4.0 Continuous-time Fourier Transform

4.1 From Fourier Series to Fourier Transform

e Fourler Series : for periodic signal
X(t) = x(t + T), T : fundamental period

x(t) = iakejka’ot, W, = 2z
k=—00 T

asT increases, @, = 2% decreases
T

the envelopeTa, is sampled at closer and closer spacing

See Fig. 3.6, 3.7, p.193, 195, Fig, 4.2, p.286 of text

— aperiodic : T>o, wy;— 0



Harmonically Related Exponentials for

Periodic Signals (p.11 of 3.0)

[n]
V = {x(t)|x(t) periodic, fundamental period
[n] = T(N)}

 All with perioo(ll% Integer multiples of o,

* Discrete in frequency domain



Fouriler Transform
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Figure 3.6 Periodic square wave.
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Figure 3.7 Plots of the scaled Fourier series coefficients Ja; for the pe-
riodic square wave with T; fixed and for several values of 7: (a) T = 4T;;
(b) T = 8Ty, (¢) T = 16T;. The coefficients are regularly spaced samples of
the envelope (2 sin wT;)/w, where the spacing between samples, 27/T, de-
creases as T increases.



the envelope Ta, Issampled at closer and closer spacing
See Fig. 3.6, 3.7, p.193, 195, Fig, 4.2, p.286 of text
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e Considering x(t), x(t)=0 for

— construct X (t) periodic with

t|>T,

period T > 2T,

X(t) = x(t) if ft| < 2

X(t)— x(t) if T - oo

-Mr\ﬁr\%r\f\lr\/\,

-T, 0 T,
(b)

Figure 4.3 (a) Aperiodic signal x(f); (b) periodic signal X(1), constructed

to be equal to x(t) over one period.



e Considering x(t), x(t)=0 for | t|> T,

— Fourier series for X(t)

o0

X(t)= > Jaje’™

k=—c0
a, = [ X(t)e " 'dt = 2| x(t)e " dt

— Defining envelope of Ta, as X(jw)

a, =7 X(jkay)= 21X (j@)|4oray




e Considering x(t), x(t)=0 for |t|>T,

o0

(1) = 5 3 X (jkay) ey

% _ 1
277 T

— a8 T — o0, m, > 0, )~((t)—> X(’[)

X(t) = EI X(jow)e'"dw



X(jw)= j x(t)e 1*dt : spectrum, frequency domain
e Fourier Transform

x(t) = Lr} X (jw)e'™dw : signal, time domain
27 7 Inverse Fourier Transform

Fourier Transform pair, different expressions
X(t)—— X (jo)

very similar format to Fourier Series for periodic
signals




e Convergence Issues
— Given x(t)

X(jo)= [ x(t)e'"dt

X(t) =1 [ X(jo)e'dae
27

e(t) = x(t) — x(t)

E. = _[_OO e(t)] dt



e Convergence Issues

— It can be shown
if [ [x(t)dt < oo
— (i) X(jw) is obtainable (finite) for every w
(i) E, =0

zero energy for the difference signal
differences at isolated points are possible

>2(t) converges to x(t) at continuous points,
but to averages at discontinuities



e Convergence Issues

— Dirichlet’s conditions

(1) absolutely mtegrablej ‘ Xt dt<oo

(2) finite number of maxima and minima within any
finite interval

(3) finite number of discontinuities with finite values
within any finite interval



Examples

Example 4.4, p.293 of text

|1, |t <Ty
x(8) = {o, t] > T,
then X(jw) = f_T;l e IOt dt
_ 2sinwT;
W
.ol
= 2T1 SIDC(T)

sin 6

where sinc(8) = ( —

)




Examples

Example 4.5, p.294 of text

v 1, ol < W
X("“)‘{o, o] > W

W .
then x(t) = i J_,, et dw

sin W't

t

w Wt
—nsmc(n)

w



~ourler Transform for Periodic Signals —

Jnified Framework
— Given x(t)

assume X (jo) = 276(w — w, )

x(t) = j 276(0 — w, ) e’ dw = '™
27

el «F 5 275(w — w,)

