EE3610 Signals and Systems Fall 2011

Chapter 3 Fourier Representations of Signals and Linear
Time-Invariant Systems

3-1 Eigenfunctions and Eigenvalues of Continuous-Time LTI Systems
1. A signal for which the system output is just a (possibly complex) constant
times the input is referred to as an eigenfunction of the system, and the
amplitude factor is referred to as the eigenvalue.

)= yle)= 2 - 2 (3.1

eigenvalue  oioonfinction

Note: x(t) is called an eigenfunction of the system if T {x(t)}zH -x(t),

where H is called the eigenvalue corresponding to the eigenfunction.

2. Complex exponentials e" are eigenfunctions of continuous time LTI
systems

x() = M) ()

(3.2)

€ 9

H (S) 1s a complex constant whose value depends on “s”.

e cvecsccsccccccrccstcttcccrccrccsccnns eigenfunction

H(s)= J._Z B(r)e Tdr ceveceecesencens eigenvalue

Note:

3 T{x(t)}:Zk:akT{eS“’}:Zk:akH(sk)eskt

Q@ s — s, : Fourier series

Q@ 5= jo: Fourier transform

Q@ s=o0+ jw: Laplace transform
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3-2 Fourier Series Representation of Periodic Continuous-Time Signals: The
Continuous-Time Fourier Series
1. Fourier series representation

Harmonically related complex exponentials:

g (1)=e" k=0, £1, £2, .... (3.3)
Note:
@ Each of these exponentials is periodic with period T, =27/a, .

@ Any linear combination of these exponentials is also periodic with

period Tj.

Let x(t) be a periodic continuous-time signal with fundamental period 7.

Then
x(1)=>,  ae"™ (3.4)

is referred to as the Fourier series representation of x(t).

Note:

@ The terms for k=+1: the fundamental components or the Ist
harmonic components.

The terms for £ =12: the 2nd harmonic components.

The terms for k=N : the Nth harmonic components.

@ Alternative forms for the Fourier series of real periodic signals

x(1)=a,+2)" A cos(kayt+6,)

x(t)=a,+237 [b,cos(kayt) - ¢, sin (kayt)] G2
wx(t) isreal  oox"(1)=x(1).
Let x(1)=)>." ae"™ Then
X (0)=x(0) =2 e = Dl (3.6)

* *
=a,=a_, Or a,=a,
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=aq, + Z;L_w akeﬂm’o’ + Z::I akejkruot

=a,+ Z§:1 ':aike—jk%f + akejka)ot]

—a e X (e ] .
=a, + 2;212Re{ake-ik”’°t}

=a,+ Z:=12R6{Akej(k%t+gk)} (ak = Akejg’f )

=a,+2) " A, cos(kayt+6,)

Let a, =b, + jc,. Then
x(t) =a,+ ijl 2Re {akejk‘”‘”}
=qa,+ Zf 2Re {(b + je, )(cos (kayt)+ jsin (ka)ot))} (3.8)

=a,+2) " [b cos(kayt)—c, sin(ka)ot)]
Q z a.e” —>y z a, -H ]ka)o e/t

H (jkay)=[" h(z)e " dz (3.9)

2. Determination of the Fourier series coefficients

x(6)=2  ae™ (3.10)
X (f) . e—jnwot — z::_w akejka)ote—jna)nt (3 1 1)

0 —1nw0tdt j(k=n a)otdt
j“ I L (3.12)

_ L ; j(k=n)awyt
—Zk:_makj.o e “dt

J-O% e/ gy = IOTO cos(k—n)ayt dt+ jJ-OT0 sin(k —n)ayt dt

sin(k—n)ayt and cos(k—n)ayt
0, for k#n—
= are periodic with fundamental period 7 / |k - n|
1,, for k=n
a = TLIO% x(t)-e"™dt = TLOJ.To x(1)-e " ™dt (3.13)

where .[T denotes integral over any interval of length 7.
0
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x(t) = Zf}w a.e’

