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Tunnel effect

v Suppose a particle with kinetic energy E strikes a barrier
with the height U and the width L. L

E—

v Classically the particle
cannot overcome the barrier./® ! I i

x=0 .r;!.
v Quantum mechanically the particle can penetrated the
barrier and appear on the other side.

v It is said to have tunneled through the barrier.

- Emission of alpha particles from radioactive nuclei by
tunneling through the binding potential barrier.

- Tunneling of electrons from one metal o another
through an oxide film.

- Tunneling in a more complex systems described by a
generalized coordinate varying in some potential.
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Approximation

v The transmission coefficient T is the probability of a
particle incident from the left (region I) to be tunneling
through the barrier (region IT) and continue to travel to
the right (region ITI).
_T L . J2mU, —E)
= e 2 f
v Depends exponentially on the width of barrier L and

the difference between the particle kinetic energy and
the barrier height (U,-E)/2 and mass of the particle m!/2,

Ex.) An electron with kinetic energy E = 1 eV tunnels
through a barrier with U, = 10 eV and width L = 0.5 nm.

What is the transmission probability? _ 1 _1 1,107

v The probability is small, even for a light particle and a
thin barrier - but it can be experimentally observed and

used in devices.
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Schrdédinger eq.

Outside of barrier (regions I and ITT)

h° aZWLm
2m  0°X

+ El//|,||| =0

w, (x)= Ae™* + Be ™™
| | - 2ZmE p 2«
WIII (X) = Felklx + Ge_lklx L h - % - 7

Incoming wave: v, (x)= Ae™" Reflected wave: v, (x)=Be™

Transmitted wave: . (x)=Fe' ™ | v
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Incoming flux of particles with
the group velocity Vvi.: >

S = \g//.fvI+ # of particles per second that arrive there



I

"Modern Physics”, M. Oh-e
Transmission

2
_ "’”“'*‘ZV“” Ratio of flux of transmitted

Probability: T
v Vi, particles to incident particles

Inside of barrier (regions II)

h° 0w
o gy, U =By =0 U>E
v, (x)=Ce ™ + De** k, = sz(l; —E)

Real quantity

v Exponentially decaying or increasing wave (no oscillations)
v Does not describe a moving particle
v But probability in barrier region is non-zero

A particle may emerge into region IIT,
or may return to region I.
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Boundary conditions
At the left edge of the well,

_ . Oy _ovu
¥, (0)_Wu(0) o x|,
At the right edge of the well,
_ . Oy, _ Oy,
Wu(l—)_l//m(l-) T ox . x |,

v Solve the four equations for the four coefficients and
express them relative to A (|A|? is proportional to incoming
flux)
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From the boundary conditions

A+B=C+D
ik,(A-B)=—k,(C-D)
Ce "t 4 De*t = Felt

—k, (Ce"‘2L - DekzL): ik, Fe'"

—

\

A+B = e‘le(cosh k2L—i%sinh k,L |F

2Ce " El—j Fe
k2

C =

2De"" = (1+ 'kklj Fe
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K,

Ikl |k1

2K,

2

ik, L

ik, L

k2 D— k2-||;|k1 ik, L —k2 =
A—B:e"‘lL[cosh k2L—ik—Zsinh k,L |F 2
1
1 k? +k? L Ky — K7
A= =gt [Zcoshk L—i 2. sinh k LJF B=e""—2—Lsinhk,LxF
2 Ky 2Kk,

aikil

12

2k.k, cosh k,L —ilk +k? )Jsinh k, L JF
( (k¢ +K3 Jsinh kL)
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Transmission coefficient

Find A/F from set of boundary condition equations.

Another form:

AL itk K haemor |1 Tk K
Fo27alk K 2 4k K

Simplify: Assume barrier U to be high relative to
particle energy E

K, Kk

k2
kl k2 ) kl
Simplify: Assume barrier to be wide (k,L>1)

~y

et >> et

p— é: 1+Lﬁ e(ikl"‘kz)L
F (2 4k
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Transmission probability

AA” _{1 k2 }ezu

-=|—+
FF™ |4 16k’ VU _E
| with (kzj ==
_ L _FFv,, (AN 1
AA'v,, | FF’ ) ~J2m(U -E)
=
18 §
4+ (K, I k,)? . _N2mE
=

h

v T is exponentially sensitive to width of barrier.

v T can be measured in terms of a particle flow (e.g. an
electrical current) through a tunnel barrier.

v Makes this effect a great tool for measuring barrier
thicknesses or distances for example in microscopy

applications
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Rigorous transmission probability
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Tunnel diode

Electrons pass over
the barrier.

Ec \N— type : Electrons
\ 4
Eg---------------

Holes

Ec = conduction band
Ev =valence band
Ee- Energy gap

Ordinary P-N junction diode

P-type

N-type

Ec

Electrons ftunneling
through the barrier.

Ec = Conduction band
Ev = valence band

Ev

Electrons with energy greater
than barrier potential can
pass over the barrier.
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Barrier

&~ Cannot pass over
the barrier.
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Ordinary p-n junction diodes

Electrons tunneling

through the barrier. Barrier
o
@
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Tunnel diodes
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= P-type  N-type

Ec

Ev . Ev
=AM z
—_— - [
= c E
- o 3
5 5 o
s &)
(5]
No tunnel current
Maximum tunnel current
& A small tunnel current <«
= >
0 -
Voltage (V) > Voltage (V)
Voltage (V) .
. . Maximum tunnel current
Unbiased tunnel diode

Small tunnel current

i P-type  N-type Ec P-fype N-_fype

Current (I)

Current (I)

Zero tunnel current; Tunnel current starts
Maximum forward K decreasing
current
>
Voltage (V)
>
Zero tunnel current; maximum forward current Voltage (V)

Tunnel current starts decreasing