(easy In one way)



Unified Framework: Fourier Transform
for Periodic Signals

piwot F T 210 (w — wy)
LAFAF ¢ 0y w
Ak
x“) ALIE
k(,()o
N
X(]a)) 2ma 8 (w — kwy)
— If x(t)= Zake‘k“’ot '[1T4‘ I;) 0
k=—00 k(l)o

X(jow) = k§27zak5(a) — ke

x(t)«—E—>a, — X(jo)

L F ]




Examples

Example 4.7, p.298 of text

x(t) = cos wyt = %(ej‘“ot + e~/ @ol)

X(jw) =16(w — wy) + md(w + wy)

FS: a, = a_q :1

- 1 B

Y(jw) = ?5(0) — wy) — ?5((1) + wy)

FS: a, = —a-q1 =

’

a, =0 else

1
YL a, =0 else

~wy

Y(jw)

Tl

— 11/

X(jw)

(1)0

|




4.2 Properties of Continuous-time Fourier
Transform

X(t)«—F— X(jo)

e Linearity

X(t)«—F— X (jo), y(t)«—F—Y(jo)
ax(t) + by(t)«—F—aX(jo)+ bY(jo)




Linearity (P.27 of 3.0)

x(t)«2—>a,
e Linearity
x(t)«E—>a,, yt)—hb
Ax(t)+ By(t)«—=— Aa, + Bb,

:( 1,a2,a3,---)
:( 1'b2'b3'"')
AX + By = (Aa, + Bb,Aa, + Bb,, )




e Time Shift
X(t —t,)e—F—e ' X(jow)

linear phase shift (linear in frequency) with amplitude
unchanged




Time Shift (P.28 of 3.0)

X(t —t, ) «—ES—> e g,
phase shift linear in frequency with amplitude unchanged

ak e]k(x)o(t—to) — e—j£w0t0 ak e]k(l)ot

< to-) x(t—to)
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Time Shift

Im




Examples (P.18 of 4.0)

Example 4.7, p.298 of text

x(t) = cos wyt = %(ej“)ot + e~/ @ol)

X(jw) =16(w — wy) + md(w + wy)

FS: a, = a_q :1

Y(jw) = ?5(0) — wy) — ?5((1) + wy)

FS: a, = —a-q1 =

’

2]

a, =0 else

1
—, a; =0 else

~wy

Y(jw)

Tl

—1/j

X(jw)

(l)O

pr——— 2]




Sinusoldals

F . .
cos wot © [6(w — wy) + §(w + wy)], %[e]wot + e~ j@ot]
Sin w ti)z[d(w — W ) — 5(a) + w )] i[ejwot _ e—jwot]

.
N Im cos wo(t — tp)

\ / sin wyt
Re //‘@

Wo v COS wot

/

x(t — tg) © e ¥t X(jw)



e Conjugation
X“(t)«—F— X" (- jo)
if x(t)real, X ( jw)conjugate symmetric
X(— jo)= X*(jow), x(t)real

even/odd properties




e Conjugation (P.32 of 3.0)

X" (t)«—=—>a’,

a, =a;, if x(t)real

[..._|_ ag + a4 ejwot + ]*

unique representation



Conjugation

[f_oo ..._|_ oo - X@(ja)k)ejwkt 4o da)]*

Unique representation for

_ _ orthogonal bases
e Conjugation

X" (t)«—FE— X (- jo)




Even/Odd Properties

e Conjugation Property Re{} or ||

X (t)«—E— X (- jo)
X (= jo)= X*(jo) if x(t)is real >/\/JK

X(jo)- Re{X(jo)+ imix (o) /I

[ —

Im{-}or 4% -

= (U

— i x(t)is real
Re{X (- jo)} = Re{X"(jo)} = Re{X (jw)} realpartis even
Im{X (jo)} = — Im{X*(jo)}= —Im{X (- jo)} imaginary partis odd
X(jo)=[X(jo)e "0
H(jw)| isevenbut ZH(jw)is odd



