
EECS205003 Linear Algebra, Fall 2020 
Quiz # 11, Solutions 

Prob. 1: 

By the <lefini t ion, the orthogonal complement s.1 of S in C3 is the set 

s.1 = {x IX 上 s for alls ES}. 

Since S = { (l 十 i , 3, -4i), (2 - i , 2i, 4 + 5i)}, we have the equation 
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Thus the orthogonal complement s.1 S is 

{ X [ ~ : ] 
= [ !l1~ 言i ] t, t EC} 

Prob. 2: 

Since <u , v>= l x 4 +(-l)x2+ 2 x(-1) =4-2刁 = 0, u and v are orthogonal. 

By Theorem 7.1.11, the orthogonal projection of x onto W is 

U U V V 
p= <x ,一〉— +〈x,一〉－llull llull llvll llvll 

1 -1 2 1 -1 2 
= (1 X J6+ (-1) X 沉; +l x 訂与6'國譯〉

4 2 -1 4 2 -1 
+ (1 X - + (- 1) X - + 1 X -)〈—一一一一一〉
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6 - 4 9 
＝ （干 7 ' 7)

Prob . 3: 



Stl\C'l、 llx + Yll 2 =<x+y,x+y>= (x,x〉十 〈x,y〉十 〈y , x〉十〈Y, Y〉 = llxll2 + 
<x.y>+ (y ,x >+IIY~胚+ Yll2 = llxll2 + IIYll2 if and only if (x, y〉 十 〈y , x〉 = 0 if 
and only if (x, y〉 十〈x, y〉= 0 if and only if <x,y> is a pure imaginary number. For 
exc1rnplc. x = (1, 1) and y = (i, i) have x + y = (1 + i, 1 + i) and then 

llx l1 2 + IIY『= 2 + 2 = 4 = !Ix+ Yll2 , 

but <x , y >= 1(一i) + 1(-i) = -2i # 0 Th . e answer 1s No. 

Prob. 4: 

Since llxll2 = IIY怕＝ 〈x,y〉, we have 

<x ,x >= (x, y> and <Y, Y>=<x , y>

and then 
<x ,x-y>= 0 and <x-y, y >= 0

so that 
<x,x-y>= 0 and <y,x -y>= 0. 

Ta.king the difference, we have 

(x-y,x-y>=0

which shows that x - y = 0 and then x = y. 

Prob. 5: 

We check the four axioms of an inner product. 

1. It is clear that when f = 0, 

b 

<f,f>= J f(x)戸w(x)dx = J.b O w(x)dx = 0 
a 

To have <f , f >> 0 whenever f =I= 0, i.e. , 

〈f, f 〉 =「 f(x)閂(x)dx= 「 lf(x) l2w(x)dx > 0'If# 0, 
a a 

we must have w(x) 2:: O Vx E [a, b] and w(x) not identical to the zero function 
in any subinterval [c, d] of [a, b] with c < d. 

2 <J , g>=<g,f>.

〈f,g〉= [兀）瓦(x)dx = J.b g位）同w(x)dx=口
since w(x) 2:: 0 for all x E [a, b]. 
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~t (.f + h 、 g〉 = (.f, g〉十〈h,g〉.

<f +h,g〉=「 (f(x) + h(x))瓦w(x)dx
a 

=「 f(x)瓦w(x)dx +「 h(x)瓦(x)dx
a a 

--!. 位f, g〉= a(f,g>

<cxf,的＝［司(x)瓦(x)dx = ex [ f(x)瓦(x)dx = ex<f,g>

,rv·e conclude that w(x) should be non-negative on [a, b] and cannot be identical to 
the zero function in any subinterval [c, d] of [a, b] with c < d. 

Prob. 6: 

We redo the proof of the Cauchy-Schwarz inequality in a complex inner product 
space V. 

If y = 0, then I<x,y>I = 0 = llxll llYII and the equality of the Cauchy-Schwarz 
inequality holds. In this case, { x, y} is a linearly dependent set. 

Assume y # 0. Let 

o={ 悶::』 , if <y,x># 0, 

1, if <y,x>= 0. 

It is clear that 回= 1 and a(y,x>= l(y , x>I- Then for all real number r, we have 

0~ <x - ,ay,X-'"'fO'.Y〉=〈x,x〉一祠y,x〉一両x, y〉 十 '"Y2lal2 〈Y , Y〉
=〈x,x〉一 2州y, x汁十孔(y,y〉

＝〈Y,Y〉［言）二（〈x, x〉-閌,:『)
By letting , = 戸(y ,y)' 

we have 

0 :S (x, X〉一
I 〈y,x甲
(y,y>'

And the equality holds if and only if x - ,ay = 0, i.e., x = aJ(y,x)I 
(y,y) y. 

Thus if the equality of the Cauchy-Schwarz inequality holds, then {x, y} is a 
linearly dependent set. Conversely, assume that {x, y} is a linear dependent set. 
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Tht'll t'it.h('r x = (3y or y = 1x for some complex numbers (3,'Y·In the former c臨e ,
\\"(、 h,w(~

I<x,y>I= lf31 <y , y >= lf31 IIYll2 = l!f3YI 丨 IIY II = l!x l! l!YII

And in the latter case, 

|<x , y >I= l,l(x, x >= hlllxll2 = llx ll lh x ll = llx llllYII-

In both cases, the equality of the Cauchy-Schwarz inequality holds. 

vVe conclude that the equality of the Cauchy-Schwarz inequality holds if and only 
if { x , y} is a linealy dependent set. 

Prob. 7: 

By the Cauchy-Schwarz inequality in an inner product space, we have 

l(x,y〉。 I :::; llxlloll YII 。

with equality holds if and only if {x, y} is a linear dependent set. Since y = (2, - 1, 0) , 

l!Yllo = ✓ 2 X 22 + 1 X (-1) 2 + 2 X 02 = 3. 

Since (x, x>o~10, we have 

為y〉ol :::; 3 X ✓ 面 =3✓面．

The largest value that 〈x,y耘 can attain is 3✓ 祠 And the largest value 3✓ 面 is
attained if and only if x = ay for some a> 0, where 

Thus we have a 
〈x, y〉。 =3汎:0.

〈ay , y〉 。 =ally !启 = 9a = 3渲．

遑
3 and then x = (牙） (2, - 1, 0) attains the largest value 
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