EE3610 Signals and Systems 2016-Fall
Chapter 4 The Continuous-Time Fourier Transform

4-1 The Fourier Transform of Aperiodic Continuous-Time Signals

1. Development of the Fourier Transform
e Periodic signals — Fourier series
e Aperiodic signals — Fourier transform

Consider a periodic square wave shown in Fig. 4.1.

x(r)

-T -T,/2-% |0 T T,/2 T

o o

Figure 4.1 A periodic square wave.

The corresponding Fourier series representation can be expressed as follows:

x(0)=>" a- @, =27/T,

k=—c0

2sin(kayT
a, :(—01) (4.1)
kayT;
2sin(kay T i i
" = ( b 1):2sma)ﬂ| :zn'smaﬂ] :271-sinc(w—];j
ka)o @ w=kay 0)]; w=kay, 4 w=kay,

=> The function (2 sin(@T,) / a)) represents the envelope of 7ya,,1.e., Tya, isa

sampled value of (2sin(aT;)/w), as shown in Fig. 4.2.

"+ The sampling interval is @,
=T T= @, = sampling spacing V= Fourier series coefficients approach the

envelope function
T, > o= x(t) is a rectangular pulse (aperiodic)

Note:
@ We can think of an aperiodic signal as the limit of a periodic signal as the period
becomes arbitrarily large.

@ Consider a general aperiodic signal x(t) that is of finite duration. From this
aperiodic signal, we can construct a periodic signal (¢) for which x(¢) is of
one period, as shown in Fig. 4.3.
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—4a,
\l\u/ (b)

Ty,

Figure 4.2 The Fourier coefficients and their envelope of the periodic square wave in Fig.
4.1 for several values of Ty (with T fixed): (a) 7o = 4Ti; (b) To = 8T1; (¢) Top = 16T.

o

-Ty -T; (b) T, Ty t

Figure 4.3 (a) An aperiodic signal x(¢); (b) a periodic signalfc(t), constructed to be equal

to x(¢) over one period.
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AST, > o, 5(1) = x(t)

The Fourier series representation of X(¢) is

)‘E(l‘) — z:=7w akejka)ot

a, :TL jzlo)?(t)'efjk“’(”dt 4.2)
0 2
= LIZ; x(t) e M dr = LJ. x(t) ey,
I, ' 0" "

Defining the envelope of Tya, as X (jw), we have

La, =X (jo),,, =[ x(t)-e™a » (4.3)
%:%XU@WW (4.4)
:i@zzzw%XUMwﬂW 4.5)
SR S 4o
= x(1)= iZf__wX( jka,) e w, (4.7)

As T, > o, %(¢) = x(t), and the above equation becomes a representation of x(z).
AsT, > o, o, >0, Z—>I ,and @, = d®. Accordingly, we have

*()=-

-
X (jo)=|" x(t)e ™ dt (4.9)

X(jo)e'"dw (4.8)

This is called the Fourier transform pair. X ( ja)) is the Fourier transform or Fourier
integral of x(¢), and x(¢) is the inverse Fourier transform of X (jw). (4.8) is

referred to as a synthesis equation, and (4.9) is referred to as an analysis equation.

. Convergence of the continuous-time Fourier transform
(H) If x(t) is square-integrable, i.e., if
[T (e)f de < o0
then the Fourier transform X ( ja)) converges in the sense that the total error

energy E of the difference of x(7) and %(¢) synthesized by (4.8) is zero.
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(2) The following three Dirichlet conditions ensure that the Fourier transform of x(t)
converges in the sense of E=0, where %(¢) is equal to x(¢) for any ¢ except ata

discontinuous point for which it is equal to the average value of the discontinuity.
o x(t) isabsolutely integrable, i.c., I+w‘x(t)‘ dt <.
. x(t) has a finite number of maxima and minima within any finite interval.

. x(t) has a finite number of finite discontinuities within any finite interval.