_1 - jkayt (3-14)
ak—FOJ.TOx(t)-e dt
Example 3.1: Derive the Fourier series of x(7).
x(n
|
+ y !
-1, -T,/2-% |0 T T2 T,
1, <7, , .
x(t) = for one period. Fundamental period =7
0, T <|<T)/2
The Fourier series representation of x(t) is
x()=2, e, o=21T,
1 — jkayt 1 7 — jkayt
a,=—| x(t)-e dtz—_[ e " ™dt
T, 7 T, -1
2T, /T, , fork=0 (3.15)
=1 sin(kw,T;
M , fork=0
kr
Note:
@ sinc(x)= sin(7x)
X
Csin(kayT)) @ sin(kayT)) o, sinc(konlj
 kn T kol 7 /s
1
0.8
sinc(x)
0.6
0.4
0.2
. A A
Vol
04 s s s
-10 -5 0 5 10
X
[

81



EE3610 Signals and Systems Fall 2011

3-3 Approximation of Periodic Signals Using Finite Fourier Series and the
Convergence of Fourier Series

1.  Finite Fourier series

x(1)=Y7 g’ ... infinite series
(r) ZkN_w e (3.16)
xy(6)=2_ al e - finite series
Let e, (¢)denote the approximation error.
ey (1)=x(t)—x, (t)=x(t)—21}{v:_Na'k et (3.17)
Quantitative measure of the size of the approximation error:
“Mean Squared-Error” (MSE)
E, = j%\eN(t)f di = ey (1), (r)dr (3.18)

z (t)‘2 dt - energy in z(t) over the time interval a <t < b

=

E,, : Error energy in the approximation over one period

Determining the Fourier series coefficients for x, such that FE, is

minimized
N ] Jkayt 2
Ey= LO x(6)=3 .a\ dt (3.19)
6E "o 1 — jkay,
T I (20)

= The best approximation is obtained by truncating the Fourier series to the

desired number of terms.

= If x(t) has a Fourier series representation, then the limit of

E, as N > o is zero.

Any one of the following conditions is sufficient to ensure the MSE

convergence of the Fourier series for x(¢):

Condition 1: If the periodic signal x(¢) is a continuous function of ¢, the

Fourier series converges. (Actually, in the case, the convergence is uniform,

which is a stronger criterion than MSE convergence.)
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Condition 2: If x(t) is square-integrable over a period T, that is, if

2
[ e (o) dr <,
the Fourier series converges in the MSE sense. Since this condition is

equivalent to the requirement that the average power in x(t) be finite, it

clearly applies to all periodic signals encountered in the laboratory, as well as

to most theoretical signals of interest. In particular, note that any bounded

signal satisfies the condition because, if ‘x(t)‘ < B for finite B and all ¢, then

[ |x()f ar <78
Condition 3 (Dirichlet):

(1)  Over any period, x(7) must be absolutely integrable

J

(2) In any finite interval of time, x(t) is of bounded variation, i.e., there

x(t)|dt <o (3.21)

are no more than a finite number of maxima and minima during any
single period of the signal.
(The number of maxima and minima points must be countable during
any period.)

(3) In a finite number of time, there are only a finite number of
discontinuities. Furthermore, each of these discontinuities must be
finite.

Note:

@ These conditions guarantee that:

(i)  x(¢) hasa Fourier series representation.
(11) x(t) is equal to its Fourier series representation for all ¢ except

at isolated values of ¢ for which x(¢) is discontinuous. At the

1solated points of discontinuity, the series converges to the average
value of the discontinuity.
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nuddle

= The integrals of both signals (x(t) and its Fourier series) over

any interval are identical.
= The two signals behave identically under convolution and
consequently are identical from the standpoint of the analysis of
LTI systems.

@ For a periodic signal that varies continuously, the Fourier series

representation converges and equals the original signal at any 7.

Example 3.2:
(a) x(¢t)=1/t, 0<t<1, period=1

(cannot be represented by a Fourier series)
This signal violates the first Dirichlet Condition.
(See Fig. 3.1(a))

(b) x(¢)=sin(27/t) , 0<r<1 , period =1

(Converge in the MSE sense)
This signal meets the 1st Dirichlet condition but not the 2nd one.

I;‘sin(Zﬂ/t)‘dt <1

Having an infinite number of maxima and minima in the interval
(See Fig. 3.1(b))
(c) This signal violates the 3rd Dirichlet condition.

Having an infinite number of discontinuities (See Fig. 3.1(c))
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x(?)

