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QM for the hydrogen atom

Schrodinger eq. for the hydrogen atom
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Transformation of the Schrédinger eq.
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Separation of variables

0°R 28R\, 2m , AY
E_v(rhWH_2" |2
R (ar r or }L h2 r* (r)} v A (constant)

depends the only r depends 6 and ¢

Zm{d R(r) , 2 dR(1) /IR(r)}+V(r)R(r):ER(r)

dr? rdr r

AY (8, ¢)- Y (6, ¢)=0

Plugging-inY (0, ¢)=0(0)>(8)
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Solutions to the Eigenvalue egs. for ¢ and ©

2

58752 D(g)+1(¢)=0 O(g)=Cexp(iv’g)
D(p) = ©(p+27) VWo=m  (m=0,+1+2)

D(g)= %exp(lm@ (M=0,+1,+2,£3-)

sin@ 00

2 (sin@%)@(@%(ﬂ-— L j@(e)zo

Replacing 6 and v by o cosO
d dP(z) L .
m=0 E(l 22 )2 _=+P(z)=0 Legendre's differential eq.

Solution P(z)— P/(z)
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A+ -4

P(z)=)a,z' a,,,= a i
) ; Pnite term 2T (401 2) ™ Recursion formula

Toavoid P(z)=>Yaz 5o =  ju+D)=4

1 dﬁ . .
Pg(2)=£—l—g(22 _1)f _ngor'ous solutions |
2 (1 dz =Legendre polynomial

m=0 pm(z):(l_ZZ)% dn:n P (2) Associated
f dz™ Legendre function

dm
P()=>az = o P (z) ) Polynomial
l

Toavoid P(2)=Yaz 5o =  u+1)=4
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Rewriting Y(0.¢4)—>Y,"(6,¢)
Eigen function:  v1(9, 4)= N7P"(cos0)exp(img)

{(2@ +1)(€m)!};

L. \
Normalization = B e
1 o(. 0 1 0°
0 Y™(O, #)=—0(¢ +1)Y,"(6,
{sin@ 59(5"1 86’)+sin205¢2} (0, ¢)=~t(t+1)Y," (6, ¢)
1 a(. 0 1 &
_hZ {) Ym 0’ :f f 1h2Ym 9’
{Siﬂ@@@(sm 89j+5in2ga¢2} ! ( ¢) (£+D)R%Y, ( ¢)
Y0, ¢)= e+ DR (6, ¢)| ¢

LY"(0, p)=—in %Y;“ (6, ¢)=mnY,"(6, ¢)

z

m=0,%£1,+2,£3---,x/

» Memo: Anqular momentum and rigid motor model
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Radial direction
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L N—(/+u+1)
=@ 2 5t a H a + = a
AP)=8 P13t By D+ )
2
x(p)—>0, [x(p) : Integrable (p — )
= N=twwsl = N=nzl n=123:.,
Principle quantum number
= (f=n-1-y = (=12,-,n-1
Solution:
Associated

1(p)=Ase oL (p) 1271 p)

n+/¢

Laguerre polynomial

2
a2:_8m2E’ N :2m22e
h oh
2.4
= En:_mzzhze .12 n=123,---
n
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Total wave functions

l//nfm (r’ ‘91 ¢) = Rnf (r)Yfm (‘9’ ¢)
determined by three quanTum numbers

n=123, Principle quantum number

v Determines total energy that is conserved and quantized.
cf. planetary motion
(=0,1,2,---(n-1) Angular momentum
quantum number
v Gives quantization of angular momentum magnitude.

m=0,+1,+2 +3---,+¢/| Magnetic quantum number
(27+1)

v Gives quantization of angular momentum direction.
orientation
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Principle quantum number

=

Bohr model Quantum mechanics
Principle quantum number n=1,6 2, 3, ..
The main energy level (shell) occupied by the electron.

n=2
Average distance from the nucleus. n=1

Quantization of energy!l
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Angular momentum quantum number

Angular momentum quantum number 7=0,1,2,---(n=1)

Shape of the orbitals
n=1 = (=0 s orbital

S-Orbital

n=2 = (=01 (¢=0 s orbital

X

¢=1 p orbital

1d( ,drR) [2m e+
?a( dr +|:h (V E) r :|R 0 E:KERadiaI_l_KEOrbitaI +V

— 1 d r2 de ilm|:KERadlal KEOrbital €(€+1):|R O

r2dr dr 2mr?
A L° 1
= KEOrbital _ 2mr2 — KEOrbital = 2mr2 KEOrbital - 2 mVorb L = mVorbr

= L =./0(¢+1)n L: Angular momentum

Quantization of angular momentum magnitudell
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Magnetic quantum number

Magnetic quantum number m,=—L--0-+/

Orientation of an orbital around the nucleus.