3. Examples of the continuous-time Fourier transform

Example 4.1: The Fourier transform of a rectangular pulse

x(f):{(l)’ |t|<Tl

f|>T,
Lo in @1, in T, . T
x(jo)=[" e =250 _ o1 MU y7gine ("’—J (4.10)
T @ ol V4
x(1)
1
—
- 10 T
[
Example 4.2: The inverse Fourier transform of a rectangular pulse
1 el <W
X(jo)=
(je) {0 o] >
1 A inWt W sinWt .
x(t)=— " g SV _ WSl W (W (4.11)
27 W r T Wt T
X (jo) x(1)
Win
1
—
@ N/ A
-w 10w w w
Note: Broader in the time domain — narrower in the frequency domain
Narrower in the time domain — narrower in the frequency domain [ ]
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4-2 Periodic Signals and the Continuous-Time Fourier Transform

1. Fourier series coefficients as samples of the Fourier transform of one period

Consider a periodic signal fc(t) with fundamental period 7; and the following

Fourier series representation:

)~C(l‘) — Zf}w akejkazot . a, :i )E(t)_e—jkcuotdt.

T, o7
Let x(¢) be an aperiodic signal formed by one period of X(¢) as follows:
T T
x(t -2<r<2
x(f) = x( R T
, otherwise.
Then the Fourier transform of x( )
]a) = J. e’ dt
1 70 =~ — jkayt
=— t Tre
=a, T j-]; x(1)-e

1 . 1 ¢o o
:?OX(]ka)O):FOI_mx(t).e jk Otdt
General statement:

Let x(1)= (1) . s<t<s+T,
o , otherwise.

Then the Fourier series coefficients of fc(t) are given by

1 :
a, =FX(kao)

0

where X (jw) is the Fourier transform of x(1).

Example 4.3: Fourier transforms of different intervals for a periodic signal.

*(1)

1

- |0 h T2 T

(4]

-1 0 T
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= X, (jo) = Fourier series coefficients of % (¢)

sampling period=w, =27/T;,

X, (]a)) _ 2sir;)a)T1

= X,(jo = Fourier series coefficients of X ()

sampling period=w,=27/T,

X,(jo)= J.OT1 edr+ (" et

-1

_2 sin (a)_];j [e‘j“’Tl/z e o) }
2

@
X, (jo)=X,(jo), but X, (jka,)=X,(jko,)=2sin(ka,T;)/ ke,. --- Only some
sample points are the same.

Note: The Fourier coefficients of a periodic signal can be obtained from samples of
the Fourier transform of an aperiodic signal that equals the original periodic signal

over any arbitrary interval of length 7; and that is zero outside this interval. ]

2. The Fourier transform for periodic signals
Consider a signal x(¢) with Fourier transform X (jo)=276(w—a,).

= x(1)= i iZﬂé(w—wO)ej"”da) = e/

If X(ja)) = Z:HO 27rak5(a)—ka)0) , then x(t) = Z:HO akejkwot _

This is corresponding to the Fourier series representation of a periodic signal.

Note: If impulses are allowed in the continuous-time Fourier transform, we can define

the following Fourier transform pairs:

¢« T 52715 (0-w,) (4.12)
" =1<T5275 () (4.13)
x(t)= Zr}w ae’ ™ X (jo)= Zf}w 2ra,6 (0 —ka,) (4.14)

Periodic signal — Fourier series representation

— Fourier transform
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Example 4.4: The Fourier transform of a sinusoidal signal.

. b,
x(t) =sinayt =2—]_(e~"’°’ e A/wot)

¥ (o) =5 [255(0-0,) <2750+

:%5(w—a)0)—§5(w+a)o)

o
x(t) =cosayt :E(eﬂ”o’ te onr)

=X (jo)=76(0-,)+75(0+a,)

X (jo)
T T
1]
—o, o _
Example 4.5: The Fourier transform of a periodic impulse-train signal
x(t) = Z::_wé'(t —kT) = Z::_m akejkwot’ o, = 277Z
(4.15)
__.[2 5 —/kwotdt
o 1y
x(t) = Zk:% T b
- 1 2 2k (4.16)
. 0 7z' 0 7Z_
X(jo) :Zk:%?2ﬁ5(w—kwo) :721{_%5(@_?)

