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EE3610 Signals and Systems Spring 2008

Final Exam
June 19, 2008

Instructor: Chin-Liang Wang
1. Determine the bilateral Laplace transform and region of convergence (ROC) or

the inverse Laplace transform for the following signals:

() x(t)=cos(3t)u(-t)*e'u(t). (5%)

(b) x(t):e‘%(emu(—t)). (5%)

s2—s+1

(s+1)?

() X(s)= with ROC Re{s}> -1.(5%)

s°+5-2
s*+3s*—6s-8
(@) Plot the poles and zeros of H(s), and indicate all possible ROCs. (4%)
(b) For each ROC identified in part (a), specify whether the associated system is

2. Consider an LTI system h(t) with Laplace transform H(s) =

stable and/or causal. (4%)
(c) Determine h(t) for each ROC identified in part (a). (6%)

3. We are given the following five facts about a real signal x(t) with Laplace
transform X (s):
(@ X(s) has exactly two poles.
(b) X(s) has no zeros in the finite s-plane.
() X(s) hasapoleat s=-1-j.
(d) e®x(t) is not absolutely integrable. (i.e., the ROC of the corresponding
Laplace transform does not include the jw-axis.)
(e) X(0)=8.
Determine X (s) and specify its region of convergence. (8%)

4. Consider the transfer function B(s) of a Butterworth filter of order 2 and assume

1
1+(%)4.

(a) Plot the poles and zeros of B(S)B(-s). (5%)

B(s)B(-s) =

(b) Determine the transfer function B(s). (5%)





EE3610 Signals and Systems Spring 2008

5. Consider a continuous-time LTI system for which the input x(t) and output y(t) are

related by the linear constant-coefficient differential equation
d? d d? d
Fral y(t)+ GE y(t)+5y(t) = prel x(t) — Za X(t) + x(t) .

Let X(s) and Y(s) denote Laplace transforms of x(t) andy(t), respectively,

and let H(s) denote the Laplace transform of the system impulse response h(t).

(a) Determine the transfer function H(s) and impulse response of the system.

(6%)
(b) Does this system have a stable and causal inverse system? Why? (2%)
(c) Find a differential-equation description of the inverse system. (3%)

6. Determine the z-transform, including the region of convergence, and sketch the
pole-zero diagrams for each of the following sequences.

(@) x[n]=r"cos(wn)u[n]. (6%)

(b) x[n]=n()". (6%)

7. Determine the sequence x[n] with the following z-transforms.

1 .
1-=z 1
@) X(2)=—2—, |z|>=. (5%)
1, 2
1+=z2
P
(b) X(2)=122 |z|>H.(5%)
Z —a a

8. Acausal LTI system is described by the difference equation

y[n]=3y[n-1]+y[n-2]+x[n-1]

(@) Find the system function H(z), plot the poles and zeros of H(z) and indicate
the region of convergence. (4%)

(b) Find the impulse response h[n] of the system. (3%)

(c) Is the system stable? If not, find a stable impulse response that satisfies the

difference equation. (4%)
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9. Acausal LTI system has the system function

142771+ 272

=G

(a) Find the impulse response of the system, h[n]. (6%)
(b) Find the output of this system, when the input is x[n]=e'*"?" . (3%)

10. Consider the z-transform X (z) whose pole-zero plot as shown in Figure 1.
(@) Determine the region of convergence of X (z)if it is known that the Fourier
transform exist. For this case, determine whether the corresponding sequence
X[n] is right-sided, left-sided, or two-sided, why? (3%)
(b) How many possible two-sided sequences have the pole-zeros plot shown in
Figure 1?7 (4%)
(c) Is it possible for the pole-zero plot in Figure 1 to be associated with a

sequence that is both stable and causal? If so, give the appropriate region of
convergence. (3%)

¥m
z-plane
KKUM( circle
-1 1 2 3 e
3

Figure 1






EE3610 Signals and Systems Spring 2008
Final Exam Solution
June 19, 2008
Instructor: Chin-Liang Wang
1.