/=0 = m,=0 I {. S Yo e
s O/xy 5; xy
/=1 = m,=-10,1 I b

The three p orbitals are aligned along perpendicular axes

The projection of the angular momentum in an
arbitrarily-chosen direction, conventionally Lz,
The magnitude of the angular momentum in the
z direction, is given by the formula: L, =mi

L m
= C0S@=—+=
L Je(e+1)

Space quantization

Quantization of angular momentum direction
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Angular momentum
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Electron probability density

¢ No definite orbits

1. Only relative probabilities for finding electron

at various locations.
2. |g|? is independent of time and varies from place

to place.
w (r,0,4)=R(r)V (0, ¢)=R(rjo(0)o(¢)
= I =RY[ =[RIef|of

A CD‘Z _ Alg imdgrimé _ A2
{}!}?\ r do 2 . .
7S av-rseawaw R Depends on r, and combination of
/ n and €.
i N

o

- sn6do g\ = (dr )rd@)(rsin@ dg)=r?sin 8 drdad¢
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Radial part of the wave function and the
probability of finding the electron

Radial part of the wave function

\15K Probability of finding the electron

2R |2 dr

P(r)dr

5(]0 10(]0 15(’[0
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Table 6.1 Normalized Wave Functions of the Hydrogen Atom for n =

1. 2, and 3*

n | m D(h) () R(r) w(r, 6, b)
Lo o0 b 2 R B
V2T V2 a3’ V7 a?
1 1 1 1
2 0 0 — — — (2 L e (2 L
o V2 2V2 aif? ag N2z a3? do
1 V6 1 1
21 0o — — cosf e —f"fz% cos 0
o 2 Ve a? ag N2 al? a
2 1 +1 ! e~ ﬁ5i11l9 éle_'ﬁ"“ ! T
27 2 2V6 ai/? ao 8\/_ 3% ag
1 1 . 1 r’ .
30 0o — — (27 - 18—+ 2— ) e /% (z?— 18— + z—)c—rm
V2w V2 81\/@0"/2 a3 81V37 a3/? o g
! V2
3 1 ]  — —6cosﬂ ) g% (6 — L)Le"/f"‘ocos f
\ 2 2 81\/% 03/2 dp [ ap 81Vra )'/2 ag / ap
31 =#1 L e _\ﬁsma LB ! 6— — | Le%singe?
V2 2 81\/303"2 81V /2 3/2 ag /| ag
1 V1o | 4 o 1 P e,
302 0 0 — —— (B cos’f — 1) —e T —e (3 cos’d — 1)
V2w 4 81V30a 3?2 a3 81Vemr a5“ ap
1 ., V15 4 B 1 B »
3 2 +1 e 15 sin @ cos f izf’ /3 ize 3% 5in @ cos @ e
\2r 81V30 a 3% ap 81\/_a3f2 ag
. 5 . 1 2 -
3 02 +2 1 e ismza S Lo T rfaeginlg etli¢
\ 27 81V30 i @ 162V at/? ab

*The quantity a, = 4mefi*fme” = 5.292 % 107" m is equal to the radius of the innermost Bohr orbit.
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Patterns of wave functions of hydrogen atom

s(£=0) p(f=1) d(f=2) f(e=3)
m=10 m=10 m==1 m=10 m==1 m==2 m=10 m==1 m==2 m=4=3
S Pz Px Py d;z dyz dyz dxy dxz-yz 3 frz2 fyzz fxyz T z(x2—y?) f, x(xZ2-3y?) y( 3x2-y?)
=1
=2
= . 'Y
=4
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The identity of an atom

Electrons are not circulating but exist as waves around the nuclei. If you
try to forcefully ascertain where the particles of electrons are, you will
be able to find them somewhere around the atomic nucleus. However, it
is only a matter of seeing the result that the reaction of observation act
occurs somewhere..

If you want to think that it is the position of the particle, that is fine,
but the electron is not there from the beginning. As a result of the
observation, the spread waves converged to a nharrow range. The position
is stochastically determined.

We are thinking that atoms are real particles, something like a mass.
Actually, however, we call the spread of waves around the atomic nucleus
as atoms. It is like calling "the phenomenon that the air flows" as "wind",
and the existence of atoms is just a phenomenon, just as there is no
entity in the "wind".



