
EECS205003 Linear Algebra, Fall 2020 
Quiz # 9, Solutions 

Prob. 1: 
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Let B = {(l , -1, 2, 0, -1), (0, 1, 5, 2, -1), (0, 0, 23, 2, -7)}. Since Span(S) = Span(B) 
and Bis linearly independent, {(1, -1, 2, 0, -1), (0, 1, 5, 2, -1), (0, 0, 23, 2, -7)} is a 
basis for Span(S). 

Prob. 2: 

It is clear that the column space of the following matrix is 記

［二」
By elementary row operations, we have 
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We can see that the pivots are in the first, the second and the third columns. Thus 
by Theorem 5.2.13, { (- 1, 2, -3) , (1, 0, 0) , (0, 1, O)} is a basis for 配 extended from S. 

Prob. 3: 

For a p = a5t5 + a『 +a『+ a2t2 + a1t + ao E 屿 ， we have p'= 5a5t4 + 4a記 十
3a3t2 + 2a2t + a1 and p" = 20a5t3 + 12a4t2 + 6a3t + 2a2 so that 

L(p) p" - p'= (20ast」 + 12a4t2 + 6a3t + 2a2) - (5a5t4 + 4a「 + 3a3t2 + 2a2t + a1) 

-5a『 + (20as - 如） t3 + (12a4 -如） t2 + (6a3 -邲）t + (2a2 - a1)-

Now p E Ker(L) if and only if -5a5 = 20a5 - 4a4 = 12a4 - 3a3 = 6a3 - 2a2 = 
2a2 - a1 = 0 if and only if a5 = a4 = a3 = a2 = a1 = 0. Thus we have Ker(L) = 
{ao I ao E 艮｝ ＝ 屿 = the set of all constant polynomials. 



It i丶 cl<'ar t.hat. Range(£) is a subset of 瓦. We claim that Range(L) is exactly 
屿 For n polynomial q =馴+ b3t3 +頲+ b1t + b9 in 屿. To find a p E 旳 such
that L(p) = q , we have to solve the following system of linear equations 

-5a5 b4 

20a5 - 4a4 b3 

12a4 - 3a3 b2 

6a3 - 2a2 b1 

2a2 - a1 b。

" ·hich has a solution 尙＝夬， 佤 ＝ 舟＿齿， a3 =考－炳 － 航， a2 = -箜－炳－
3b3 - 12如， a1 = -蚡- b1 - 2b2 - 6b3 - 24b4, and a。 arbitrary. Thus Range(L) =匣4·

Since Codomain(L) = 1P5, Dim(Codomain(L)) = Dim(匣s) = 6 

Prob. 4 : 

( 1 ) 信 Since (0, 0, · · ·) E U, U is nonempty. 

(ii) For all a = (a1 , a2 , a3, · · · ), b = (b1, b2 , b3, • • •) E U, let c = (c1 , c2, c3, · · ·) = 
a+ b. Then for all n 2'.: 4, we have 

Cn =an 十如= (an- 1 . 一· 2an-2 ·- Un-3) + (b正1 - 2bn-2 - bn-3) 

=(a正1+b正1) - 2(an-2 + bn-2) - (an-3 + b正3)

＝今-1 - 2Cn-2 - Cn-3· 

Thus c E U and U is closed u.nd勻 tl:i :~ V七ctor addition. 

(iii) For all x = (x1 , X2 , x3, · · ·) E {j and •'.'1'( 鴟 let y = a x . Then for all 
n 2'.: 4, we have 

Yn = O'.Xn = a(Xn-1 - 2Xn-2 - Xn-3) =恥1 - 2Yn- 2 -區3·

Thus y E U and U is closed under the scalar multiplication. 

Therefore, U is a subspace of 民00 by Theorem 5.1.1. 

(2) First we note that since every component of a sequence in U is uniquely de­
termined by its first three components, two sequences in U are equal to each 
other if only if their first three components are the same. 

Consider three sequences 

a = (1, 0, 0, -1, • • •) , b = (0, 1, 0, - 2, · · ·) and c = (0, 0, 1, 1, · · · ) , 

in U and let S = {a, b, c}. Since a1a+a2b+a3c = 0 if and only if (a1, a2, a3) = 
(0, 0, 0) , S is a linearly independent set. 
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Sinr<'o 、 b, r. E U n.nd U is a vector space, so we have Span(S) 戶 U.

For n.11 .r = (; 明，．互， x3, · · ·) E U, since x has the same first three components 
with .r1a+:-c2b+x坪， we have x = x1a + x2b + X3b E Span(S), so U 戶 Span(S)
nn<l then U = Span(S) . Thus S is a b邸is for U. Since there are three 
s<'quences in S , Dim(U) = 3. 

Prob. 5: 

(i) Since V contains the zero matrix 0, it is a nonempty set. 

(ii) For all A1, A2 EV, (A1 + A2)B = A1B + A2B = 0 + 0 = 0, so A1 + A2 EV 
and V is closed under the vector addition. 

(iii) For all A E V and a E 良 (aA)B = a(AB) = aO = 0, so V is closed under 
the scalar multiplication. 

From (i) , (ii) , and (iii), Vis a subspace of Mnxn by Theorem 5.1.1. 

Since AB = 0, BT AT = 0. Let r i be the ith row of A. Then BT AT = 0 
if and only if rf E Ker(B芍 for all 1 ::; i ::; n. Thus A is the set of all n x n 
matrices such that each row of A is the transpose of a column vector in Ker(B叮
Let k = Dim(Ker(B鬥） and { u1 , u2, · · ·, uk} be a basis of Ker(B鬥 Then A EV if 
and only if 
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n. k 

= LLO'.ijM勺，
i=l 」i= l

where aij are arbitrary scalars and Jvfii is the n x n matrix such that the ith row of M勺
is u了 while all the other rows are zero rows. Then S = { Mii J 1 ::; i ::; n , l s; 」::; k} 
spans V. Consider a linear relation on S, 

n k 

芷LaiiMii = 0 
i=l j=l 

where aii are scalars. Then we have 

k k 

芷生」吋= 0 V 1 ::; -i ::; n if and only if 辶 a.i」U」 =OVl::;i::;n
j=l 」= 1
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\\"hich imp]~, that O'i_; = 0 for all 1 ::; i ::; n , 1 ::;」::; k since { u1 , u2, ... , uk} is a 
li1wnrly ind<'pcndent set. This shows that S is a linearly independent subset of V. 
\\'C'condndc t hat Sis a basis for V. Thus Dim(V) = ISi = n-k = n-Dim(Ker(B芍）．

Prob. 6: 

Let x = (互四，... , Xn) E Ker(A) n Col(A叮 Since x E Col(A鬥， there exist an 
yE 芷 such that A兮= x and then y勺= xT. And since x E Ker(A), we have 
Ax = 0 so that XT x = YT Ax= 0, which implies xr + x钅十 ·· ·+辻 = 0 and then 
x = 0. Thus Ker(A) n Col(A鬥 = {O}. 
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