~Y

(b)

x()

T e L | L

8 16 ¢

(c)
mFigure 3.1. Signals that violate the Dirichlet conditions: (a) the signal x(¢),
periodic with period 1, with x(r) = 1/ for 0 <z <1 (this signal violates the

first Dirichlet condition); (b) the periodic signal x(¢)=sin(27z/t) which

violates the second Dirichlet condition; (c) a signal, periodic with period 8,
that violates the third Dirichlet condition [for 0<7 <8 the value of x(7)
decreases by a factor of 2 whenever the distance from ¢ to 8 decreases by a
factor of 2; that is x(¢f) = 1, 0<¢t<4, x(t) = 1/2, 4<t<6, x(t) = 1/4,
6<t<7,x(t)=1/8, 7<t<7.5,etc.].

Note:
@ The signals that do not satisfy the Dirichlet conditions are generally
pathological in nature and thus are not particularly important in the

study of signals and systems.
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3-4 The Fourier Transform of Aperiodic Continuous-Time Signals: The

Continuous-Time Fourier Transform
1. Development of the Fourier Transform
Periodic signals — Fourier series
Aperiodic signals — Fourier transform

x(1)

; t t
-T,/2 T 0 nh T,,2 T,

-T

o

m Figure 3.2. Periodic square wave.

Fourier series representation
_\" Jhat —
x(t)—zkzmak e @, =27/T,

2sin(kayT)) (3.22)

’ kayT,
2sin(kay,T i i
o = ( > 1) = ZSlnaﬂII =21} sin o, =21 -sinc(w—ﬂj
kay, O o, O | T )t

= The function (2 sin (T, )/a)) represents the envelope of Ta, (See Fig.

3.3).
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Lya,

Ty,
—4a, T ¢ 40,
v \w 0 W LY
S
Tya,

m Figure 3.3. Fourier coefficient and their envelope for the periodic square
wave: (a) To=4T; (b) To = 8T1; (c) To = 16T.

ie, T,a, isasampled value of (2sin(af))/o)

" The sampling interval is @,
~. T, 7= @, = sampling spacing = Fourier series coefficients approach the

envelope function

T, — 0= x(¢) is a rectangular pulse (aperiodic)

Note:

@ We can think of an aperiodic signal as the limit of a periodic signal as
the period becomes arbitrarily large.
Consider a general aperiodic signal x(r) that is of finite duration.
From this aperiodic signal, we can construct a periodic signal x(r) for
which x(#) is of one period (See Fig. 3.4).
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x(?)
-T; (a) T, l‘=
%(t)
-}To -T; (b) T; 7to t>

m Figure 3.4. (a) Aperiodic signal x(¢); (b) periodic signal %(¢),

constructed to be equal to x(¢) over one period.

As T,y > o, x(1)—> x(1)
Fourier series representation of (7)

)E(t) = Z::_w a.e’

T,
a, = Tij_zTox(r) ce M dy (3.23)
0 2
= LIZ) x(t)-e " dt = iJ.OO x(t)-e " dt
I3 I, %

Defining the envelope of Tya, as X ( ja)) , we have

Ta, =X(jco)‘w:kw0 = jjox(t)-e‘f“”dt . (3.24)
0, =+ X (jo) (3.25)
TE] w=kaw,
= x(t)= Zf_wTiX (Jkay, )™ (3.26)
0
2 1 1
= = =— 3.27

‘o, I, 2« “ (3.27)
= %(1) =iZf_wX (jkay)e" " o, (3.28)

As T, > », %(t)— x(¢), and the above equation becomes a representation

of x(t).
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As T, > o, @, —0. (Z—)I) w, > do
_L * . jor
x(t)—27r mX(]a))e do

0

X(ja))=j

—00

x(t)e_j“”dt

Fourier transform pair: X ( ja)) is referred to as the Fourier transform or

Fourier integral of x(¢).

2. Examples of Continuous-Time Fourier Transform

Example 3.3:
(=1L < tangular pul
x(t)= rectangular pulse
0 |f>T, swarp
X (jo)=] T gy = o SN _ o ST, =2T151n0(w—le (3.29)
-4 @ ol T
x(1) X (jo)
2T,
1
=
 — — - 2 w g
- [0 T L T
[
Example 3.4:
1 o<W
X(jow)=
(je) {0 o] > W
x(6)= = [" ede =S W st =Ksmc(@j (3.30)
27 oW 0y T Wt V4 V4
X(jw) x(1)
Wix
1
—
. N/ N A
-w |0 W wow
Note:
@ Broader in time domain — narrower in frequency domain
[
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3-5 Periodic Signals and the Continuous-Time Fourier Transform
1. Fourier series coefficients as samples of the Fourier transform of one period