Note: Impulse train in the time domain <—Z— Impulse train in the frequency domain.m
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4-3 Properties of the Continuous-Time Fourier Transform

x(1) =i " X (jo)e " do
X(jo)= f x(t)e”™dt
Notations:

x(t)«Z X (jo)
X (jo)=F {x()}
x(1)=F " {X (jo))

1. Linearity
x (1) «"T> X, (jo)

X (1) «I> X, (jo)

= ax, (1) +bx, (1) «T>aX, (jo)+bX, (jo)

2. Symmetry Properties

If x(t) is a real-valued function, then

X(—jo)=X"(jo) * : complex conjugate
Proof:
X (jo)= [ [ x(t)e‘-"””dt}* =[x (1) di
- I_DO x(1)e’”dt = X (—jo)
Note:

o X(ja)) =Re{X(ja))}+jIm{X(ja))}
If x(¢) isreal, then

Re{X(ja))} = Re{X(—ja))} ------ even function
Im{X(ja))} = —Im{X(—ja))} ------ odd function

4-8
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@ X(jo)=|X(jo)e ) s polar form
If x(¢) isreal, then
‘X(ja))‘ = ‘X(—ja))‘ ------ even function

‘ (4.20)
H(ja)) = —9(—]'60) ------ odd function

@ If x(t) is both real and even, then X ( ja)) is also both real and even.

(4.21)

@ If x(¢) is both real and odd, then X (jw) is both pure imaginary and odd.

@ Areal function x(¢) can always be expressed as

x(1)=x,(t)+x, (1) (4.22)

even part  odd part

F{x(1)} =F {x, (1)} +F {x, (1)} (4.23)

Re{X(jm)} Jjim{X(jo)}

3. Time Shifting

x(t)« T X (jo)

x(t—1,))«T>e’™ X (jo) (4.24)
Proof:
F {x(t—1,)} = [ x(t-1,)e ™ at
= [ x(e)e ™o
e[ x(0)e ™ do
-~ X (jo)

Time shifting only introduces a phase shift but leaves the magnitude unchanged.
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4. Differentiation and Integration

x(t) <L>X(ja))
) = jox (jo) 425)
x(t)#u(t) = j_’wx(r)dréjiwx( jo)+ 72X (j0)5(w) (4.26)

X (0): reflects the dc or average value resulting from the integration.

x(1) = i [" X (jo)e™dw

—00

dx(t) _ 1 *® . . Jjot
P J-_ooja)X(]a))e dw

Example 4.6: Determine the Fourier transform of the unit step function u(¢).

u(t) A
1

0 t

\j

A
Even{u(t)} =1/2

12

\j

Y oddtuey = ur ~1/2
12

\

-172
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39’{—}27%(0))

Note:

x()« T X (jo)
ez L2
x(at) |a|X( y ) (4.27)
Proof:

g'{x(at)} = J:x(at) Tdt (r=ar)

[ x(e)e e (a<0)

i éjix(z’)e_j(w/ Fdr (a>0)

6. Duality

g(t)<L>G(ja)) = f(a)) S (u)= J‘ig(v)e’jwdv (4.28)
£ (1)< ZF(jo)=21g (o) e()=—[" flu)edu  (429)
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Proof:

F(]a)) = J._if(t)e—jwfdt =2 [ij-:f(t)ej(—w)tdt}
From (4.29), we have i]:of(t)ej(w)tdt _ g(—a))

L F(jo)=2rg(-0) = f(1)«T>27g(-0)

Example 4.7: Compare the relationship between a rectangular pulse and a sinc

function with the duality property.

rectangular in the time domain — sinc in the frequency domain

sinc in the time domain — rectangular in the frequency domain

S04y WEh o o2 )

0, |t| >T1 T
w . (Wt ) 1, o<W
xz(t):;smc(7j «Z5 X, (]w)z{o ||a)||>W

Letting W = T), we can see that the rectangular pulse and the sinc

function satisfy the duality property. ]

Example 4.8: Calculate the Fourier transform of x(¢) given below using the duality

property.
x(1)= t22+1
Let f(”):u22+1
g(1) T f(0) =
g(t)=e" < f(0)= wa

el

x(t) = f(t)<i>27zg(—a)) =2re

g-'{x(t)} =27e [
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Note: Other Duality Properties

dX (jo)