Time Reversal

j_o:o...X(—jwk @ +X(j@wk)€jwkt t - dw = x(t)

/

Unigue representation for
orthogonal bases

X(—t)«—F— X (- jo)




e Time Reversal (P.29 of 3.0)
X(—t)«—FE—a_,

the effect of sign change for x(t) and a, are identical

unique representation for orthogonal basis



Even/Odd Properties

e X(t) both real and even
- Time Reversal
X(—t)«—— X(- jo)
X*(jo)= X(= jo)«—E—x(-1) = x(t)«—E— X(jo)
. X(jo)is real

. X(jo) both real and even, example : cosine
e X(t) real and odd

X*(jo)= X(- jo)c«—FE—x(—t) = —x(t)«—-E— -X(jo)

Re{X " (jo)} = Re{X (jo)} = ~Re{X (jw)}= 0
X(ja))pureimaginary and odd, example : sine




e Differentiation/Integration

dﬁt)< — joX (jo)
j_toox(r)dr< E >j];0X(ja))+7zX(jO)5(a))

dc tTerm



e Differentiation  (P.33 of 3.0)
dx(t -
dgt )< B Jkaya,

d

kwot) —| : kwot
ar (@ 0") =| ke aglel*er

>3

J - |cos wyt + j sin wyt]

d d
dt dt

= —Sinwgyt + j cos wyt

Re

i ()_A\/ Sin wt
dt =
g0 /\ [ Ccos wt
j=e 1 ¢ Je
I [

—sin wt



Differentiation

) = jox (jo)
jw - - X(w)| = o] |X(w)l
jw| [ X(w)l
_lollX(w)]

- (U

Enhancing higher frequencies
De-emphasizing lower frequencies
Deleting DC term ( =0 for »=0)



Integration

[ x(z)dr <= >j1m X (joo) + 72X (jO)5 (o)
- r
dc term

1 _ _—j90°
==e
J

L] 1X Gl = (2] - 1X )]
. &
X (jw)

m—

> W
Enhancing lower frequencies (accumulation effect)
De-emphasizing higher frequencies
(smoothing effect)
Undefined for w=0



e Parseval’s Relation
[ [x®)fdt==[" | X(jo)[ do
% 27 "7

total energy: energy per unit time integrated over the
time

total energy: energy per unit frequency integrated
over the frequency

/T=2ai9i=2bkﬁk
[ k
> 2 2 2
|41 = lail? = ) Ib
L k



e Time/Frequency Scaling

(at) et 1 x[’“)j

a

X(—t)«—-— X (- jo) (time reversal)

F
J/\/\V/\A, £ /\/\ W
1 : (U
/\’\ x(at),a > 1 WX(JE)’a > 1
/\./—\
/ Vllfx— t F w
1 : (U
/\’\x(at)/,a\f 1 F [V\WX(] E),a <1
g t W

See Fig. 4.11, p.296 of text



— 1nverse relationship between signal “width™ 1n
time/frequency domains

x4 (t)
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1 1
— Wy W «@ — W Wy
(@) (b)
X3(t)
W/
— 7T/ W3 T/ Wi t
Xa(jw)
1
—Wg3 W3 w

©)

Figure 4.11 Fourier transform pair of Figure 4.9 for several different values of W.



Single Frequency
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User
標注
此積一個周期的大小
等同於下者積兩個周期的大小
-->大小沒有改變-->不用壓矮或拉高


e Time Scaling (P.30 of 3.0)
o - positive real number

X(at) : periodic with period T/a and fundamental
frequency aw,

X(at) = i a elklew)

kK=—o0

a, unchanged, but x(at) and each harmonic component are
different
< T
x(t) /\ - ;\ T
N —
k=1 Wo = ra
o
<T/a
/N ,Jx
\V4 a>1
e k=1 21 21
i Wo = 77— = a(—
T/« T




Data Transmission

1 1 0 1 EF_>
_,| |<_ ’ |(_W:_)|
T: bit duration bandwidth

pulse W|dth

Woc%2%=r:bitrate

(required bandwidth) o« (bit rate)


User
文字框
頻寬


e Duality

X(t)«—F— X(jo)=> y(t)«—F— z(w)
2(t)«—F—22y(— o)

— time/frequency domains are kind of “symmetric”

except for a sign change (and a factor of 27) --- “two
domains”

See Fig. 4.17, p.310 of text
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Xol8 Xo(jw)
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Figure 4.17 Relationship between the Fourier transform pairs of egs. (4.36)
and (4.37).