Fourier series representation

)E(t)=2::_w a.e” fundamental period = 7,
a, :TL Toi(t)-e_jk‘”‘)’dt
0
: LT
()= - s (331)
0o otherwise

X(jo)= J.m x(t)e™™dt
1 b
=a, = —J. % )?(t)'e_jk‘”‘)tdt

1 . 1 « — jkawyt
=FX(Jka)O):FI x(t)'e ket 1

—o0
0 0

General statement:

(1) , s<t<s+T,

Let x(¢) :{0

Then the Fourier series coefficients of ¥() are given by

, otherwise

1 .
a, =F0X (jkay)
where X (jw) is the Fourier transform of x(¢).

Example 3.5: Compare the Fourier series coefficients of x1(¢) and x,(¢).

-h 0 nh T,/? iy

. Tf}
x,(t)
1
t
~Ti 0 T
= X, (jo) Fourier series coefficients of ¥ (¢)

sampling period=aw,=27/T,
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X, (jo)=230h (3.32)

\

=X, (jo = Fourier series coefficients of % (7)

sampling period=aw,=27/T,,

X, (jo) =-[0Tl edr+ " e dr

L-T,
3.33
zgsin [a’_TlJ[e—ijl/z + e—jw(ro_rl)/z] (3.33)
([ 2
2sin(kw. T
X, (jo)# X, (jo) , but Xl(jkwo)zxz(jkwo):% (only
0

some sample points are the same)
The Fourier coefficients of a periodic signal can be obtained from samples of
the Fourier transform of an aperiodic signal that equals the original periodic

signal over any arbitrary interval of length 7 and that is zero outside this

interval.
n
2. The Fourier Transform for Periodic Signals
Consider a signal x(¢) with Fourier transform X (j@) =275 (w—a,).
1 ® @ jant
= X(t) = ELDZﬂé(a)— a)o)e" "dt = e’
If X(ja)) = Z::_w 27rak5(a)— ko, ) , then
x(0)=2" @’ corresponding to the Fourier series
representation of a periodic signal.
Note:
@ " I215(0-w,) (3.34)
e =1«T52715(w) (3.35)

x(1)=2" ae"™ T X(jo)=)  2rad(0-ke,) (3.36)

k=—w
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Periodic signal — Fourier series representation

— Fourier transform

Example 3.6: Represent the periodic signal x(¢) with Fourier transform.

: Lo —jay
x(t):sma)olzz—j(e“’“ —e wf’) (3.37)
:>X(ja))=%[2ﬂ5(w—a)0)—27r§(a)+a)o)]
/ (3.38)
T T
=—o0(w-—w,)——0(w+w,
" 5(0-a)-T5(0+0,)
X(ja))
J
_o, o
l_j
1 Jant —Jayt
x(t)=cosa)0t=§(e +e ’”0) (3.39)
= X(jo)=75(0-a,)+ 76 (o+a,) (3.40)
X(jo)
T T
.
— W, @ -

Example 3.7: Represent the periodic signal x(f) with Fourier series

representation.

x(t)=r  S(t—kT)= z:ﬂ 40"

1 jz 5(6)e i =

:x(t)zzzo_%%e/k”*”

) o 1 27T 27k 2
X(]a))=zk_m?27r5(a)—ka)0)=7ﬂzk_m§(a)—%j , (a)o ;] (3.41)

Impulse train in time domain «<—Z— Impulse train in frequency domain
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3-6 Properties of the Continuous-Time Fourier Transform

x(1) :i " X (jo)edo
X(jo)= jw x(t)e™dt

—00

Notation:

1. Linearity
x (1) T X, (jo)

x (1)« I> X, (jo)

= ax, (1) +bx, (1)« T aX, (jo)+bX, (jo)

2. Symmetry Properties

If x(¢) isa real-valued function, then

X(—jo)=X"(jo) * : complex conjugate
Proof:

X' (jo)= UZx(t)e-’"”dtT = j: x"(t)e’dt

= J‘OO x(1)e’”dt = X (- jo)

—00

Note:

Q@ X(jo)=Re{X(jo)}+jIm{X(jo)|
If x(r) isreal, then

Re{X(ja))} = Re{X(—ja))} ------ even function
Im{X(ja))} = —Im{X(—ja))} ------ odd function
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Q@ X(jo)= ‘X(ja))‘ejg(j’“) ------ polar form

If x(¢) isreal, then
‘X(ja))‘ = ‘X(—ja))‘ ------ even function

| (3.45)
O(jo)=-0(—jo) - odd function

If x(t) is bothreal and even, then X () will also be real and even.