@ —ju(r)e T2 X (jo)= [ x(t)e ™t (4.30)
de(;)@ joX (jo) dX;aJ; °) _ [ —jex(t)e ™ at 4.31)
@ /x(1)« I X(j(o-a)) (4.32)
x(t—1)) T’ X (jo) (4.33)
o —%x(t)+7rx(0)5(t)<i>j:)((77)d77 (4.34)
[ x(0)dr T X (jo) +2X (0)5(0) @39)
7. Parseval’s Relation
x(t)« I X (jo)
=[x (o) de = i [“Jx(jo) do (4.36)
Proof:
[“x()f dr=[" x(r)x" (r)ar ﬂ:ﬂﬁ[iﬁr (ja))e-"”’da)}dt
[ ja))[ [ (et o
*o)
- [ [x (o) do
Note:

@ The total energy in the signal x(t) may be determined either by computing the
energy per unit time and integrating over all time or by computing the energy per

unit frequency and integrating over all frequencies.

@ For periodic signals,

Tio J.E)‘x(t)‘z dt=Y" la,. (4.37)
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8. Convolution Property

y(1)=h(t)*x(t)«T>Y (jo)=H(jo) X (jo) (4.38)
Proof:
y(t)=jix(r)h(t—2')d2'
Y (jo)=F {p(1)} = j“;[ jix(z‘)h(t—r)dr}e"”’dt
- j“;x(f)[ [ h(t=r)e "’”dt}dr
:j:x(r)-e*ij(]a))dT
:H(ja)).[:x(r)e Tdr
=H(jo)X (jo)
o x(t):i :X(jw)ejmda):})jrfoizzmX(jk“)o) %‘ﬁ w,

H (jkay,)= [ h(t)e " dt
N —00

eigenvalue

—_— 1 *

:i :Y(ja))ej”’da)

@ H(jw): The Fourier transform of the system impulse response or the frequency

response of the system.

O o] ngg [ZRR0RE)
Y(jo)=X(jo)H,(jo)H,(jo)

[ ) ] ne 2
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@ Periodic Convolution: [(periodic signal)*(periodic signal)]

Consider two periodic signals % (¢) and X,(¢) with common period Tj. The

periodic convolution of %, (¢) and %,(¢) is defined as

Let

fl(f)=2::_wakejkm°t - Toak=X1(jka)o)a Xl(.]a))
H——/

envelope

)Ez(t):Zf:_wbkejk””’ - Tb =X, (jke,), X,(jo).

envelope

}(t) = z:ﬂo ce = Tc = Y(jka)o), Y(ja))
%/_/

envelope

Then ¢, =Tya,b,.

Example 4.9:
h(t) = e“”u(t), a>0
x(t)=e"u(t), b>0 y(t)=h(t)xx(1)="
Answer:
H(jw)=—" X (jo)=—
a+jo b+ jo
G) If azb
. . . 1 1 A B
Y(jo)=H(jo)X(jo)= ¥

a+ja)'b+ja):a+ja) b+ jw
= A(b+ jo)+B(a+ jo)=1

A+B=0 A=1/(b-a)
:>Ab+Ba=1}:> B=-1/(b-a)

1 1 1
Y(jo)= —
= (ja)) b—a{a+ja) b+ja)}

1
b—a

[e"‘”u (1)-e"u (t)]

= y(1)

4-15
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(i) If a=h

Y(jo)-— .d[ 1 }

1
—at F = —at ¢
e u(t)<—>a+ja) :y(t) e u()
d 1 1
=te “u(t)«Z—j =
e M() ]dCULH‘jaJ (a+ja))2

Example 4.10:
h(t) = e”u(t)
x(1)=3, ae"" y(t)=h(t)*x(t)="
Answer:
. 1 .
H(jo)= 1+ja); X(jo)= Zzz,3ak2”5(0)_2”k)

=Y(jo)=X,_2ra, - L §(w-27k)

3 2ra,
= — 2k
Zk:_3l+j272'k5(a) 7T )

3)’(’):23, a, ol 27k

=31+ j27k

Example 4.11:

