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Final Exam 
June 19, 2008 


Instructor: Chin-Liang Wang 


1. Determine the bilateral Laplace transform and region of convergence (ROC) or 


the inverse Laplace transform for the following signals: 


(a) ( ) cos(3 ) ( ) ( ).tx t t u t e u−= − ∗ t  (5%) 


(b) ( ) 2( ( )).t tdx t e e u t
dt


−= −  (5%) 


(c) ( )
2


2


1
( 1)


s sX s
s
− +


=
+


 with ROC (5%) Re{ } 1.s > −


 


2. Consider an LTI system  with Laplace transform ( )h t
2


3 2


2( )
3 6


s sH s
s s s


+ −
=


+ − −8
. 


(a) Plot the poles and zeros of ( )H s , and indicate all possible ROCs. (4%) 


(b) For each ROC identified in part (a), specify whether the associated system is 


stable and/or causal. (4%) 


(c) Determine  for each ROC identified in part (a). (6%) ( )h t
 


3. We are given the following five facts about a real signal ( )x t  with Laplace 


transform ( )X s : 


(a) ( )X s  has exactly two poles. 


(b) ( )X s  has no zeros in the finite s-plane. 


(c) ( )X s  has a pole at . 1s j= − −


(d)  is not absolutely integrable. (i.e., the ROC of the corresponding 


Laplace transform does not include the jw-axis.) 


2 ( )te x t


(e) . (0) 8X =


Determine ( )X s  and specify its region of convergence. (8%) 


 
Consider the transfer function ( )B s  Butterworth filter of order 2 and assum4.  of a e


4


1(B s)B( )
1 ( )


s s
j


− =
+ . 


(a) Plot the poles and zeros of B(s)B(-s). (5%) 


(b) Determine the transfer function B(s). (5%) 
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5. Consider a continuous-time LTI system for which the input x(t) and output y(t) are 


related by the linear constant-coefficient differential equation 
2 2


2 2( ) 6 ( ) 5 ( ) ( ) 2 ( ) ( )d d d dy t y t y t x t x t x t
dt dt dt dt


+ + = − + . 


Let ( )X s  and  denote Laplace transforms of ( )Y s ( )x t  and , respectively, 


and let 


( )y t


( )H s  denote the Laplace transform of the system impulse response . ( )h t


(a) Determine the transfer function ( )H s  and impulse response of the system. 


(6%) 


(b) Does this system have a stable and causal inverse system? Why? (2%) 


(c) Find a differential-equation description of the inverse system. (3%) 
 


6. Determine the z-transform, including the region of convergence, and sketch the 


pole-zero diagrams for each of the following sequences. 


(a) [ ] cos( ) [ ]nx n r n u nω= . (6%) 


(b) 1
3[ ] ( ) nx n n= . (6%) 


 
7. Determine the sequence [ ]x n  with the following z-transforms. 


(a) 
1


2


11 12( ) ,  1 21
4


z
X z z


z


−


−


−
= >


+
. (5%) 


(b) 
1


1


1 1( ) ,  azX z z
z a a


−


−


−
= >


−
. (5%) 


 


8. A causal LTI system is described by the difference equation 


3
2[ ] [ 1] [ 2] [ 1y n y n y n x n ]= − + − + −  


(a) Find the system function ( )H z , plot the poles and zeros of ( )H z  and indicate 


the region of convergence. (4%) 


(b) Find the impulse response  of the system. (3%) [ ]h n


(c) Is the system stable? If not, find a stable impulse response that satisfies the 


difference equation. (4%) 
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9. A causal LTI system has the system function 


1 21 2z z
1 11


2


( )
(1 )(1 )


H z
z z− −=


+ −


− −+ +  


(a) Find the impulse response of the system, h[n]. (6%) 


(b) Find the output of this system, when the input is ( /2)[ ] j nx n e π= . (3%) 


 


10. Consider the z-transform ( )X z  whose pole-zero plot as shown in Figure 1. 


(a) Determine the region of convergence of ( )X z if it is known that the Fourier 


transform exist. For this case, determine whether the corresponding sequence 


[ ]x n  is right-sided, left-sided, or two-sided, why? (3%) 


(b) How many possible two-sided sequences have the pole-zeros plot shown in 


Figure 1? (4%) 


(c) Is it possible for the pole-zero plot in Figure 1 to be associated with a 


sequence that is both stable and causal? If so, give the appropriate region of 


convergence. (3%) 


Figure 1 
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Final Exam Solution 
June 19, 2008 


Instructor: Chin-Liang Wang 
1. 