X(~jo)= j“’ x(1 ) e dr

:I e ’dr
(3.46)
- I e dr (v x(r)= x(—t))
= X(]a)) ...... even
symmetry property = X" (jw) =X (—jo)= X (jo) - real

@ If x(¢) isbothreal and odd, then X (jw) is pure imaginary and odd.
Q@ Areal function x(¢) can always be expressed as

x(t)=x,(1)+x, (1) (3.47)

even part  odd part

F {x(t)} =F {x, (1)} +F {x, (1)} (3.48)
Rc{X(jw)} jIm{X(jw)}
3.  Time Shifting
x(t)(LX(ja))
x(t—t))«T—>e ™ X (jo) (3.49)

Proof:

)= x(t-t,)e ™ dr
[

—jo G'+t0

=g /% j:x(o)e”””do
e’j“’tOX(ja))

Time shifting only introduces a phase shift but leaves the magnitude

unchanged.
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4. Differentiation and Integration
X (t) Z 55X ( j a))

B o, jox(jo) (3.50

x(t) #u(t) = j_‘wx(r)dr@jiwx( jo)+7X (j0)5(o) 3.5
)

X (0) : reflects the dc or average value that can result from the integration

x(t):ﬂ

dx(t) l 0 .
TN iwX (7 jot
. Loja) (jo)e'"dw

Jm X(jo)edw

—00

(3.52)

Example 3.8: Determine the Fourier transform of step function u(?).

u(f) A
1

0 t

\j

I Even{u(t)}=1/2
12

\j

Y odd iy =u()-1/2
12

() =—+[u(t)—l} (3.53)
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jg{%}:ﬁa(w)

1 ( wns(w)= 0)

O
=

|

=

N
},
.

)
—
~

S
+
g,
—_
)
L
Il

5. Time and Frequency Scaling

x(t)«I> X (jo)
x(ar)éﬁ)((%‘”j (3.55)
Proof:
F {x(at)} = [ x(at)e "™ dt (r=ar)
_ia [ x(e)e " dr  (a<0)
) % [ x(r)e" @ dr  (a>0)
6. Duality
g(1)«<Z>f(jo) where f(u)=j_ig(v)e_j”vdv
f(1)«Z>27g(~jw) g(v)zijif(u)e’”vdu (3.56)
Proof:

u=jo and v=t
fjo)= J.:g(t)e’j“”dt
/(jo)=F {g(1)}
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u=t and v=—jo
7(0)=["s(-so)e o
[ {i [ f(t)e-’””dt}ef“”da)
1| [ s e ar]eran

== [F{f (1)} ] do

Example 3.9: Compare the relationship between rectangular and sinc
function with the duality property.
rectangular in time domain— sinc in frequency domain

sinc in time domain— rectangular in frequency domain

_ b <7 & N e (W_ﬂ]
xl(t)—{o’ (>T «Z X, (jw)=2Tsinc ~ (3.57)

L |el<w

o lof>w (3.58)

(1) :%sinc(gJ 7 X, (jo) :{

(Let W = T}, and we can find that they satisfy the duality property.)

Example 3.10: Calculate the Fourier transform of x(¢) with duality property.

x(t)= tzil (3.59)
Let f(u)= u22+1 (3.60)
g(t)>f(jo)= wzzﬂ 3.61)
g(t)=e"eZ f(jo)= w22+1 (3.62)
x(t)= f (1)« 27g (- jo) = 27e (3.63)
G {x (1)} =27e™ (3.64)
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Note:
@ —ju(1)<Z >d{iiw) X (jo)=|" x(t)e ™t (3.65)
E%Q+£L»ﬂuYUw) dX;mﬁ=£:<nd0e*%ﬁ (3.66)
o x(t)<Zx(j(0-a,))
x(t—t,) T’ X (jo) (3.67)
a —%x(l)+ﬂx(0)§(t)<L>IZX(77)d77
rmxﬂ)dré—z—é}%;X(jw)+ﬂk%0)5(w) (3.68)
7. Parseval’s Relation
x(1) > X (jo)

= [ e dr =[x (jo)

Proof:

j_i‘x(t)‘z dt

Note:

‘2

dw (3.69)

[0 (e = [ 50 7 e e a

1

-—— (" x (jw)“_ix(t)ej“”dt}da)

27 o=

X(jo)
‘2d w

- I X Go)

@ The total energy in the signal x(f) may be determined either by

computing the energy per unit time and integrating over all time or by

computing the energy per unit frequency and integrating over all

frequencies.