(P.10 of 4.0)

X(jow)= j x(t)e=I*dt : spectrum, frequency domain
e Fourier Transform

x(t) = LJ‘OO X (jw)e'™dw : signal, time domain
27 7 Inverse Fourier Transform

Fourier Transform pair, different expressions
X(t)—— X (jo)

very similar format to Fourier Series for periodic
signals
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Signal Representation in Two Domalins

Time Domain Basis Freguency Domain Basis
~ () - /h/\/XUw)
tflﬂt\{\/ t = e
5(t ~ b))t 280 - 0) — o
\ >t 21 (w — w-) 1 > (U

o(t —t3) t, ’ W3



Signal Representation in Two Domains

Time Domain Basis Freguency Domain Basis

{6(t —tg),—o <t <o}  {2n6(w — wy), —© < wy < o}

—Jjtrw
5(t—t) | e : : € AL P
ty !
e+ja)kt F 27'[5((1) — a)k)T

> W
LAAAAS ot — Wy




Signal Representation in Two Domalins

Time Domain Basis Freguency Domain Basis
A
5(t — t3) / 26 (w — w3)
I N
t, W1




Signal Representation in Two Domalins

Time Domain Basis Freguency Domain Basis
/T=Zai17i /T:zbkﬁk
T T
() () di )
L



Signal Representation in Two Domalins

Time Domain Basis z . Freguency Domain Basis
k“k

by _ k - b '
@)= [ x0@Pa (@)= [ @D
(&) Ao

U 2P Y b b ch e B

x(t) = —f X(jw)e'*dw X(w) = foox(t) e JOtdt
\ - (7377)

(& E/ 57 1T) (& %/ 57 1T)


User
標注
uk在時間軸上的展開


e Duality

— If any characteristics of signals in one domain
Implies some characteristics of signals in the other
domain, the inverse is true except for a sign change
(dual properties)

o th(t)( E_> dXx (JC()) [F %% cha_p.33 |
dw
L) OB X
J

ejwot X(t)( = N X (J(CO _ 0)0 )) [+ %% cha_p.21

modulation property


User
文字框
可參考ch4_p.33

User
文字框
可參考ch4_p.21


Modulation Property  [friizis, ...

T A G

el x(t)<

W
—_—

f Ao e

—>

Wy, Wy + Wy

—— X (jl@ - a))

ejwot(ejwkt) — ej(wk-l'wO)t

modulation:
w frequency translation
shift in frequency

Multiplication Property

el Vot . x(t) > 5= [2m8 (w — wy) * X(jw)]

= X(j(@ — wo))


User
文字框
在通訊原理很重要
因為打電話要把訊號放在給定的頻率裡面


e Convolution Property
y(t) = x(t) * h(t)«—F—Y(jo) = X(jo)H(jo)

— System Input/Output Relationship
x(t) = ziji X(jo)e' " dw

= lim — ZX jkao, H (jka, ) e ™™ oo,

wy—0 272. —

_ 1 j (jo)H(jw)e''dw closed-form solution

'-Y(Jw)— (jo)H(jo)

H(jo)= [  h(t)e"dt frequency response



Input/Output Relationship (P.5 of 3.0)

x(1) . >y(t)
_ﬂawc’: \WMV/"
e Time Domain

| 5(t) Q: h(t)
0 ¢ 0 t

e Frequency Domain

®

ARV @LU;® W




System Characterization (P.9 of 3.0)

e Superposition Property

continuous-time

X(t)= Zk:akeskt — y(t)=> aH(s, )™

k
discrete-time

X[n] = Zk:ak (Zk )n — Y[n] = Zk:ak H (Zk )(Zk )n

each frequency component never split to other frequency
components, no convolution involved

desirable to decompose signals in terms of such
eigenfunctions



Convolution Property

X(wz)H(jwy) =Y(w,) V(o) = XGw)H{jo)

