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1. Free particle

Consider a case where particles of mass m are moving
at a constant linear velocity along the x axis.

Potential energy:  Vv(x)=0

o . h o'y
Time-independent Schrédinger eq.:  ~5- 52 = EV
= y*(x)=N exp(i% 2mExj = N exp(+ikx) [ _ \/Z;ZnE _ F;lxj

Momentum: p, =2mE Observable: Real = E>0

Time-dependent Schrédinger eq.:

=  ¥*(x)= Nexp(£ikxF 271t) ‘\Pi(x)( (X} = N?
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Diffraction

Why does a flow of electrons shows diffraction?

xt+\P x+5t)}{ “(x, )+ P (x+5,1))

\’/\ = N? “iko )}_ 2N %{1+ cos(ks)}

ko=2nz(n=0,12,--)
d = 2nmt/k = nA : 4N? max.

d = (2n+1)(A/2) : O min.
Interference of probability distribution.

“Pi(X)( : Probability of presence spreads out infinitely.
> More localized picture?

Y =Cyy +Copy +---+Chiy, +"':Zci‘//i
i
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2. More localized picture
Consider a case of superposition, k(=p,/R) ky-Ak < k < ky+Ak

Ko +Ak

Pk, t)= j c(k Jexpli{kx — o(k)t}k w(K) = mﬁﬁfj k
o=k c(k, ): const :

N \P(k,t):Zc(ko)Sln( (32?38 th ]exp[i{kox—a)ot—(da)/dk)okot}]

~ 10

sin2[xak] f\ 1

x| - wik, O):Zc(kO)Sin[;(Ak]exp[ikox]

sin?[xAk
| 4elko )f*(ak ) = [¥(k, 0) =4fclk, )}" x[z |
M=o TE e hak
f Ak Ak Ak X

—~ I\ / —

VIR T = AX-AP, =h

x/ (7 | AK)
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3. Infinite square well (Particle in a box)

Infinite square well potential o | A
|0 1 0<x<L
|0 otherwise v(x)
w(x) w(x)
Time-independent Schraédinger eq. > L >
2
—%Z E+V (X =Ey
" Probability?
Outside region?  w(x)=0 if x<0,x>L Energy?
Momentum?
ho0%w
i ion?  ————=E
Inside region: o o~ BV
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Solution to the Schrédinger eq.

0%y 2mE
oYV _g — - _K? -
2m Ox° v Ox? vV 7

Harmonic oscillator
General solution:

w(x)= Asin(kx) + B cos(kx) A, B : constants

What are A, B, and k?

Boundary conditions: form of solution
w(0)=0 = B=0

w(L)=0 = w(L)=Asin(kL)=0

>

w(x)=0
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Boundary conditions: energy

w(L)=0 = y(L)= Asin(kL)=0 L =Y, +.7, 27, ¥ 37
w(x)=0  sin(-x) =—sinx
KL=, 27,37,---=nrx A absorbs sign.
JomE | _ e _Nz'n’| Discretfe set of
h 2mL* | allowed energies
. (N .
w(x)= Asm(T Xj Wave function
Normalization
Yo L2 win2 N _
J-—oow pax =1 .[0 A”sIn ( L deX—l SinzX=1—2c032(2x)

2

v,un(x):\/%sin('%Z Xj Final form of wavefunction
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Solutions and energies

Wave function: Energy:
2 2372
)= | Zsin " M
L L 2mL*
L I#rgll/\-/\/\
L Ia;:lll/\/\

Not amplitude of wave

IN
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<x> of a particle in a box

I * I 2 2 - . Nz
<x>:_[ow X X :_[Ox\w\ dx:L'([xsmz(ijdx

1-cos 2nﬂx
o L 25 (x x nr
X dx=—j — ——C0S| —— X | rdX
2 2 L

L1l2 2

L . L -
jxdx_xsm(2n7zx/L)+jsm(2n7zx/L) dx}
0

2 AnrlL AnrlL

L0

2 {xz _xsin(2nzax/L) cos(2nzx/ L)}L L

4 Anz/L 8nz/L)? | 2

In all quantum states!

Average ¢ Probability
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<p> of a particle in a box

o0 0 L
. «h d h2nmz . nax N 72X
p— N = —_—— = — 99
(p) _'[OW P ydx _'[OW (i dxjwdx T z[sm oS dx=0 ??