@ For periodic signals,

%HWWW=ZZ$$ (3.70)
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8.  Convolution Property
y(0)=h(t)*x(t)«T>Y (jo)=H(jo) X (jo) (3.71)

Proof:

= H(jo)[" x(r)e " dz
=H(jo)X (jo)
n
@ x(t) i_mX(]a))ej’”’da): lim — C X (Jkay) " 0,(3.72)

eigenfunction

H (jkay)= [ h(t)e " dt
—0

eigenvalue

= al):rg) —”Z H (jka,) X (jka,)e"™ a,
:i iH(jw)X(jw)e-i””da)
_ i " Y (jo)edo

Q@ H(jw): the Fourier transform of the system impulse response or the

frequency response of the system.

0. | 2000
: : Y(jo)=X(jo)H,(jo)H,(jo)

H (jo) U H,(jo)

x(t)—» H,(jo)H, (jo) (1)

=
I~
~
i
=
N
—
. ~
—
y
=~
—
~
-
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@ Periodic Convolution: [(periodic signal)* (periodic signal)]
Consider two periodic signals %, (z) and %,(¢) with common period
T, , the periodic convolution of %, (¢) and ,(r) is defined as

y(0)=], 5 (0)%(1-7)de

fcl(t):Z:}wakejk‘”‘” - ToakzXl(jka)O), Xl(ja))
emeiope

Let )'éz(t):Z:ﬂbkejk“’Ot - Tb =X, (jke,), X,(jo)
%/_/

envelope

y(1)= z;}wckejk“’“' - T, =Y(jkay,), Y(jo)

H_/
envelope
then ¢, =Ta,b,
Example 3.11:
h(t)=e"u(t), a>0
x(t)=e"u(t), b>0 y(¢)=h(t)*x(t)="
H(jo)=— X (jo)=—
a+jo b+ jo
(i) If a=b
: : . 1 A B
Y(jo)=H(jo)X(jo)= +

a+ja)'b+ja)=a+ja) b+ jw
= A(b+ jo)+B(a+ jo)=1
A+B=0 A=1/(b-a)
= =
Ab+Ba=1] = B=-1/(b-a)
1 1 1
Y(jo)= -
- (]a)) b—a{a+ja) b+ja)}
1 —at —bt
:>y(t):b_ [e u(t)—ebu(t)]

a
(i) If a=b

1 d 1
Y(jo)=——=j—
(J) (a+ja))2 ]dw{a+ja)}
.. —at F 1 — 4ot
Se u(t)<—>a+ja) :>y(t) te u(l)
d 1 1
=te u(t)«Z—> j— -
e "ulr) Jda)[aJrja)} (a+ jo)
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Example 3.12:

1
I+ jo

H(jo)=

X(jo)= 22}3 a, 276 (w—27k)

Example 3.13:

x(t)=e"u(t) —e_lef(H)u(t -1)
y(t)=x(t)*h(t)=e"u(z), h(t)="

-1 —jo —(1+j)

X('w)— 1 e _l-e
/ 1+jw I+ jo 1+ jw

_1+jw
_Y(e) 1
X(jo) 1-¢ )

‘e_(w ) <1

1 _
s __—1t+ele’rete e e 4
1— e—(l+jw)

= h(6)=8(t)+e S (1-1)+ S (1-2)+ €75 (1=3) +rerron

¥ (1)« Tl
S(t—t,)«T—e

—Jjoty
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9. Modulation Property
s(1) TS (jo)

p(1)«TI>P(jow)

r(t):s(t)p(t)(LR(ja)):i[S(ja))*P(ja))] (3.73)

Note:
@ Multiplication of one signal by another can be thought of as using one
signal to scale or modulate the amplitude of the other.