X(jw) H(w,) = Ooh(r)e_j“”?
M”W . F

W1\, Wy W1 W3
F/ H(iwl) _ fooh(,[) e~ jwiTt { x(t) h(t) — y(t) JF

x(8) A, Lo HV\/V‘V*
) | &S) 7 h(t)
®Or Y li/ e
T G MR
C‘)’; jwz w : [ —jwt
| H(jw) = J_Ooh(r)e "*dT Transfer Function
H(jw,) e Frequency Response
H(s) = h(t) e °'dt
J

— 00



e Convolution Property
y(t) = x(t) * h(t) «—F—Y (jo) = X(jo)H(jow)
— unit impulse response h(t)
frequency response or transfer function H(jw)
h(t)«—-— H(jo)
S(t)e—F—1

— convolution in time domain reduced to
multiplication in frequency domain

— cascade of two systems implies product of the two
frequency responses, independent of the order of the
cascade

— example: filtering of signals
See Fig. 4.20, 4.21, p.318, 319 of text




Filtering of Signals

A AT A H(jo)
10 ; (f‘“) Ty

H(jw)

T
0



H{jw)

— W 0 W )

~—Stopband —+«— Passband —<«—Stopband —-

Figure 4.20 Frequency response of an ideal lowpass filter.
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Figure 4.21 Impulse response of an ideal lowpass filter.



Realizable Lowpass Filter

() —— |H(w)l
I

hy(t) . {|H2(fw)|
£H;(jw)

o

2T

/

o Jpu—



e Differentiation/Integration (P.33 of 4.0)

dZ?)< > joX (jo)
j_toox(f)dr< F >j1a)X(ja))+7rX§jO)5(a))

dc term



Integration

§
ol (tt)

'\Ff // Duality
u(t) =f 6 (t)drt

™~ . I 218 () \
@ | PO - - o //'
T i

%- 216 (w) = 1 (w)

1
> 1

=—+ w6(w) r

j x(t)dt =x(t) *u(t) = X(jw) - [jia) + 6 (w)]

= jin(jw) + 1X(j0)8(w) m




e Multiplication Property

r(t) = s(t)p(t) «—~E—R(jw) = == [S(jw)* P(jo))

27T

dual property of the convolution property

— example: frequency-selective filtering with variable
center frequency

See Fig. 4.26, 4.27, p.326 of text

e Tables of Properties and Pairs

See Tables. 4.1, 4.2, p.328, 329 of text



Modulation Property (P.53 of 4.0)

e!'x(t)«—F— X(jlo— @,))

W
—_—

ejwot(ejwkt) — ej(wk-l'wO)t
% modulation:

-‘> .
o wptwg " frequency translation
shift in frequency

Multiplication Property

el Vot . x(t) > 5= [2m8 (w — wy) * X(jw)]

= X(j(@ — wo))



Freguency Division Multiplexing

x1(t) ~ X1(w) , X(jw)
- ) J v

5 PALALY
2 el




X{jw)

Frequency response of
ideal lowpass filter

— {L}D (A)D

Fjw)

Figure 4.27 Spectra of the signals
in the system of Figure 4.26.



e joct

y(t)

ldeal lowpass

filter

Figure 4.26 Implementation of a bandpass filter using amplitude modula-

H{j )
1

—wyg

Wo

w

tion with a complex exponential carrier.