Answer:
1 el 1-e ) 1
X(jo)=— = Y (jo) =
I+jo 1+ jo I+jo I+ jo
, Y (jo) 1
H = = _
(Ja)) X(]a)) l_e—(lf/w)
‘67(1”’”) <1
=T l+ele/ +e’e ™ +e e ™ +-mmnn
—e

= h(t)=6(1)+e'5(t-1)+e?5(t-2)+e 5 (1=3)+---

% 5(t)« o1
S(1—t,)« e

—Jjoty

4-16
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9. Modulation Property
s(1)« I8 (jo)
p(1)«ZI>P(jow)

r(t)zs(t)p(t)(L)R(ja))zi[S(ja))*P(ja))} (4.39)

Note:

@ Multiplication of one signal by another can be thought of as using one signal to
scale or modulate the amplitude of the other.

=> The multiplication of two signals is often referred to as amplitude modulation.

Proof:
r(1)=s(1)p(1)
R(jw)= J-:)s (1) p(t)e”™dt

1 (o

T (t) e_j(w_v)’dt} dv

S(i(w-v))

Example 4.12: Given R(jw) and p(?), calculate G( ja)) :%[R( ja))*P( ]a))]
V4
¢(1)=r()p (1)« Z>G(jo) == R(jo)* P(jo)
p(t)=coswyt = %[e’w + e’j“’”’]

= P(jo)=r6(0-a,)+ 75 (0+w,)
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G(jo)
4/2
A4 A/4

AN A

-2,

Example 4.13: Given s(f) and p(7), calculate R(jw)= i[S (jo)* P(ja))] .

—>
—>
oF—>»
i
N D
L AN

N>
\Y
‘
—
;
,
,
,
,
;
‘/
v~
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Example 4.14: (Sampling Theorem)

r(t)=s()p(1)

S(jo)
A
W, W, g
P(jo)
I I
—4x/T 27T 0 27)T a)T
Aw
—4ﬁ/T —2ﬂ/T W, w, 2ﬂ/T 4ﬂ/T g

o 27”>2W1 ie., @ >2W,

Sampling Frequency >2x(Signal Bandwidth)
= No aliasing in R(jw).
= s(¢) can be reconstructed from 7(¢).

4-4 The Frequency Response of Systems Characterized by Linear Constant-Coefficient
Differential Equations
1. Calculation of the Frequency Response and the Impulse Response

ZN .M:ZM b m

k=0 % dr* k=0"k o ek
T 084

Yot (jo) Y (jo)= 3 b -(jo) X (jo)
=¥ (jo)| X1, (jo) |=x (o) X1k (o) |

M k
. b (i
— Y(/f") =H(ja))= Zj‘vo ul (Ja))k ------ Frequency Response
X (jo) Do (jo)
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Example 4.15: Determine the impulse response /(¢) of the LTI system described by
the following differential equation that is initially at rest.

dyT(tt)+ay(t)=x(t) (a>0)
joY (jo)+aY (jo)=X(jo)=Y(jo)la+ jo]=X(jo) »
= H(jo)= r'{jo) = = h(t)=e"u(t)

X(jo) a+jo

Example 4.16: Determine the impulse response A(¢) of the LTI system described by

the following differential equation that is initially at rest.

dzdiz(t) dyd(tt)+3y(t):dx7(tt)+2x(t)

(jo) Y (jo)+4joY (jo)+3Y (jo)= joX (jo)+2X(jo)

=Y (jo)|(jo) +4jo+3|= X (jo)[ jo+2]

+4

) Y(jw iw+?2
= H(jo) -0 o3
X(jo) (jo) +4jo+3
Jjo+2
(jo+1)(jo+3)
A B
= +
jo+1 jo+3

jo+2=A(jo+3)+B(jo+1)
=(A4+B) jo+(34+B)

A+B=1

= A=B=
3A+B:2}

1
2
Y2 12

H(jw)=
- (]a)) jo+1 jo+3

- h(t)=%e"u(t)+%e‘3tu(t)

Example 4.17:
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Y(jo)=X(jo)H (jo)