= The multiplication of two signals is often referred to as amplitude

modulation.
Proof:
r(t)=s(t)p(t)
R(jo)= J._w s(t)p(t)e '™ dt
p(1) :i joP(jv)ejv’dv
R(jo)= i :S(t)D:P(jv)emdv} e dt
1 e . *© —j(@-v)t
[ ()| [ s(o)e >d¢}dv
S(i(@-v))
o= o .
= mP(]v)S(](a)—v))dv
—P(jo)*S(jo)
]
Example 3.14: Given R(jw) and p(?), calculate G(jo)= 2i[ie( jo)*P(jo)].
Vs
7 1 . .
g(t)=r(t)p(t)«=>G(w) ZE[R(]a))*P(]a))]
p(t)=coswyt = %[e”’(” + e’j“"”] (3.74)

= P(jo)=n6(0-a,)+ 75 (0+,)
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R(jo)
A/2
/\ /\ .
P(jo)
_/([0 ;[ a)>
G(jo)
A/2
A/4 Al4
AN AN o,
-2, 2w,
|
Example 3.15: Given s(7) and p(¢), calculate R(jw)= zi[s( jo)*P(jo)].
T
r(t)=s(1)p(2)
. L\ 2T e 27k
p()=X 6(t=kT)= P(jo)="23 0 (w—%) (3.75)
s(1)
t=
p(1)
T
2T -T 0 T 2T >
(1)
]l
"7 T 0 T 2T >
R(0)= =[S0 P(0)]= 135 S(j)eo{ 022
(3.76)
TR T
|
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Example 3.16: (Sampling Theorem)

r(t)=s(t)p(7)

S(jw)
4
-, , g
P(jo)
I R
—4x/T 27T 0 27)T ar
Aw
—47z/T —27z/T -, W, 27r/T 47r/T g

Qo 277[>2W1 Le., a,=2W,
(Sampling frequency >2 (Bandwidth of the signal) )
= no aliasing in R(jw)

= s(¢) can be reconstructed from r(z).

3-7 The Frequency Response of Systems Characterized by Linear
Constant-Coefficient Differential Equations

1. Calculation of Frequency and Impulse Response

$ g 0 sy 50

k=0 % dr* k=0"k gk
TF 1T
>t (jo) Y (jo) =3 b (jo) - X (jo)
=1 (jo)| X, (o) |=x(jo)| X b (o) |

M k

. b

= Y(].w) =H(jo)= Zf{o u (]a))k ------ frequency response
X(Ja)) Zk:oak (]a))
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Example 3.17: Find out #(r) for y(¢)=x(¢)*h(z).

dyT(tt)+ay(t):x(t) (a>0)
joY (jo)+aY (jo)=X(jo)=Y(jo)|a+ jo]=X(jo)
= H(jo)= r(jo) = 1. = h(t)=e"u(t)

Example 3.18: Find out #(r) for y(¢)=x(¢)*h(z).

dzd);gt) 4 d);(tt) (1) = d);(tt)

(ja))2Y(ja))+4ja)Y(ja))+3Y(ja))=ja)X(ja))+2X(ja))

=¥ (jo)|(jo) +4jo+3|=X (jo)[jo+2]

+2x(t)

Y(jo iw+2
= H(jo)= (J. )Z ) im,
X(]a)) (]a)) +4j0+3
Jjo+2
_(ja)+1)(ja)+3)
A B
= +
jo+1 jo+3

jo+2=A(jo+3)+B(jo+1)
=(A4+B) jo+(34+B)

A+B=1 1

34+B=2 2
1/2 N 1/2

jo+1 jo+3

}:A:B:

= H(jo)=

= (1) zée_’u(t)+%e_3tu(t)

Example 3.19:
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Y(jo)=X(jo)H (jo)
_ 1 jo+2
jo+l (jo+1)(jo+3)
A B C
. + 2+ .
jo+l (jo+1) jo+3

ja)+2:A(ja)+1)(ja)+3)+B(ja)+3)+C(ja)+1)2

Let s=jo
:>s+2=A(s+1)(s+3)+B(s+3)+C(s+1)2
Set s =—1

=1=B-2=B=1/2

Set s =-3

:>—1=4C:>C=—1/4
A+C=0 (the s? term)

=>A=-C=1/4=y(t)= [%e‘t +%te" —ie‘“}u(l)

2. Cascade and Parallel-Form Structures for the Implementation of LTI Systems

(1) Cascade-form structure

(jo) - 2 Lela ) (3.77)

aNszl(vk +jo)

where A, and v, may be complex.

