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Homework No. 2 Solution 
 

1. Find and sketch [ ] [ ] [ ]y n x n h n= ∗  of the following signals: 

(a) (10%) [ ] ( ) [ ] [ ]( )1 5nx n u n u n= − − −  and [ ] [ ]2h n u n= + . 

2 0,  2,n n+ < < − [ ] [ ]0,  0nw k y n= =  

0 2 4,  2 2,n n≤ + ≤ − ≤ ≤  [ ] ( )1 ,  0 2k
nw k k n= − ≤ ≤ +  

[ ] ( )2

0

1 ,   is odd
1

0,   is even
n k

k

n
y n

n
+

=


= − = 


∑  

4 2,  2 ,n n< + <  [ ] ( )1 ,  0 4k
nw k k= − ≤ ≤  

[ ] ( )4

0
1 1k

k
y n

=
= − =∑  

[ ]x k

k

k

[ ]h n k−

1

2n +
1n +

n
1n −

2n −

[ ]y n

 

(b) (10%) [ ] [ ] [ ]x n u n u n= − −  and [ ]
1 ,  0
2 ,  0
4

n

n

n
h n

n

  ≥ =   <


. 

[ ] [ ] [ ]
1 ,  0 1 4 12 ,  0 2
4

n
n

n

n

n
h n u n u n

n

  ≥   = = + − −   <  

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[ ] [ ] [ ] [ ] [ ] [ ] [ ]y n x n h n u n h n u n h n= ∗ = ∗ − − ∗  

[ ] [ ] [ ]n

k
u n h n h k

=−∞
∗ = ∑  

0n ≥ ,  

[ ]

( )

1

0

1 2

1

14
2

1 14 4 1
2 2

1 1 7 12 1
3 2 3 2

k
n nk
k k k

n

n n

h k −

=−∞ =−∞ =

− −

+

 = +  
 
  = + + + + + +  

   
    = + − = −    

     

∑ ∑ ∑

L L  

0n < , 

[ ]

( )

1

1

4 4 4

44 1 4 4
3

n n k n n
k k

n n

h k −
=−∞ =−∞

−

= = + +

= + + =

∑ ∑ L

L
 

[ ] [ ] [ ]k n
u n h n h k∞

=
− ∗ = ∑  

0n ≥ , 

[ ]
1

1
2

1 1 1 1 11 2
2 2 2 2 2

k

k n k n

n n n n

h k∞ ∞

= =

+

 =  
 

         = + + = + + =         
         

∑ ∑

L L

 

0n < , 

[ ]

( )

( ) ( )

1

0

1 2

1 1 1

1

14
2

14 4 4 1
2

4 1 4 4 2

4 1 7 44 1 4 2 1 4 2
3 3 3 3

k
k

k n k n k

n

n

n
n n

h k∞ − ∞

= = =

− −

− − +

−

 = +  
 

 = + + + + + + 
 

= + + + +

= × × − + = − + = −

∑ ∑ ∑

L L

L
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[ ] [ ] [ ] [ ] [ ]

[ ] [ ]

[ ] [ ]

7 1 4 1 7 44 1 2 1
3 2 3 2 3 3

7 1 1 4 7 42 4 1
3 2 2 3 3 3

7 1 5 73 4 1
3 2 3 3

n n n
n

n n n
n

n
n

y n u n u n u n u n

u n u n

u n u n

        = − + − − − + − − −       
          

        = − − + − − − −       
          

    = − + − − −    
     

 
 

2. (20%) 
2

2
2 2 3 3

1
1

1
1 2 3

1
1

( ) 2 [ ( 1) ( 1)] 2 ( 2).
For 2 1,  3, ( ) 0.

4 4For 2 1,  3 1,  ( ) 2 2 [( 2) 1].
3 3

4 4 8For 2 1,  1 ,  ( ) 2 2 [1 1] .
3 3 3

t
t

y t t u t u t u t
t t y t

t t y t d t

t t y t d

τ τ τ

τ τ τ

+
+

−
−

−
−

= + − − ∗ +
+ < − < − =

+ < − < < − = = = + +

+ ≥ − < = = = + =

∫

∫
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3. Homogeneous solution 
 

2 4 0 2r r j+ = ⇒ = ±  
2 2( ) 1 2h j t j ty t c e c e−= +  

(a) (5%) ( )x t t=  

1 2( )py t p t p= +  

1 2 1 2
34 4 3 0,
4

p t p p p+ = ⇒ = =  

3( )
4

py t∴ =  

2 2
1 2

3( ) ( ) ( )
4

h p j t j ty t y t y t c e c e−∴ = + = + +  

1 2
3( ) sin(2 ) cos(2 )
4

y t b t b t∴ = + +  

From 
0

(0 ) 1, ( )| 1
t

dy y t
dt −

−
=

= − =  

We get 1 2
1 7,
2 4

b b⇒ = = −  

7 1 3( ) cos(2 ) sin(2 )
4 2 4

y t t t= − + +  

(b) (5%) ( ) tx t e−=  
( )