(a) (5%) 


{ }


{ }


{ }


2


2


( )* ( ) ( ) ( )


( ) cos(3 ) ( ) ( ) ,
9


1( ) ( ) ( ) , 1
1


1cos(3 ) ( )* ( ) ( ) ( ) , 1 0
9 1


L


L


Lt


Lt


a t b t A s B s
sa t t u t A s Re s < 0


s


b t e u t B s Re s
s


st u t e u t A s B s Re s
s s


−


−


←⎯→


= − ←⎯→ = −
+


= ←⎯→ = > −
+


⎛ ⎞− ←⎯→ = − − <⎜ ⎟+ +⎝ ⎠
<


 


(b) (5%) 


{ }


2 1( ) ( ) ( )
( 2)


( ) ( ) ( ) ( )
( 2)


1( ) ( ) ( ) ( 1) , 1
( 1)


Lt


L


Lt


a t e u t A s
s


d sb t a t B s sA s
dt s


sx t e b t X s B s Re s
s


−= − ←⎯→ = −
+


= ←⎯→ = = −
+
−


= ←⎯→ = − = < −
+


 


(c) (5%) 


We may rewrite X(s) as { }2


3( ) 1 , 1
( 1)


sX s Re s
s


= − <
+


− . 


We know that  { }2


1( ) , 0Ltu t Re s
s


←⎯→ > . 


Using the shifting property, we obtain  { }2


1( ) , 1
( 1)


Lte tu t Re s
s


− ←⎯→ >
+


− . 


Using the differential property, 


{ }2[ ( )] ( ) ( ) ,
( 1)


Lt t td se tu t e u t te u t Re s
dt s


− − −= − ←⎯→ >
+


1− . 


Therefore, ( ) ( ) 3 ( ) 3 ( )t tx t t e u t te u tδ − −= − − . 
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2 


(a) (4%) 
2


3 2


2 ( 1)( 2)( )
3 6 8 ( 1)( 4)( 2)


s s s sH s
s s s s s s


+ − − +
= =


+ − − + + −
. 


  So the pole‐zero pattern shown below: 


 
Thus the possible ROCs are: 


(1)  { } 4Re s < −  


(2)  { }4 1Re s− < < −  


(3)  { }1 2Re s− < <  


(4)  { }2 Re s<  


(b) (4%) 


Causal systems have ROCs that are to the right of the right‐most pole. Stable 


systems are systems whose ROCs include the jw‐axis. 


(1)  { } 4Re s < − =>Not causal, Not Stable. 


(2)  { }4 Re s− < < −1=> Not causal, Not Stable. 


(3)  { }1 Re s− < < 2=> Not causal, Stable. 


(4)  { }2 Re s< => causal, Not Stable. 


(c) (6%) 
2


3 2


2 ( 1)( 2) 2 / 9 5 / 9 2 / 9( )
3 6 8 ( 1)( 4)( 2) ( 1) ( 4) ( 2)


s s s sH s
s s s s s s s s s


+ − − +
= = = +


+ − − + + − + + −
+  


(1)  { } 4Re s < − => 4 22 5 2( ) ( ) ( )
9 9 9


t t tx t e e e u− −= − − − −t    
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(2)  { }4 1Re s− < < − => 4 25 2 2( ) ( ) ( ) ( )
9 9 9


t t tx t e u t e e u− −= + − − t−    


(3)  { }1 2Re s− < < =>  4 22 5 2( ) ( ) ( ) ( )
9 9 9


t t tx t e e u t e u− −= + − −t    


(4)  { }2 Re s< =>  4 22 5 2( ) ( ) ( )
9 9 9


t t tx t e e e u− −= + + t  


 


 


 


3. (8%) 


 From clues (a) and (b), we know that X(s) is the form ( )
( )(


AX s
s a s b


=
)+ +
. 


