S S.i S, =t—

z Z — 2
L. L =00, -G =iht, S, Sy |=5,5,-5,8, =ihs,
L, L J= L0 - L0, =inL, S,:5,]=5,5,-5,5, =ihS,
L, L |=LL, -LL =ihL, S,.5,]=S,5,-S,S, =ihs,
S §2,8,|=182. 8, |=[82. 8, |=0

Atomic wavefunction: determined by n, £, m, s
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Anomalous Zeeman effect

Zeeman effect:

Splitting of energy states with the interaction of the
resultant angular momentum and magnetic fields. No spin
magnhetism occurs with pure orbital angular momentum. Only
for the states involving several (at least two) electrons.

Anomalous Zeeman effect:

The resultant angular momentum is composed of both spin
and orbital angular momentum.

Atomic magnetism  pifferent g factors
Superposition of orbital and spin magnetism.

Orbital: Spin:
€ € € € e
ﬂL:_Zm Lz:_zmeMLh:/uBML ﬂs:_ﬁsz:_m_lvlsh:_gzrn M = gugMy

e e e e

The g factors are determined by the total angular
momentum J.
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Angular momentum coupling

These two angular momenta are vectors to
"adding" them requires vector addition. That
means you cannot simply add magnitudes of the
momenta but need to know the direction of the
momenta. ~

. |2:1 |2 :1
L=2 |} L=1‘> L:O||
In multi-electron atoms, L =1 =1

L : The orbital angular momentum of each electron is
vectorially added. L=>)I,

S: The spin angular momentlm of each electron is
vectorially added. S= Zsi

JZ

J=L+5

J=L+S Total angular momentum



"Modern Physics”, M. Oh-e 16

Interaction of the magnetic moment with
magnetic fields
Zeeman effect for single-electron system:

° B lhm, =hv,+h —— B |m,
47m, 47m,

E:EO—,u-B:EO—,uZB:EOJrze—hme:E0+£
m

e

For multi-electron system:

en e e
E=E B=E B=E,+—M B=E,+ B lhM, =hv,+h B (M
o M- 0o —H; om (47zm ] L 0 [4ﬂme j L

e

e

Anomalous Zeeman effect: Orbital and spin magnetism

The magnetic moments in the direction of the field are
given by

H= M+ Hs :_%L_ES —_E(L“LZS)

The magnetic energy is given by

AE = — 115 -B = —(u, )zB:<Ez+2§z>%B:gJMJﬂBB
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Picture of angular momentum coupling

The number of splitting components in the field is given
by M; and is again 2J+1. The distance b/w the
components with different values of M; depends on the
quantum numbers L, S and J.

W processes
fast around J. AE=—,UJ -B:—(yJ )ZB

Whole system
processes slowly g

\\// Q 5 ~
___________ \,/z/ =<LZ+ZSZ>%B=QJMJ/JBB

-

around B. ZAL
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o]

//'121 = 4 +pus Hi = |OQ| =g;J

Lande’s g factor

J(J +1)+S(S+1)— L(L+1)
23(J +1)

O | g; =1+
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Sodium D lines

Mo

Weak magnelic
apa liehd lighd appliad
. . ] 3 s
3.04---Pomlt [ 0001 gy P2 Wpers
splittng /"~ o..=.. i
="
3p1 _ _ _ Spin-orbit = -2
pﬁ -3.04 spiitting I
______ m i= +1iZ
Sp 1 m i= 12
- K
-
o s £ -
o o D
S 29 =
L% 0 - |~0.597 nm g Ho fisld
L
“ ﬂiT.I..|
Wiaak mapnatic fisld
m.=+1/2
-5.14 -- !
- S S = 1 T,
5.14 3s1 351 m=-1i2




"Modern Physics", M. Oh-e 19

Recall the hydrogen atom

v When we solve the Schrodinger Equation using the
potential energy for an electron around a proton
(hydrogen atom), we get a 3-D solution that gives us
three quantum numbers: one for energy (n), one for
angular momentum (L), and one for the z component of
angular momentum (m).

v There is a fourth quantum number (recall your
chemistry), (spin).

Next step:
How do we extend the quantum theory to systems

beyond the hydrogen atom?
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Extend the theory to two-electron system

v For systems of 2 electrons, we simply have a ¥ that
depends on time and the coordinates of each of the
two electrons:

V(X1.Y1,21.X2.Y2,22,1)

and the Schrodinger’s equation has two kinetic energies

instead of one.

\P(rv 2, t) = Wa(rl)Wb (rz)f (t)

v This is like having electron #1 in state a, and having
electron #2 in state b. Note that each state (a or b)
has its own particular set of quantum numbers.
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Indistinguishable electrons

v However, from the Heisenberg Uncertainty Principle
(i.e., from wave/particle duality), we are not really sure
which electron is electron number #1 and which is
number #2. This means that the wave function must

also reflect this uncertainty.