34 3
5

p t

t t t

y t pe

pe pe e p

−

− − −

=

+ = − ⇒ = −
 

3( )
5

p ty t e−∴ = −  

2 2
1 2

3( ) ( ) ( )
5

h p j t j t ty t y t y t c e c e e− −= + = + −  

1 2
3( ) sin(2 ) cos(2 )
5

ty t b t b t e−∴ = + −  

From
0

(0 ) 1, ( )| 1
t

dy y t
dt −

−
=

= − = 1 2
1 2,
5 5

b b⇒ = = −  

2 1 3( ) cos(2 ) sin(2 )
5 5 5

ty t t t e−∴ = − + −  

(c) (10%) ( ) sin( ) cos( )x t t t= +  

1 2( ) cos( ) sin( )py t p t p t= +  
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'

1 2( ) sin( ) cos( )py t p t p t= − +
''

1 2, ( ) cos( ) sin( )py t p t p t= − −  

We get 1 21, 1p p= = −  
 

( ) cos( ) sin( )py t t t∴ = −  
 

( ) 1cos(2 ) 2sin(2 ) cos( ) sin( )y t b t b t t t∴ = + + −  

From
0

(0 ) 1, ( )| 1
t

dy y t
dt −

−
=

= − = 1 22, 1b b⇒ = − =  

 
( ) 2cos(2 ) sin(2 ) cos( ) sin( )y t t t t t∴ = − + + −  

4. Homogeneous solution 

2

1 2

1 1 1 1
0 ,

4 8 2 4
1 1[ ] ( ) ( )
2 4

h n n

r r r

y n c c

− − = ⇒ = −

= + −
 

(a) (5%) [ ] [ ]x n nu n=  

1 2[ ] ( ) [ ]py n p n p u n= +  

1 2 1 2 1 2
1 1( ( 1) ) ( ( 2) ) 1
4 8

p n p p n p p n p n n+ − − + − − + = + − 1 2
16 104,
5 25

p p⇒ = = −  

1 2
1 1 16 104[ ] ( ) ( ) ( ) [ ]
2 4 5 25

n ny n c c n u n= + − + −  

From [ 1] 1, [ 2] 0y y− = − = ⇒ = = −1 2
1 1,
3 12

c c  

∴ = − − + −
1 1 1 1 16 104[ ] ( ) ( ) ( ) [ ]
3 2 12 4 5 25

n ny n n u n  

 

(b) (5%) 1[ ] ( ) [ ]
8

nx n u n=  

1[ ] ( ) [ ]
8

n
py n p u n=  

1 2 11 1 1 1 1 1 1( ) ( ) ( ) ( ) ( )
8 4 8 8 8 8 8

n n n n np p p− − −− − = + 1p⇒ = −  

1[ ] ( ) [ ]
8

n
py n u n∴ = −  

1 2
1 1 1[ ] ( ) ( ) ( ) [ ]
2 4 8

n n ny n c c u n= + − −  
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From [ 1] 1, [ 2] 0y y− = − = ⇒ = = −1 2
1 1,
3 12

c c  

= − − −
1 1 1 1 1[ ] ( ) ( ) ( ) [ ]
3 2 12 4 8

n n ny n u n  

(c) (10%) 4[ ] [ ]
j n

x n e u n
π

=  

4[ ] [ ]
j n

py n pe u n
π

=  

( 1) ( 2) ( 1)
4 4 4 4 41 1

4 8

j n j n j n j n j n
pe pe pe e e

π π π π π
− − −

− − = +  

4

4 2

1
1 11
4 8

j

j j

e
p

e e

π

π π

−

− −

+
=

− −
 

4
4

4 2

1
[ ] [ ]

1 11
4 8

j
j n

p

j j

e
y n e u n

e e

π
π

π π

−

− −

+
= −

− −
 

4
4

1 2
4 2

1 1 1
[ ] ( ) ( ) [ ]

2 4 1 11
4 8

j
j n

n n

j j

e
y n c c e u n

e e

π
π

π π

−

− −

+
= + − −

− −
 

From [ 1] 1, [ 2] 0y y− = − =
⇒ =

⇒ = −

1

2

1
3

1
12

c

c
 

 
 
5. (20%) 

3( ) 2 ( ) ( )td y t y t e u t
dt

+ =  

Homogeneous solution︰        2
1

2 0 2

( )h t

r r

y t c e−

+ = ⇒ = −

=
 

 

Particular solution︰           3( )p ty t pe=  
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3 3 3

3

3 2 , 0
1

, 0
5

1( ) , 0
5

t t t

p t

pe pe e t

p t

y t e t

+ = >

⇒ = >

∴ = >

 

Complete solution︰         2 3
1

1( ) , 0
5

t ty t c e e t−= + >  

Because at rest (0) 0y⇒∴ =  

From 1
1(0) 0
5

y c= ⇒ = −  

2 31 1( ) , 0
5 5

t ty t e e t−= − + >  

or 2 31( ) ( ) ( )
5

t ty t e e u t−⇒ = − +  