e_jwct



TABLE 4.1 PROPERTIES OF THE FOURIER TRANSFORM
Section Property Aperiodic signal Fourier transform
x(1) X(jw)
y(1) Y(jw)
43.1 Linearity ax(t) + by(t) aX(jw) + bY(jw)
432 Time Shifting x(r — 1) e " X(jw)
43.6 Frequency Shifting e’ x(1) X(j(w — wy))
433 Conjugation xX'(1) X'(— jw)
435 Time Reversal x(—1) X(— jw)
435 Time and Frequency x(ar) i X (J-w )
" la”\ a
Scaling
4.4 Convolution x(1) = y(t) X(jw)Y(jw)
4.5 Multiplication x(6)y() Zl—“JmX(jO)YU(w - 0)dé
434 Differentiation in Time %x(l) JoX{(jw)
4 1
434 Integration [ x(dt j—w-X(jw') + 7X(0)8(w)
43.6 Differentiation in 1x(t) j(jd—X(ja))
Frequency *
X(jo) = X'(— jw)
RefX(jo)} = RelX(~ jw)}
433 Conjugate Symmetry x(t) real I X (jw)} = —9Im{X(— jw)}
for Real Signals X(jw)| = |X(— jw)|
IX(jw) = —LX(~ jw)
433 Symmetry forReal and  x(7) real and even X(jw) real and even
Even Signals
433 Symmetry for Real and  x(¢) real and odd X(jw) purely imaginary and odd
Odd Signals
x.(1) = &v{; > 1 X(y
433 Even-Odd Decompo- ) Ov{lr‘t)} Lxteyreall ﬁe{ (j(_u)}
sition for Real Sig- (1) = Odix(0)}  [x(t) real] JImX(jew)t
nals
43.7 Parseval’s Relation for Aperiodic Signals

it o 3T s
[ ) [x(n)|*dr = ﬁJ ) [X(jw)| dw




TABLE 4.2 BASIC FOURIER TRANSFORM PAIRS

Fourier series coefficients

Signal Fourier transform (if periodic)
S agerten 2 > aldlw - kwy) a
3 ’ k=
a; =1
el 27w — wo)

a; = 0, otherwise

a =a = 3
COos wyl 7[8(w — wy) + 8w + wy)] =0, mhiarwisc
T —- a = —d., = =
sin wol —[8(w — wy) ~ 3w + wy)] 4
J a, =0, otherwise

ﬂq)zl, ﬂk=0.k#0
x(1) =1 2m d{w) this is the Fourier series represcntation for
any choice of T == 0

Periodic square wave

I, M < Tl - . . : 7
x(n = [ 0, T < ‘fl - % \—- 2 s1n ke T Slw — kaw) (UnT\_ sinc kw, T, _ sin kwy T
: e k il T k

and koo
x(e+ 1) = x(n)

e b2 2ak 1
f}_‘?au - nT) = Lz 8((., - %) ag = g forallk

Lold<T,  2sineT,
A r ...... —_—
! )[ 0 i =T, @
sin Wi . L e =W
X - o

e (jw) [0' ol > W

o(t) 1
1
u(r) — + md(w) —-
J(‘)

3(1 -— fu) e Tty J—

ar - l
¢ ulr), Refa} = 0 e T
te "u(r), Relal > 0 L —

¢ ' (a+ jw)
S e (r), 1

(=10

Refa) =0 (a+ jw)




e Another Application Example
systems described by differential equations:

N

>0, SX 3 OXO

Y(jo) zakum)k _ x(m)'kiobkuw)k

— closed-form solution




e \ector Space Interpretation of Fourier Transform
— generalized Parseval’s Relation

[ x()y (t)dt = ij“; X(jo)Y*(jo)ao

[x®)]- [y®)] = 2 [X (j)]-[Y (jo)

27T
{X(Jw) defined on -0 < @ < 0}=V: a vector space

Inner-product of two vectors(signals) can be
evaluated in either the time domain or the frequency
domain

Parseval’s relation is a special case here: the
magnitude (norm) of a vector can be evaluated in
either the time domain or the frequency domain



e \ector Space Interpretation of Fourier Transform
— considering the basis signal set
{,(1)= e, o0 < < 0]
g, (t)=e «F 5 275(w — w, )

[Z,k ©)]- ¢, )

2172 2725(0 -0, )] -[2725(&)—(01-)]

= 272[6(w - o, )] |5(e0 - W )

= 0,0, # o,

# 1, 0, = o,



e \ector Space Interpretation of Fourier Transform

— considering the basis signal set
similar to the vector space of continuous-time signals

— orthogonal bases but not normalized, while makes
sense considering operational definition

—x(t) ==L [" X(jo)ede
27T

X(j0) = [ x(®edt = [x(t] [, 0)

—00



Examples
* Example 4.8, p.299 of text

—2T =T 0 1 2L t

(@)

X(jw)
27

I ' | | [
_4m . 2m 0 27 4
T T T T

(b)

Figure 4.14 (a) Periodic impulse train; (b) its Fourier transform.