Wa(rl)')”b(rz) = Wa(rZ)Wb(rl)
Indistinguishable!l

®(r, 1,, t)(2 =[¥(r,, 1, t){2

¥(r,r,,t)=+¥(r,,r,t)
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Wave functions for indistinguishable
two electrons

There are two ways of making the wave functions that
reflect the indistinguishability of the two electrons:

Vo =l ) v (0] Symmetric
Y, %{ (v (6)-v (0w (n)]  Antisymmetric

Which (if either) possibility agrees with experiment?

v It turns out that some particles are explained nicely
by the symmetric, and some are explained by the
antisymmetric.
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Bosons

QA ANAAAQ)

v Those particles that work with the symmetric form are
called Bosons. All of these particles have integer spin
as well. Note that if boson #1 and boson #2 both have
the same state (a=b), then ¥ > 0. This means that both
particles CAN be in the same state at the same location
at the same time.

v Bosons. Photons and alpha particles (2 neutrons + 2
protons) are bosons. These particles can be in the same
location with the same energy state at the same time.

v This occurs in a laser beam, where all the photons are at
the same energy (monochromatic).
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Fermions

Yons = % [‘//a (rl )‘//b (I’2 )_ Va (rz )Wb (rl )]

v Those particles that work with the anti-symmetric
wavefunction are called Fermions. All of these particles
have half-integer spin. Note that if fermion #1 and
fermion #2 both have the same state, (a=b), then ¥ = 0.
This means that both particles can NOT be in the same
state at the same location at the same time.

v Fermions. Electrons, protons and neutrons are fermions.
These particles can NOT be in the same location with the
same energy state at the same time.

v This means that two electrons going around the same
nucleus can NOT both be in the exact same state at
the same time! This is known as Pauli’s Exclusion Principlel
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Pauli's Exclusion Principle

v Since no two electrons can be in the same energy state
in the same atom at the same time, the concept of
filling shells and valence electrons can be explained and
this law of nature makes chemistry possible (and so
makes biology, psychology, sociology, politics, and
religion possible also)!

v Thus, the possibility of chemistry is explained by the
wave/particle duality of light and matter with electrons
acting as fermions!
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Quantum numbers

v (r,8,6)=R (r\Y"(0, 9) n=123,--:| [£=0,12,---(n-1)
M=0,+1,+2,£3-,+/

Quantum numbers:
v Principal quantum number: n=1, 2, 3,..

. Principal energy level of the electron
v Orbital quantum number: £=0, 1, 2, .., (n-1)

: Values of the angular momenTum of the electron
v Magnetic quantum number: m,=0, 1, ., 8

: Possible properties of an elecTron

in a magnetic field
v Spin quantum number: m= -1/2, +1/2

: Possible spin vectors or orientations of
an electron in a magnetic field
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Quantum Numbers

n 1 m Orbital FElements Shell
n=1 0 0 1s 2 F K
n=2 0 0 2s 2 L

% 8
| -1,0,1 2p 6 }
n=3 0 0 3s 2 M
| -1,0,1 3p 6 18
2 -2.-1,0,1,2 3d 10
n=4 0 0 45 2 N
| —l, 0. 1 4p 6 32
2 -2,-1,0,1,2 4d 10 )
3 -3,-2,-1,0,1,2,3 4f 14
n=5 0 0 Ss 2 0
| -1,0, 1 Sp 6 32
2 -2,-1,0,1,2 Sd 10 ’
3 -3,-2.-1,0,1,2,3 5f 14
4 -4, __3' __’)‘__$ W ) W 3~ 4 Sg 18 l'n‘.<unv‘ﬂc(‘l'::.z:]c(:mnd1n;:
n=6 0 0 6s 2
1 -1,0, 1 6p 6 18
2 -2,-1,0,1,2 6d 10
3 -3,-2,-1,0,1, 2,3 6f 14 !
4 -4, -3,-2.~1,0, 1,2, 6g 18 §4 Criresponiding
5 —5;—-4;-3,-2,=1,0,1.2, 6 22 :
n=7 0 0 7s 2 } g
2 —2.=1,0,1,2 Td 10
3 *3. *'EA > 1 0. l 2 g 'j‘f 14' Unknown
4 —4,-3,-2,-1,0, 1,2, 7g 18 90(Comesponding
5 -5, 4.-3,-2.-1,0,1.2. 3,4, 3 Th 22
6 S5,—4,-3,-2,-1,0,1,2,3,4,5,6 7i 26
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Electron
Shell
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