 From clues (c), we know that one of the poles of X(s) is ‐1‐j. Since x(t) is real, the 


poles of X(s) must occur in conjugate reciprocal pairs. Therefore, a=1‐j and b=1+j 


and 


( )
( 1 )( 1 )


AX s
s j s


=
j+ − + +
. 


 From  clue  (e), we know  that  (0) 8X = . Therefore, we may deduce  that A=16 


and   


2


16( )
2 2


X s
s s


=
+ +


. 


 Let R denote the ROC of X(s). From the pole  locations we know that there are 


two possible choices of R. R may either be  { } 1Re s > − or { } 1Re s < −


( ) (Y s X s


. We will 


now use clue (d) to pick one. Note that  2 ( ) Lte x t( ) 2)y t = ←⎯→ = − . The 


ROC  of  Y(s)  is  R  shifted  by  2  to  the  right.  Since  it  is  given  that  y(t)  is  not 


absolutely  integrable,  the  ROC  of  Y(s)  should  not  include  the  jw‐axis.  This  is 


possible only of R is { } 1Re s > − . 
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4. 


(a) (5%) 


4


1( ) ( )
1 ( / )


B s B s
s j


− =
+


 


The poles of    are the solutions of ( ) ( )B s B s− 41 ( / ) 0s j+ = . 


(2 1)
4 2
kj


ps e
π π+⎡ ⎤+⎢⎣=> =


⎥⎦   , k is an integer. 


 


(b) (5%) 


2
4 4


1 1( )
2 1( )( )


j j
B s


s ss e s e
π π


−
= =


+ ++ +
 


 


5. 


(a) (6%) 
2 2


2 2( ) 6 ( ) 5 ( ) ( ) 2 ( ) ( )d d d dy t y t y t x t x t x t
dt dt dt dt


+ + = − +  


2 2


2


2 2


5


( )[ 6 5] ( )[ 2 1]
2 1 8 4 8 4 1 9( ) 1 1 1
6 5 6 5 ( 1)( 5) ( 1) ( 5)


( ) ( ) ( 9 ) ( )t t


Y s s s X s s s
s s s sH s
s s s s s s s s


h t t e e u tδ − −


=> + + = − +


− + − − − − −
=> = = + = + = + +


+ + + + + + +


=> = + −


+
 


(b) (2%) 
No, since  ( )H s   has zeros in the RHP, this system does not have a causal and 


stable inverse. 


(c) (3%) 
2


2


1 6( )
( ) 2 1


inv s sH s
H s s s


+ +
=> = =


− +
5
 


So the inverse system: 
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2 2 2


2 2 2( ) 2 ( ) ( ) ( ) 6 ( ) 5 ( )d d d d dy t y t y t x t x t x t
dt dt dt dt dt


− + = + +  


6.   


(a) 1 1
2 2[ ] ( ) [ ] ( ) [ ]j n j nx n re u n re uω ω−= + n  


1
2


1


1
2


1


1 ( ) [ ] ,  
2 1
1 ( ) [ ] ,  
2 1


Zj n
j


Zj n
j


re u n z r
re z


re u n z r
re z


ω
ω


ω
ω


−


−
− −


←⎯→ >
−


←⎯→ >
−


 


1 1
2 2


1 1


1


1 2 2


( ) ,  
1 1


(1 cos ) ,  .
1 2 cos


j jX z z
re z re z


r z z r
r z r z


ω ω


ω
ω


− − −


−


− −


= +
− −
−


= >
− +


r>
 


 