Examples

* Example 4.13, p.310 of text
— From Example 4.2

x(t) =e 2|¢l i) X(jw) = 2
1+ w?
by duality
2 F
x(t) = o 2me 2wl



Examples
* Example 4.19, p.320 of text

h(t) = e %u(t), a>0
x(t) = e Ptu(t), b >0

X(]w) — b+1ja) ! H(]w) - a+1jw

N 1 _ 1 1 1
Y(]w)  (atjw)(b+jw)  b-a [a+ja) o b+ja)]
y() = 2[e” " u(t) — e P'u(t),b # a

b=a: Y(]CU) — (a+]1'w)2 :jdci) [a+1jw]
Since —jtx(t) © % X(jw)
y(t) =te ™ u(t),b=a



Problem 4.12, p.336 of text

ven e-ltl &y _2
 (a)Givene —
F .
—t] ;. d [ 2 ]=_ 4jw
te Jdw 1702 (1+w?)?

by differentiation in frequency domain

4jt F

Tre2)2 — 2nwe ™!

e (b) By duality —

4t F : “|w|
a2 — j2ntwe




Problem 4.13, p.336 of text

e @A) X(w)=0(w)+d6(w—m)+6(w—05)
Is x(t) periodic ?
1 1

x(t) =—+—e/™ + —eJ5t
(&) = 2T 2T 2T

m and 5 are not integer multiples of any common fundamental

frequency
=~ x(t) Not periodic

b) h(t) = u(t) —u(t — 2)
Is x(t) * h(t) periodic ?

2 sin w

H(ja))=e_j“’[ ] H(jr) =0

X(Jw)H(jw) = H({0)S(w) + H(j5)6(w — 5)
~ x(t) = h(t) is periodic



Problem 4.33, p.345 of text

L y(t) + 6% y(6) + 8y () = 2x(t)

e (a) find impulse response

N _ Y(jw) _ 2 _ 1 _ 1
H(jw) = X(Jw) -w?+6jw+8 jw+2 jo+4

~ h(t) = e 2tu(t) — e *tu(t)
« (b) For x(t) = te ?tu(t)
X(0) = Grjoy

C N v N _ 1/4 _ 1/2 1 1/4
Y(]CU)—X(](U)H(]“’)_W (ja)+2)2+(jw+2)3 jw+4

= y(t) = ze72tu(t) — ste*u(e) + t2e " u(t) — ze*u(t)



Problem 4.35, p.346 of text

. (a) H(jw) = &22

a+jw

|H(jw)| =Va? + w?/Va% + w?2=1

AH(jw) = —tan_l% — tan_l% = —2 tan_l%
N 2a _ —at
H(jw) = =1+ =, h(t) = =6(t) + 2ae™*u(t)

e (b)x(t) =cost+cosV3t, a=1

X(jw) =n[6(w—1) +8(w +1) + §(w —V3) + §(w + V3)]
H(ja))zl-e_jg atw =1, H(ja))zl-e_jg” at w = /3, etc

y(t) = %[ej(t_%) + e_j(t_%) + ej(ﬁt—%n) + e—j(ﬁt—%n)]

= y(t) = cos(t —3) + cos(V3t — %ﬂ)



Problem 4.51, p.354 of text, part (c)

* An echo system

XOlgy . YO xOL oy
s 0
—h— —g)—

h(t) = i a5t — kT)

H(]Q)) i( k —]a)kT) | —

k=0 1 — e
G(jow)=1-ae