. 1 .,
jsmaxcosaxdx=—sm aX
20

A particle in a box should have eigenvalues:

P, =+.2mE_ =i? ?2?

A particle is moving back and forth:

1({nzh nah
Pae == o =0
2\ L L

- Order estimate
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4. Finite square well potential

Hamiltonian:
. nod? o
H =gtV () A V(x) = V(-x)
< = L . X
w(x) >0 QXI —>00) v (X) w(x) >0 (]x|—>oo)
E
SyrrA\me’rryi v, [05Es,
H(x) =H(—X)
S P =p(x) ‘i'j—‘/’ -0
X x=0
y(=x)=-w(x) w(0)=0
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General solutions

A h 821//
Hy =E —— S iV(xw =E
v=By = -—S-—7+ (X =Ey
X < -L -L<x<L X <L
E<V:V=0 E>V E<V:V=0
0%y E<O 0%y ) 0%y
%X v O%X v X v
_ 2m _
- sz‘ = (E v, 0 (- J-2mE

w(x)= Ae™™ + Be"

X > -0
w(x)=Be"

w(x)= Csin(x) + D cos(¢x)

w(x)=Fe™ +Ge"

X > +oo
w(x)=Fe™
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Even solution boundary conditions

X < -L -L<x<L x <L
E<V.V=0 E>V E<V.V=0
w(x)=Be" w(x)=Csin(¢x) + D cos(¢x) w(x)=Fe™
C=0,B=F

Y continuous: Fe™ =Dcos(/L)

O,V continuous: —kFe™ =—/Dsin(/L)

+= —k =—¢tan(/L) K =

The eigen values of energy are om
determined by this equation. /=y(E+V)-7
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Check your understandings: Odd solutions

v Write forms of ¥Y(x) in the three domains for odd ¥(x).
v Write a boundary condition for continuity of ¥.

v Write a boundary condition for continuity of V.

v Show that you get k = -€cot(2L).

Summary of solutions

% = tan(/L) —5 = cot(/L)
Be" (x<-L) [ Be™ (x<-L)
y(x)=¢Dcos(fx)  (-L<x<L) w(x)=4Csin(/x)  (-L<x<L)
. Be™® (—L<x) . —Be™ (—L < x)
Define e
§:€L:\/2m(E+VO)L n:kL: _2mE|_ 5,7720

h h
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Energy quantized
Cannot be solved analytically.> See graphically.
By eliminating E, How energy is quantized !

,  2mV,L°
==

& +1 depends on the potential depth Vi,

From the boundary conditions,

Even |7=<¢tan(é)]  Odd |7 =—¢&cot(é)
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# of solutions depends on VL2

Even: E=nr = n=0; §:(n+%j7z = =

Odd: ¢&é=(n+l)r = 75=0 5:(n+gj7z = =

n’z°h? ,  (n+1)7%n°

# of solutions = n+l
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Another way

Even function: §= tan(lL) k2 = ‘ZhTE /= il—T(E +V,)
Odd function: —% = cot(/L)
Substituting z=/L 2% = 2;;'}2 (E+V,)
k [-2mE/n? 7 ,  2mL%V,
T
2 2

Even: [tan(z)=,/%-1] Odd: |-cot(z)=,/-%-1
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tan(z)
— cot(z)
K17

3

Another graphical solutions

tan(z) .
K/ 2 = 2 Yo
— cot(z) 7
Xy I

n=2 I
|
|
|

n=3

|

|

|

|

|

| |

: n=4

| n=>5

: n==6

|
/rfz /: ﬁiz’j V2ﬂ: /smfz %31: ; ; L
| ~ 40 L=1,

Deeper potential
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Limiting cases

Wide deep well: Large z, cf. Infinite sqaure well
Width: 2L
=" (n=12,3 ) = E+V0=h2”2”2 V(X)=0 _| A ]
2 o 4.om2 - > x
E+V,

Shallow narrow well:

will always have one even bound state.
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Wave functions
Even functions:

AR — ppk(L+x-L) _ pg—kg-k(x-L)
At x=L: Ae™ = Dcos(/L)

[ Deos(eL) (x<L)
= D cos(/L)Ae™ ™) (x> L)