By multiplying together the two first-order terms involving complex
conjugate A,'s or v,'s, we obtain second-order terms with real

coefficients. For example,

(/1+ja))(/1* +ja)) = |/‘L|2 +2Re{/1}ja)+(ja))2

s, [T [ Ao+ B (Go)+ (o) [T, (2 + jo) (378)
av TT7 | @+ ey (jo)+ (o) [T, (v + jo)

where the coefficients are all real.

= H(jo)=

= The system can be implemented using a cascade (let P=Q) of P

second-order systems and (N-2P) first-order systems.
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@ Realization of a second-order system

_Buriof+(jo) Y (jo)

H (jo = -
k( ) a0k+ja)a1k+(ja))2 Xk(fa))

= a,,Y, (jo)+ joo, Y, (jo) +(ja))2 Y, (jo)
= By X, (jo)+ joB, X, (jo)+(jo) X (jo)
dy, (t) n dz)’k (t)
dt dr’
dx, (t) dzxk (t)
+
dt dr’

For convenience, we only consider the second-order terms for

= o Vi (t) Ty,

= Lo (t) + B

realization of a cascade system. (See Fig. 3.5.)

_ b_M H; |:ﬂ0k + jop, +(]a))2J

H(jo)
o . . \2
ay Hk:l[aOk + joa, +(jo) }
x(1) bg/%;r\ L N N N . . ML N IV > (1)
'Y } 'Y 'Y } 'Y 'Y } 'Y
MD<Aie ;ﬂn ) DX e ;ﬂlz o DX ;ﬁw o
e I 'e 'Y I 'Y e I 'Y
—Q By —CQp By —Cos L ﬂﬁ

m Figure 3.5. Cascade structure of each second-order subsystem with
N=M=6 and P=0=3.

(i1) Parallel-form structure

(o) - bNHszl(/lk +jo)

(3.79)
N .
aNszl(vk + j)
If all of the v, are distinct, then
H ( ja)) can be expressed as
b v A
H(jo)=|-2 |+ L 3.80
(J ) [aNJ z"‘1vk+ja) (3.80)

Adding together the pairs involving complex conjugate v,'s, we
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obtain

b .
R e
ay Ay, + joo, +(jo)

Y

v, +jo

(3.81)

(All the coefficients are real.)

= We can implement the system by using a parallel interconnection
of QO second-order systems and (N-20Q) first-order systems.

For convenience, we only consider the second-order terms for
realization of a parallel system. (See Fig. 3.6.)

. b Yo T jOY
(jo)=[ b o, Teien
ay Ay + joa, +(jo)

b,/ a,
DLy
'Y }
f\:_an: > AT
X J
o T
P
'Y ?
x(t)—9 g?<_a"< AN . » (1)
Go | Te
WL
y
f\:7a13§ > 715 T\
'Y i
—Q; l 7&

m Figure 3.6. Parallel-form realization for each second-order
subsystem with N=6 and OQ=3.
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Appendix
2
G(v)= b,v +2blv+b0
(v=p) (v=p,)
G(v) 4, 4, . 4,
V_lol (V_pl) V_IOZ
(v=p)
(1) (V_pl) G(V)ZAII(V_p1)+A12+ = _pl
b
:[(V—pl)zG(V)}Lp =4,
4| (=) 6()] 2-p) _(v-p)
(i1) =4, +4, 1 1 2
dv — P, (v—pz)
d|(v=p) G(v)
SAvoaret) o,
V=p;
(i) (v-p,)G(v)= Ay (v—p,)+ Ay ~(v=p,)+4,
(V_pl) (V_pl)
:>|:(v—p2)G(v)] o =4,
a G(V) _ bnallv"1 +...-‘|T-2b1v+b0 _
(V_pl) (V_pz) "'(V_:Or)l
A11 + A12 - Alffl -
V= h (V_pl) (V_pl)l
+ A21 Azz S+ A2°'2 .
V=P (V_pz) ("_:02)2
Arl Ar2 A"O'r
+ + St —
v=p, (v-p,) (v=p)"
r O"- Al
:zz':lzkzl - k
(v-p)