(b) ( )
1


1 1
3 3


0


( ) ( )n z n n


n n


z z
− ∞


− − −


=−∞ =


⎯⎯→ +∑ ∑ 1
3


n n  


1
31 1


3 3 11 1
1 0 3 3


1( ) ( )
1 1


n n n n


n n


zz z
z z


∞ ∞
−


−
= =


= + = +
− −∑ ∑  


 


( )
1
31


3 11 1
3 3


1 11 81
3 3


1 2 1 2 1 2 1 21 1
3 3


1( )
1 1


(1 )(1 )3
(1 ) (1 3 ) (1 ) (1 3 )


n z zdn z
dz z z


z z zz
z z z z


−


− −−


− − −


⎯⎯→− +
− −


− + −
= − =


− − − −


1 1z− −


−


 


Re


Im


Unit circle


1/3 3
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7.    
(a)  


11
2


21
4


2 11 1
4 2


1 21
4


1 21 1
2 4


1 2 31 1
2 8


2 31 1
4 8


2 3 41 1
4 16


3 41 1
8 16


1( )
1


1 1


1 0


 


 0


           


           0


                 +


zX z
z


z z


z z


z z


z z z


z z


z z z


z z


−


−


− −


− −


− −


− − −


− −


− − −


− −


−
=


+


+ −


+ +


− −


− + −


− +


− + −


3 4 51 1
8 32                         0


 


z z z− − −+ +


1 2 3 41 1 1 1
2 4 8 161 .....z z z z− − − −− − + +


4 51 1
16 32


4 51
16


            
             


            0


z z


z z


− −


− −


−


+ + ……. 


1 1 1 1
2 4 8 16[ ] [ ] [ 1] [ 2] [ 3] [ 4]....x n n n n n nδ δ δ δ δ= − − − − + − + −  


 


Or 


1 1
2 2


1 11 1
2 2


( )
1 1


j j


j j


X z
z z


+ − +


− −= +
+ −


 


1 1 1 1[ ] ( ) [ ] ( ) [ ]
2 2 2 2


n nj jx n u n
j j


u n+ − −
= +  


(b) 
1 2


1
1 1


(1 )( )  
1
a aX z a z a


a z


−
−


− −


−
= − >


−
 


2 ( 1)[ ] [ ] (1 ) [ ]nx n a n a a u nδ − += − − −  
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8. 


(a) (b)   


1 2 13
2( )(1 ) ( )Y z z z z X z− − −− − =  


1 2 2
5 5


1 2 1 13 1
2 2


( )( )
( ) 1 (1 2 ) (1 )


Y z zH z
X z z z z z


−


− − − −


−
= = = +


− − − +
 


2 2 1
5 5 2[ ] (2) [ ] ( ) [ ]n nh n u n u n= − −  


 


(c) System is causal but not stable, if the system is stable, then 


    2 2
5 5[ ] (2) [ 1] ( ) [ ]n nh n u n u n= − − − − − 1


2  


 
9.    


(a) 
1 2


1 11
2


1 2( )
(1 )(1 )


z zH z
z z


− −


− −


+ +
=


+ −
 


81
3 3


1 11
2


2
1 1


1 1 8[ ] 2 [ ] ( ) [ ] [ ]
3 2 3


n


z z


h n n u n u nδ


− −= − + +
+ −


⇒ = − + − +


 


 


(b) We use the eigenfunction property of the input: 


/2[ ] ( ) [ ],jy n H e x nπ=  


Where   
8


/2 3
/2 /21


2


1( ) 2
1 1


j
j jH e


e e
π


π π− −= − + +
+ −


 


               
3
2 2


2
j


j−
=


+
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( /2)
3
2 2


2[ ] j n
j


jy n e π−−
=


+
 


10.    
(a) Fourier transform exist, ROC must include unit circle 


 1
3 2z< < , two‐sided. 


(b) Two possible,  1
3 2z< <   ,  2 3z< < . 


(c) The ROC must be a connection region; it is not possible to meet both 
stable and causal. 