Normalization:
1= 2“ D? cos?(¢x)dx +J D? cosz(éL)ezk(“)dx}
0 a

1
:DZ[LJFisin 2€a+£cosz(€L)} 1:D2(L+Ej
2/( K

sin 2/L = 2sin /L cos /L = 2sin ELésin /L = %sin2 /L
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Odd functions:

(Csin(¢x) (x<L)
v(X)= ﬁCsin(fL)Ae‘qu"L) (x> L)
. o=
Normalization: B 1 _ I
L+k

v Outside the potential well,
classical physics forbids the 1
presence of the particle

v Quantum mechanics shows
the wave function decays
exponentially to approach
zero.
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Graphical Results for Probability Density,
lw (x)12

« The probability densities
for the lowest three
states are shown

 The functions are smooth
at the boundaries

 Qutside the box, the
probability to find the
particle decreases
exponentially, but it is not
zero!

ly|2

e~
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5. Harmonic oscillator

v Oscillators under restoring force -kx
potential energy 3kx?2
v Vibrations of molecules and lattice vibrations can be
regarded as harmonic oscillators.

i @2,)” 1 Mo 2E
-m X E o=—), =—, f = \/EX
Tomax 2 VIRV Z hao
See supplemental #1. Asymptotic solution: & — large
WO sy = sy
d& de&*
2 2
w(&)=Nf (5)exp(— "Zj = w(£)=N exp(— ij
See supplemental #2. Remove asymptotic solution:
d”f —+(/1 1)f =0
d¢*® dg peteon | Hermite differential eq.
—1=2n
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L 821//(X) 1

Supplemental #1

2,2
+—Mao X wiX)=Ewy(X X=,—
o w(x)=Ey(x) -
. 82!//[ mhwa . ,
2 2
— +—Mw” — X)=Ew(Xx
T oMo’ —— &2y (x)= By (x)
P afoyas)  n [mwd’yos K medly
2m ox | & oOx 2mV 7 9E% OX  2m h B&?
E00TY Lot ey ()= Epl
2m h 9Er 2 mo® " v
52'7” ) _2E
OV _(£2_ L=
= -l o
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Supplemental #2

= Py _ (52 —/1)// w (&)= Nf (f)exp[— %J

de?  de? d&
_[d%f df L (o ~22 /2
(dg LN 1)j
2
= u—2§£+(/1—1)f=0
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Solution by power series
d’1 —2§i+(/1—1)f =0
dé:z dg . o0
f(&)=co+e+e,e+=d e f(§)=) teg™
/=0 /=0
f"(&)=1-2c,+2-3¢,E +3-4C,E% +---+ (£ +1) 0+ 2)c, ,&" +---

= i (+1)0+2)c,,,&

=0
= Z {(¢+1)¢+2),,,—2c, +(A-1), &' =0
(=
This equation holds for any §
= (¢+1)¢+2),,=(2¢-1+1)kc, Recurrence relation
(20— /1+1)
= Crio =

(€+1 (+2

K\A/ ~ Infinitely??

f(‘f):Co +C1§+C2§2+03§3+c4§4+...
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Termination of power series

If the power series does not terminate,

the infinite expansion of the terms may occur..

- Inconsistency of the prerequisite that
the wave functions are normalizable.

To avoid infinite expansion of the terms,

-~ Terminate the highest power.

A=20+1 —

E = (n + %)ha) Energy

N

f(é):Co+C1§+Cz<§2+03§3+C4§4+”'

Y

{—=>n  Quantized.

Either evens
or odds.

Not both.
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The first few

f(‘f):CO +C1§+C2§2+C3§3+c4§4+...
Co #0,n=0,¢,=0

fy =Co wol£)= Coe_§2/2

-2(2-0
f =Co +Cq g-l )52 =C0(1—2§2)
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Hermite polynomials

Wave functions:

N5 e

H,(&): Hermite polynomial H,(£)=1
H1(§)=2§
JH (©)expl-&7 g =2"nvn (n=m) () g2,
H(£)=85°-12¢
jH £)exp(—£2)d&E =0 (n=m) . (£) =166 — 482° +12
f Ny oy =
__[JW(X) dx d= 722 nivn =1

_\/;_OO i
1
2
— N, = 1 /ﬁ
2"n'\ 7
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Harmonic oscillators

1

()= [21 Al W}Z H“(\/?X]EXD(_;?XZ)

lr ol
P




