
EECS20G003 Linear Algebra, Fall 2020 
Quiz # 10, Solutions 

Prob. 1: 

No. From the statement, the number of columns in A is n = 6 and the dimension 
of Ker(A) 」s 1 so that Rank(A) = n- Nullity{A) = 6 - 1 = 5 by the Rank-Nullity 
Theorem. Since the column rank of A is equal to the rank of A and is less than 7 
= Dim(配）， the column space of A is a proper subspace of 記 which implies that the 
equation Ax = b is not solvable for all b. 

Prob. 2: 

The linear system Ax = b is consistent for all b E 甿 if and only if Col(A) =甿 if
皿d only if Dim(Col(A)) = m if and only if Rank(A) = m if and only if Rank{A鬥 =m
if and only if Nullity(A叮= m-Rank{A叮= 0 if and only if Ker(A芍 = {0}. 

Prob. 3: Let u1 = (2, -2) and u2 = (1, 5). The transition matrix for changing B
coordinates to C-coordinates is P = [[ei]c[e2]cl, where 

[u1 u2][e1]c = er and [u1 叫[e2]c = e2 

Thus to find the transition matrix P, we apply elementary row operations on the following 
augmented matrix: 

[ !2~ \ ~ ~] ~ [~ ~\ i 
Thus the transition matrix P is 忭
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Let x E V. Then [x]c = P[x]a, [x]v = Q[x]c 「he [x戶 = Q[x]c = QP [x]a . Then 
QP is the transition matrix from B-coordinat,2s t.o D-Coordinates. 

Prob. 5: 

Since 

T ((l , -1)) = A[!1]=[ 一2 !1 ] [!1] = [一~3] = X1 [!1] + Y1 [;] 

T((2, 3)) = A[;]= [~2 !1] [;] = [~1] = x2 [!1] + Y2 [;] 

we have a linear system 

［－＼訃[:: ::] =尸卟
To solve X1, y」 and x2, y2, we apply elementary row operat ions on t he augmented matrix 

［＿＼月一/~1 ] ➔ [~; 1~3~1 ] ➔ [~ ~ 『 f J ➔ [~ ~l『 TJ 



Thu!'- \\\' h ,wc 

[T(( L -l))]n = [『] and [T((2, 3))]n = [『］
~m<l t hl'nrnt rix representation of T relative to the basis B is 

二＝[T ]R = [[T((l , -l))]a[T((2, 3))長］＝［！｝］．

Prob. 6 : 

Let 

A = [ ::: ::: ] and B = [~:: 鬪 ］
Then .4'.:::'. B if and only if t here is an invertible matrix Q = [~:: ~:: ] such that 

AQ = Q 8 , i.e., [ a 11 a 12 ] [ Qn Q12 ] = [ q11 q12 ]扣 b12
a21 a22 如知 如令2 [如 b22 ] 

which is 

［氬11 + a12Q21 氬12 + a 12Q22 ] = [帕qll + b泅12 妞qll +b頑12]
a21Q11 + a22令1 a21 Q12 + a22Q22 bn q21 + b21 Q22 b12Q21 + b22Q22 

Now we have a linear system , 
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a22 - b11 
－如

a/:t,, ] [ !;l ] = [ ~] 

Let the 4 x 4 coefficient matrix be M. Then A ~ B if and only if there is an invertible 

matrix Q = [ Qn q12 ] whose corresponding vector (q11 , f/12, q21 , q22) is in Ker(M) Q21 q22 

Prob. 7: 

Let A = [ ::~ ~:: ] be an arbitrary 2 x 2 matrix. Then we have AT= [ 悶；：：； ] . 
By applying the necessary and sufficient condition found in the previous problem for 
checking the similarity of A and A互 the corresponding 4 x 4 matrix M is 
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M = 

。 -a」 2 a」 2 。 a21 。 a22 - a11 -a12 
-0.21 (J,11 - (J.22 。 a12 。 a21 - a21 。

。
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。 。
U21 a22 - a11 -a」 2 a11 - a22 a22 - a11 

。 au -a21 。 。 -a12 a12 。
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I 。
n11 - n11 _ !!.il 1 。

a11 - tt1 I ＿尘0]1 llll a11 a21 

。 1 -1 。 。 1 -1 。~ 
0 "'1 一 n22 <122 一 Cl ! I 。 0 O 。 。
。 -012 a12 。 0 0 。 。

whe11 1121 -f: 0. 111 this cnse, we have 

{ (au 一 a22 a12) I } Ker(M) = a+ - (3, a, a , (3 a, (3 E 假．
a21 a21 

竿 o
If a12 "I 0. then with a = 0, f3 = l , we have an invertible matrix Q = [ a21 ] such that 

0 1 

QATQ-1 =匠吖［：：；二］昱吖= [ ::: ::: ] = A 

If a 12 = 0, then with a = I , /3 = 0, we have an invertible matrix Q = r~ 尸』 such
that 

QAT妒＝ ［雪~ ~] [ 二：：； ］［｛＿占~] = [ 二：；： ]=A 

\1/hen a21 = 0 but a12 =I= 0, we have 
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In this case, we have 

Ker(M) = { (a, /3, /3, 竺尸） I a,/3 E 卟

0 1 
And with a = 0, /3 = 1 we have an mvertible matrix = Q [1 一] such that 

a12 

QA「「Q一1 = [~ 丐圧］［ ：；；二] [~ 『；＼［鬪二 ]=A
When a21 = a12 = 0, the matrix A is diagonal so t hat AT = A and A'.:::'. AT. We 

conclude that the answer to this question is yes, i.e., every 2 x 2 real matrix is similar to 

its transpose. 
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