(a) (5%)
a(t)*b(t) «——> A(s)B(s)

a(t) = cos(3t)u(—t) «—— A(s) = — , Re{s}<0

s?+9

b(t) = e 'u(t) < B(s) = $ Re{s) > -1

cos(3t)u(=t)*e 'u(t) «—— A(s)B(s) = - > (L] —1<Re{s}<0

s+9(s+1
(b) (5%)
a(t) = e 2U(—t) s A(s) = ———
(s+2)
d S
b(t) = —a(t) «——> B(s) = sA(s) = —
(t) pm () «——B(s) (s) (5+2)
X(t) = e'b(t) <> X (s) = B(s 1) = ——>  Refs}<-1
(s+1)
(c) (5%)
We may rewrite X(s) as X (S) :1_(si—sl)z ,Re{s} <-1.
We know that '[u(t)<;>i2 ,Re{s}>0.
S
. . R L 1
Using the shifting property, we obtain € tU(t)(—>W ,Re{s}>-1.
S+

Using the differential property,

d -t _ At _ta-t L S _
a[e tu(t)] =e'u(t) —te u(t)<—>—(s+1)2 ,Re{s}>-1.

Therefore, x(t) = 5(t) —3e~'u(t) — 3te 'u(t) .
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2
(a) (4%)

s°+s5-2  (5-D(s+2)
$?+3s2-65-8  (s+1)(s+4)(s-2)°

So the pole-zero pattern shown below:

H(s) =

Cxe
~8Tn

—4 -2 -1 1 2 Re

Thus the possible ROCs are:

(1) Re{sj<—4
(2) -4<Re{s}<-1
(3) -1<Re{s}<2

(4) 2<Re{s}

(b) (4%)
Causal systems have ROCs that are to the right of the right-most pole. Stable

systems are systems whose ROCs include the jw-axis.

(1) Re{s}<—4=>Not causal, Not Stable.
(2) —4<Re{s}<-1=>Not causal, Not Stable.
(3) —1<Re{s}<2=>Not causal, Stable.

(4) 2<Re{s}=>causal, Not Stable.

(c) (6%)
s245-2 __ (=142 _2/9 519 219
$?+3s2-65-8  (s+1)(s+4)(s-2) (s+1) (s+4) (s-2)
S5 4

(1) Re{s}<-4=> x(t):(—éet—ge —%e”)u(—t)

H(s) =
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(2) —4<Re{s}<—-1=> x(t) :ge‘“u(t) +(—§et —%e”)u(—t)

(3) —1<Re{s}<2=> x(t):(get+ge‘“)u(t)—§e2‘u(—t)

(4) 2<Re{s}=> x(t)=(§e‘+ge‘“+§e2t)u(t)

3. (8%)
A
(s+a)(s+b)’

From clues (c), we know that one of the poles of X(s) is -1-j. Since x(t) is real, the

From clues (a) and (b), we know that X(s) is the form X (s) =

poles of X(s) must occur in conjugate reciprocal pairs. Therefore, a=1-j and b=1+]
and
X(s) = .A -
(s+1-j)(s+1+))
From clue (e), we know that X(0)=8. Therefore, we may deduce that A=16

and

16

X(S)=——.
(s) S +25+2

Let R denote the ROC of X(s). From the pole locations we know that there are

two possible choices of R. R may either be Re{s}>-lorRe{s}<-1. We will

now use clue (d) to pick one. Note that y(t) =e*x(t)«—=—>Y(s) = X(s—2). The

ROC of Y(s) is R shifted by 2 to the right. Since it is given that y(t) is not
absolutely integrable, the ROC of Y(s) should not include the jw-axis. This is

possible only of RisRe{s} >-1.
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4.

(a) (5%)

B(S)B(-s) =~
T 1+(s/ )

The poles of B(S)B(-s) are the solutions of 1+(s/j)*=0.

