
EECS205003 Linear AJgebra, Fall 2020 

Quiz # 8, Solutions 

Prob. 1: 

(a) No 卫~] and [『 ~l] are both invertible, but [~ ~]十[『 ~1] =~ ~ 
is not invertible. 

[] 

(b) Denote S = { [了：二:] a, band c E 艮}. It is clear that S is a nonempty 

subset of 艮2x2_

(i) \I [-a1 a1 - b1 l and [-a2 a2 - b,] E S, 
b1 a1 - c1 炳 a2 - C2 

尸 a1 - b1 l + [-a2 吵一 b,l
柘 a1 - C1 炳 a2 - C2 

＝［玉玉 (a, 玉） - (bi+ b,)l 
(b1 十炳） (a1 + a2) - (c1 + c2) 

ES. 

(ii) If [ -a a - bl ES and \fa E 良
b a-c 

a 尸：二:] = [二~ ·ba : : ~ 二 ：:] ES 

Thus S is closed under the vector addition and the scalar multiplication and 
then is a vector subspace of 照2x2.

Prob. 2: 

(a) 

T(U) = {(x1 - x2 - 2x3, -2x1 + x3)I - X1 + 2x2 - X3 = O,x1,X2丐 E 艮｝

= {(x1 - x2 - 2x3, -2x1 + X3)I -叨十 2叨 =X户1, X2, X3 E 民｝

= {(x1 - x2 - 2(-xi + 2x2), -2x1 +(-xi+ 2x2))lx1, X2 E 民｝

= {(3x1 - 5x2, -3x1 + 2x2)lx1, X2 E 艮｝

= {x1(3,-3) + x2( -5,2) lx1,X2 E 艮｝

＝ 配．



(h) 

尸(V) = { (互功， X3) E 勔 (x1 - X2 - 2x3) - (- 2x1 + X3) = 0} 
= { (互呤， X3) E 勔3x1 - 3巧＝司
= {(: 明， 3x1 - 3x立3) lx1丐 E 照｝

= { s(l, 3, 0) + t(O, - 3, 1)1s, t E 艮｝．

Prob. 3: 

Let 
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B = [-l JI ~2~l l ~ [ 玄 Jl~·:2 l ~ [ i [ ; ; : 2 l ~」［ 玄［弓 2： ］
Thus A and B are not row equivalent, so that A and B do not have the same row 
space. 

Prob. 4: 

Of course, U is a nonempty set. Let x = (x1 , 物，· ·) and y = (Y1 , Y2, · · ·) be 
two elements in U and a E 艮 There are N and lvl such that Xi = 0 for all i > N 
and y」= 0 for all 」> M. Let z = x + .1J = (:i;1 + y1, x2 + y2, · · ·). Then for all i > 
max(N, M) , we have 

Zi = Xi 十 祐 :-::: 0 + 0 = 0. 

Thus z E U and U is closed under the vector addit ion. Let w = ax = (ax1, ax2 , · · ·). 
Then for all i > N, 

叭 = axi = a O = 0. 

Thus w E U and U is closed under the scalar multiplication. This proves that U is 
a subspace of 脫oo _

Prob. 5: 

(a) Since t he product AB exists, we can assume that A is an m x n matrix and B 
is an n x k matrix. From matrix multiplication, we have 

AB = [ Ab1 Ab2 · · ·Abk ] , 
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. 

wh<'rl"'bi is the i-th column of matrix B. Vu E Col(AB), there exist a1, 叩， ．．．
，翦

in IR surh that 

u = 0'.1 Ab1 + a2Ab2 +· · ·+ akAbk 
n n n 

= 0'.1 I: ai如 +a2芝虯如十 十 O'.k瓦辶
i=l t=l i=l 

k k k 
= (I: Qi如）a1 + (I: Qi転）a2 +· · ·+ (La:i輻）an 

i=l i=l i=l 

(b) 

where a i is the i-th column of matrix A and bii is the (可）-th entry of matrix 
B. It is obvious that u E Col(A), we can conclude that Col(AB) 戶 Col(A)

Col(AB) = Col(A) if and only if Col(AB) 旦 Col(A) and Col(A) 呈 Col(AB).
We have shown that the former inclusion relation is always true in part (a). 
Col(A) 戶 Col(AB) only if every column of A is in Col(AB). It means that for 
each column ai of A where 1 :S i :S n, there exists ai1, · · · , 四 E 照 such that 
O'.i1Ab1 + O'.i2Ab2 + . ·. + O'.ikAbk =叱， i.e.,

[ Ab1 Ab2 Abk] 

ail 
Qi2 

aik 

= <li-

Therefore if [ABla1 · · ·c1n] = [ABIA] is consistent, then Col(AB) = Col(A). 

Prob. 6: 

Let A be a nonempty subset in a vector space V . It has been shown that Span(A) 
is a subspace of V. It is clear that A 戶 Span(A). Suppose that there is a subspace 
W of V which contains the set A and is smaller than Span(A). Then there is an 
element b E Span(A) but b tf- W. Since b E Span(A), there exist a1 , a2 , · · · , a k in 
A and 紅叩， • • • , ak in 艮 such that 

b = a1a1 + a速2 十· · · + akak . 

Since A~W, a1 , a2 , • • • , ak in W. Also since Wis a subspace, any linear combina
tion of a1 , a2 , ... , ak must be in W by the closure properties of vector spaces. Thus 
we have b E W , a contradiction. We conclude that Span(A) is the smallest subspace 
containing A. 
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