EECS205003 Linear Algebra, Fall 2020
Quiz # 9, Solutions

Prob. 1:
3 0 -2 4 1] -1 1 -2 0 1] -1 1 -2 0 1]
4 -2 =5 2 1 3 0 -2 4 1 0 3 -8 4 4
11 -2 0 1|(~]4 -2 =5 2 1|~|0 2 =13 2 5
4 -3 =10 0 2 4 -3 =10 0 2 0 1 —18 0 6
(2 -3 -1 -2 —1] |2 -3 -1 -2 —1] 0 -1 -5 -2 1]
-1 1 =2 0 1] -1 1 -2 0 1] [1 -1 2 9 =1]
0 -1 -5 -2 1 0 -1 -5 =21 0 1 5 2 -1

~|0 3 -8 4 4|~|0 0 -23 -2 7|~ |0 O 23 2 -7
0 2 —-13 2 5 0 0 -23 —2 7 0 0 0 0 O
0 1 -18 0 6 |0 0 -23 -2 7] 0 0 0 0 0]

Let B = {(1,-1,2,0,-1),(0,1,5,2,-1),(0,0,23,2,—7)}. Since Span(S) = Span(B)

basis for Span(S).
Prob. 2:

It is clear that the column space of the foliowing matrix is R3:

1100
2 01 0
-3 00 1

By elementary row operations, we have

-1 100 -1 1 00 —1 v 9 @ -1 0 1 1
2 010/ ~l0 2 10~]0 —-111|~]0 =1 1 1
-3 001 0 -3 01 B, =3 '8 1 0 0 -3 =2

We can see that the pivots are in the first, the second and the third columns. Thus
by Theorem 5.2.13, {(—1,2,-3),(1,0,0),(0,1,0)} is a basis for R® extended from S.

Prob. 3:

For a p = ast® + aqt? + ast® + agt? + a1t + ag € Ps, we have p’ = 5ast* + 4a,t® +
3ast? + 2a,t + a1 and p" = 20ast® + 12a4t% + 6ast + 2a, so that
Lp) = p"—p = (20ast® + 12a4t* + 6ast + 2a2) — (5ast* + 4ast® + 3ast® + 2ast + ay)
— —5G5L4 + (206&5 = 4&4)[;3 + (12&4 - 3&3)t2 + (6&3 — 2a2)t + (20.2 = al).

Now p € Ker(L) if and only if —5a5; = 20as — 4a4 = 12a4 — 3a3 = 6az — 2as
2a9 —a; = 0 if and only if as = a4y = a3 = a3 = a; = 0. Thus we have Ker(L) =
{ap | ap € R} = Py = the set of all constant polynomials.



[t is clear that Range(L) is a subset of P,. We claim that Range(L) is exactly
;. For a polynomial g = bst* + bgt® 4 bt + byt + by in P4. To find a p € P5 such
that L(p) = q, we have to solve the following system of linear equations

—da; = by
20as — day = b3
12a4 — 3a3 = b,

baz —2a; = b
209 —a; = by

which has a solution a5 = —-%4, ag = —-941 — by, a3 = —232 — by —4by, ay = _%1 — by —
3bg —12by, ay = —bg — by — 2by — 6b3 — 24b4, and aq arbitrary. Thus Range(L) = P,.

Since Codomain(L) = P5, Dim(Codomain(L)) = Dim(Ps) = 6.

Prob. 4:

(1) (i) Since (0,0,---) € U, U is nonempty.
(11) Fora‘]'la‘ = (a13a2}a3:" ')ab = (b11b27b37'”) S U1 letc = (ClJCZ:CE’n' ) =
a + b. Then for all n > 4, we have
Cn =Qp + bn = (an—l = 2‘111—2 = an--’j) + (bnfl - 2bn—2 - bn_3)
=(@n-1+ bn-1) — 2(an-2 + bn-2) — (an—3 + by_3)

=Cn-1 — 2Cn—2 — Cp—3.

Thus ¢ € U and U is closed under the vector addition.
(iii) For all z = (21,29, @3,---) & I/ and o € R, let y = az. Then for all
n > 4, we have

Yn = Oy = Oﬁ(.’l:n_]_ - 2xn—2 - xn—.’i) = Yn-1— 2ynf2 — Yn—3.

Thus y € U and U is closed under the scalar multiplication.
Therefore, U is a subspace of R® by Theorem 5.1.1.
(2) First we note that since every component of a sequence in U is uniquely de-

termined by its first three components, two sequences in U are equal to each
other if only if their first three components are the same.

Consider three sequences
a=(1,0,0,-1,---),b=(0,1,0,—2,---) and ¢ = (0,0,1,1,---),

in U and let S = {a,b, c}. Since aya+azb+aze = 0 if and only if (ay, az, az) =
(0,0,0). S is a lincarly independent set.



Since a,b,c € U and U is a vector space, so we have Span(S) C U.

For all @ = (21,29, 23,--) € U, since z has the same first three components
with r1a + x9b + x3c, we have z = z1a + 220+ 23b € Span(S), so U C Span(S)
and then U = Span(S) . Thus S is a basis for U. Since there are three
sequences in S, Dim(U) = 3.

Prob. 5:

(1) Since V' contains the zero matrix O, it is a nonempty set.

(ii) For all A}, A, €V, (A1 +A)B=A1B+A,B=0+0 = 0,50 Aj +A, eV
and V is closed under the vector addition.

(ili) Forall A€ V and a € R, (@#d)B = a(AB) = a0 = 0, so V is closed under
the scalar multiplication.

From (i), (i), and (iii), V is a subspace of M™ " by Theorem 5.1.1.

Since AB = O, BTAT = O. Let r; be the ith row of A. Then BTAT = O
if and only if r7 € Ker(B7T) for all 1 < ¢ < n. Thus A is the set of all n X n
matrices such that each row of A is the transpose of a column vector in Ker(BT).
Let k = Dim(Ker(B")) and {uy,uy, -+ ,us} be a basis of Ker(BT). Then A € V if
and only if

ok

-~

r, ;] [0 0 Sk oajuT 0 0
r 0 r 0 0 £ anul 0
A = 2 n -2 n - _ . 4 Zj-_l. 2544 | -
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where a;; are arbitrary scalars and M;; is the nxXn matrix such that the ith row of M;;
is u}' while all the other rows are zero rows. Then S = {M;;|1 <i<n,1<j <k}
spans V. Consider a linear relation on .S,

n k
Z Z aq;jMij =0

i=1 j=1

where «;; are scalars. Then we have

k
au; =0V 1<i<nif and only if Za.;juj =0VvV1<i<n
=1

.
Il e
—



which iply that a;; = 0 for all 1 <4 < n,1 < j < k since {uj,uy,...,uz} is a
lincarly independent set. This shows that S is a linearly independent subset of V.
We conclude that S is a basis for V. Thus Dim(V) = |S| = n-k = n-Dim(Ker(BT)).

Prob. 6:

Let x = (21,22,...,2,) € Ker(A) N Col(AT). Since x € Col(AT), there exist an
y € R™ such that ATy = x and then y”A = x”. And since x € Ker(A), we have
Ax = 0 so that x"x = yT Ax = 0, which implies z? + z2 + --- + 22 = 0 and then
x = 0. Thus Ker(A4) N Col(AT) = {0}.
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