_ 1 jo+2
jo+l (jo+1)(jo+3)
__ 4 . B C

- . 2+ .
jo+1 (ja)+1) jw+3

ja)+2:A(ja)+1)(ja)+3)+B(ja)+3)+C(ja)+1)2

Let s=jw
:>s+2:A(s+1)(s+3)+B(s+3)+C(s+l)2
Set s =—1

=1=B-2=B=1/2

Set s =-3

:>—1:4C:>C:—1/4
A+C=0 (the s? term)

e A=—C= /4= y(t)zBe-f e -%eﬂu(t)

2. Cascade and Parallel-Form Structures for Implementation of LTI Systems
(1) Cascade-form structure

b IT (A + j@)

aNH,il(Vk + jo)

where 4, and v, may be complex.

H(jo)=

(4.40)

By multiplying together the two first-order terms involving complex conjugate
A's or v 's, we obtain second-order terms with real coefficients. For example,

(/1+ja))(/”t* +ja)) = |ﬂp|2 +2Re{/1}ja)+(ja))2
o, T [t A Go)+ o) [T (vjw) - @4y
ay T, | a +a (jo)+ (jo) [T, (v + jo)

where the coefficients are all real.

= H(jo)

= The system can be implemented using a cascade (let P=Q) of P second-order

systems and (N-2P) first-order systems.
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@ Realization of a second-order system

= Lo X (ja))+ja)ﬂlka (]a))+(]a)

= &y Y \l) Ty i
dx (t) d’x (t
= BoiXs (t) + By ;t( ) + dltcz( )

For convenience, we only consider the following second-order terms for

realization of a cascade system (as shown in Fig. 4.4):

bi H,il[ﬁwc + jop, +(Ja))2}

H ( ja)) = (4.42)
0 . . \2
ay Hk:1|:a0k + joo,, +(jo) J
x(t) bg/a(=f\ NV W2 » L NN SV, W VL N Y >y (1)
¥ iJF ¥ ¥ } ¥ X ? by
D<bie By DX o3Py A< d 3Py
b's I ¥ ¥ I b's I
% Ba _aloz B 74%3 J__ ﬂg

Figure 4.4 A cascade-form structure of second-order subsystems with N=M=6 and
P=0=3.

(i1) Parallel-form structure

NH /1+]a)

H(jo)= (4.43)
aNHk QA +jo)
Ifall the v,'s are distinct, then H ( ja)) can be expressed as
H(j + 4.44
R et (44

Adding together the pairs involving complex conjugate v,'s , we obtain
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. b +jw
H(]a)):[_Nj_i_sz:l }/O{{ J 7/11{' .
ay Aoy + joOt,, +(jo)

T F—

v, +jo

(4.45)

(All the coefficients are real.)

= We can implement the system by using a parallel interconnection of Q
second-order systems and (N-2Q) first-order systems.

For convenience, we only consider the following second-order terms with an
additional constant for realization of a parallel system (as shown in Fig. 4.5):

) b +j
H( Ja’)=(—NJ+Zf_1 Tou TI0%e (4.46)
ay Ay + joo, +(jo)

b,/
DLy
'Y }
f\:fan: ;711J\
e |
w 7
-— >
'Y ?
x(t)—e g\;alz: > 7”?? ] » ()
Lo | T
D
'Y ?
f\:_al_?: =713J\
'Y i
- W

-

Figure 4.5 A parallel-form structure of second-order subsystems with N=6 and O0=3.
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Appendix
Partial Fraction Expansion

b,v’ +byv+b,

(v—pl)z(v—pz)
All + AIZ - + AZ]
v_pl (V—,Ol) V_p2

@ G(v)=

G(v):

() (=) )= 4 (v=py) -y + 22

V=P,
=|(v-p) G(v)]

= A12

V=P

(i)

(iii) (v—p,)G(v)= (Vfl;l ) (v-p,)+

:[(v—pz)G(v)] =4,

V=P
@ G(v)- b, V' +--+byv+b,
(v=p)" (v=p,)"(v=p,)"
A
— A11 + A12 St 1o} -
V=P (V_pl) (V_pl)

+ A21 + A22 2+...+L20
V=P, (V—Pz) (V—/Oz)2
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