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Hamiltonian

Hamiltonian (Operator)
Total energy of a single particle in motion
under a potential energy V(x,y, z)
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Schradinger eq.
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Eigen value and Eigen function

A(x)f(x)=af(x)  Eigen value equation
a: Eigen value (Constant)
f(x): Eigen vector

I't's a special vector that does not change direction at all
even if it is transformed with an operator.

ﬁw:Ew

The eigenvalue of operators corresponds to measured values

when observing quantum systems.
Why?
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Eigen value and expectation value

When y is an eigen function of A, the expected value
<A> of the physical quantity A calculated from y is
equal to the eigenvalue a.
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Wave function can be regarded as vector

If you choose a basis set appropriately, you can express
a function in the vector form.
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Relationship between wave functions
and vectors

@)= [ lx-a (xk

It is exactly the dot product of a function. In other words, this
expression can be expressed as follows.

w(a)=(s(x-a)y)

Meaning that a particle is definitely found
at the coordinates x = a.

A vector representing "a state where a particle is definitely present
at the coordinates x" is defined as | x).

w (%)= (Xw)

The wave function is composed of coefficients when expressing the
original state of this particle only by the combination of basis vectors
having the value of "position where the particle exists".
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What is a wave function

If you do unitary transformation, you should be able to
evaluate the same state from another viewpoint, and the
expression by wave functions is only one view of the state.
Therefore, this wave function sometimes is called the
"coordinate display" of the state.

In addition, it is possible to take a viewpoint such as

"momentum display" expressed in terms of the value
criterion of how much momentum to have, "particle number
display" to extract particle properties from the state
vector, and the like.




|Co

"Modern Physics”, M. Oh-e

The physical quantity is represented
by a matrix

Momentum vector: (1) 0) 0)
0 1 0
‘p0>: O : ‘p1>: O : ‘p2>: 1 R

1) \: \:
(
Po 0 0 \ 1\ (1 Momentum Pos P Poy--
O p, 0 --|]0 0

:po R

0 0 p, |0 0 Ap0>:po‘po>
TR RS ) B

Unitary transformation: all vectors rotate in the same way while maintaining
the positional relationship of all vectors in the complex vector space.

po>:pou‘po> — UAU_lU‘po>=poU‘po>
py) H=UAU™
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Hermitian

H = VAU =(VA-U] = (U UA] =] AUt =UAU = H

Unitary transformation: Ut =U" A: Real diagonal matrix
(lHIv) = [# B0 b
dHv)=1¢ (X Hw(x)dx L.
) = Zg W= & & )
($H]w)" = (w|H]g) L

(Z¢rHiij] Z¢| IJl’”J Z¢| JIWJ ZW; jl¢l ZWl IJ¢J
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Properties of eigen function and eigen values

(i) Eigen values for Hermitian operators are real.

Al//zal// It// Al//dVZajW*l//dV

*

d From the left side

= J A 1//dV: a*jv,m,u*dv

"N x *

Iw Al//dV I Aw)*de:JwA v dv = IwAw dv
Hermitian

= 0= (a— a*)j‘/f*WdV

*

= a=a Real
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Properties of eigen function and eigen values

(ii) Eigen functions of any Hermitian operator with
different eigen values are orthogonal function.

Ay =aiyy = W;A%dvzal_[%”;% av
Y 2From the left side

Ay, =y, = JWIAW2dV = aszIWde
Y1From the left side

= J(Awl )*l/lde = afjwfwzdv = azjwfwzdv
/ Vi (Athg)dr = / VoAt )*dr = ( / (1 (A%’-"f’l)d’?')*

= (al—az)fwf%dV=0 = [wi,tv=0



"Modern Physics”, M. Oh-e 12

(iii) Eigen functions of an Hermitian operator form
an orthonormal complete system.

V=i Coy ot Cody +o= ) Gk Ad=aid

j¢:WdV= Clj‘¢;¢ldv+czj¢:¢2dv+...+cnj¢:¢n L.
Ch :I¢;WdV
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(iv) Commutable Hermitian operators have common
eigen functions.

VoY

AB = BA Ay, =a,wv, No degeneracy

= ABy2)-8BlAv)-Bawd -a,(Byd)

No degeneracy
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= By, =byy,
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What does it mean that operators are
Hermitian?

In quantum mechanics, it is difficult to grasp intuitively
that the wave function is a complex number or the
coefficient of the operator is a complex number. But be
relieved. Even though the wave function may be a
complex number, when you actually measure the
position, momentum or spin of a particle, the needle
of the detector always points to a real number. The
complex coordinates of the photosensitive plate do not
shine, and it is impossible for a complex current to flow
in the galvanometer. The physical phenomena you
actually see always come in real form.

"The measured value is a real number.”



"Modern Physics", M. Oh-e 15

Definite state and probability state for two
physical quantities

Quantum state: Probabilistic superposition of eigenstates
of physical quantity operators

Physical quantity A A\ 4)=ai|é)

> ,\W,>

4) :‘l//j> = Definite state: No uncertainty

Physical quantity B

‘¢i>zzcj‘wj> — Probabilistic state: Uncertainty

A B] AB - BA
A and B have no common eigen states.

[A, é];t 0 = ,
A and B cannot be observed simultaneously.
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[A, é];e 0 = A and B have no common eigen states.
Assuming
[A, é];a 0 A, B: have a common eigen states |¢).

Vo

Ag)=al¢), B

#)=D|9)

A AN

BA|¢) = aB|¢) = ab|¢),  AB|¢)=bA¢)=balg)

AN FaNVAN N Vo

— BAW)=ABlp) = |AB|p=0 = [AB]-0

Let's reconsider the uncertainty principlel!