.[7[(2k+l)+£}
=>s =e- * 2/ kisaninteger.
Im
A
N=2
! ! \4
L : ér'*‘Re
Y ;1
(b) (5%)
1 1
B(s) = — ——=
(s+e4)(s+e ) ' +V2s+1
5.
(a) (6%)
d? d d? d
— Y({)+6—y(t)+5y(t) =—x(t) —2— x(t) + x(t
dth() dty() y(t) pre (t) ™ (1) +x(t)

=>Y (s)[s* +65+5]= X (s)[s* =25 +1]
2 —_ J— J— — —
s°—2s+1 1 8s—4 1 8s—4

1

Spring 2008

-9

=>H(s) =
=>h(t) =5(t)+ (e =9 )u(t)

(b) (2%)

5 =1+ =1+ =1+ +
S°+65+5 S°+6s+5 (s+1)(s+5) (s+1) (s+5)

No, since H(S) has zeros in the RHP, this system does not have a causal and

stable inverse.
(c) (3%)
1  s°+65+5
H(s) s?-2s+1

So the inverse system:

=>H"™(s)=
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d? d? d? d
Fral —y()- 2—y(t)+ y(t)— e =— pre x(t)+6—x(t)+5x(t)
6.

(a) x[n]=3(re’”)"uln]+%(re”*)"u[n]

1

1 .
=(re!)"u[n]«~t> 2 Clzl >
2( )"uln] T reing 7]
1(re’j‘”)”u[n]< Z : |z|>r
2 1-reloz’

1 1
X(z)= = 2 |z|>r

jo 71+ —-jo,-1"
1-re’”z 1-re 'z
(1-rcoswz™)

1-2rcoswz t+r%z

7>

i/
27

b) (33 @+ Y @)z

= = 1z 1
=>Y@)""+Y B)z"="L—+
nZ:J;(S) HZ:(;(?:) l—%z 1_%2—1
no, d, 6 1z 1
n(t —
(%) dz (1—%2 1—%2‘1)
_ 177 3zt =i+ h)A-z7Y)

@37y @) e ye-sy
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1=

7.
(a)
_151
X(z):l 2272
1+1z
1_2
1+%z‘2>1—%z‘l
1+0z7 +
_%Z’l —
1zt +

152 1 5-3
-427°+351

1 52 -3 1 54
—+72°+027 -5z

X[n]=o[n]-3d[n-1]-16[n-2]++5[n-3]+&5[n—4]....

Or

j+l

-3 -4, 1 -5
2°+027" +552

14 _ 155
i6 £ % L

1 54 -5
52 +027°+

X(z):1 2+

1
+572

ETS PSS J g
== G utn+ =2 ot
(b) X(z)=—a%

x[n] = —ad[n]-(1-a*)a "u[n]
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8.
(a) (b)
Y(2)1-2727'-27%)=2"X(2)
H(z) = ‘) = Z__ll 2= : T _%—1
X(z) 1-3z77-z2 (1-2z7) (@+%z7)

h[n]=£(2)"uln]-£(-%)"uln]

A
Sm

A
JPA

Unit circle
(c) System is causal but not stable, if the system is stable, then

h[n] =~ 2(2)"u[-n~1— 2 (~4)"uln]

1+2z7+ 27
@ &= e

w]|oo

=2+ ‘1+1—z‘1

N |w-

1+1iz

1, 1, 8
= h[n] = —25[n]+§(—5) u[n]+§u[n]

(b) We use the eigenfunction property of the input
y[n]=H(e""*)x[n],
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yin] = 2L e
2t32

10.

(a) Fourier transform exist, ROC must include unit circle

= |%| <|z| <|2 , two-sided.

(b) Two possible,

7

2|<|z|<|3|.

1<|7<|2

(c) The ROC must be a connection region; it is not possible to meet both
stable and causal.





