
P rob. 1: 

EECS205003 Linear Algebra, Fall 2020 
Quiz # 7, Solutions 

\\'t' 恥t note that Det (A)=( 一 l)x l x 3 x (-2) x l = 6, Det(B)= 2x (- 2)x l x3x(-l ) = 
12. and Det(C)=( - 2) x 4x 1 x( -2) x (-1) = - 16. Since Det(ABC)=Det(A)Det (B)Det(C), 
we have Det(ABC)=G x 12 x (-16) = -1152. 

Prob. 2: 

Det ([~I I~: ~i]) = Det ([~I I 『2 』)
= (- J)'+3(-2)Det ([ y ll 二;~]) = (-2)Det ([ I~=m = 0 

Prob. 3: 

l. True. By Theorem 2 in Section 4.2, Det (AB) = Det(A)Det(B). Now, let B = 
A- 1, Det(AA丐= Det(J) = 1 = Det(A)Det(A可 which implies that Det(A丐＝
云 = (Det(A))-1 . Therefore, Det(A丐 = Det(A-1A可 = Det(A可Det(A丐＝
(Det(A))-1(Det(A))-1 = (Det(A))-2 

2. True. Det(AB芍 = Det(A)Det(B叮= Det(A)Det(B) (By Theorem 3 in Section 
4.2) = Det(B)Det (A) = Det(BA). 

3. False. Consider n = 2, A= [~ ~] , and B = [~l 

2 = 1 - 1 = 0 is not equal to Det(A - B) = Det「[
＼ 。

。_1]. Then, Det(A) - Det(B) 

ol 
吐） :...--:: 4. 

4. False. If we change one entry aiio in au n x n matrix A to a~io to obtain a new 
matrix A', by Theorem 1 in Section 4.2, Det(A) = 芷；~1(-1)i+i aij Det(Mii (A)) will 
change to Det(A') = I:7=l.#io(- l )i+i%Det(Mi1(A)) + (- l )i十10a~io Det(M四A))
If Det(Mii0(A)) equals to 0, then Det(A) = Det(A') , i.e., the determinant will not 

change. For example, consider a 2 x 2 matrix A =「 O ] . If we change the 0 -1 

( 
2 - 3 

I , 2)-entry O to -3 to obtain a matrix B = [。_1] , we have Det(A) =刁 ＝
Det(B). 

Prob. 4: 

Consider the cofactor expansion of Det (A) of an n x n matrix A using row i, 
n 

Det(A) = 芷(-l )i+jOijDet(Mij)
j=l 



Tlwn' i丶 II )11 丶uch t.)11\t. Det(M ;」0 )¥- 0, otherwise Det(A) = 0, which is a contradiction to 
tli l' im叩 ihility of.'\. If we ch1111ge t,he (ijo)-th entry %o of A to 

(- l) i+io n 

ai.io = - Det(Mi Jo ) 芷 (-l)i+j%Det(MiJ),
j=l,j和o

t lwn t.hc new matrix A'has 

Det(A') =立仁1)i十」%Det(Mii) + (-l)i十ioa~iDet(Miio )
j =l,」和o

n n 

＝芷 (- l)i+iaiiDet(Mii) -芷 (-l)i+iaijDet(M叮
) =l,ii-Jo j=l,iho 

= 0. 

Thus A'is non-invertible. 

Prob. 5: 

Recall that the greatest common divisor (gcd) of two nonzero integers can be computed 
by the Euclidean algorithm, which is just a sequence of replacement operations. For 
example, to find the gcd of -30 and 21 , we apply replacement operations alternatively as 
follows: 

-30~-30 + 21 X 2 = 12 

12~12 + 9 X ( - 1) = 3 

3 

21 f-- 21 + 12 X (-1) = 9 

9 f-- 9 + 3 X (- 3) = 0 

。
Eventually, the original two numbers -30 and 21 are replaced by their gcd 3 and 0 
Consider an n x n matrix A whose entries a刀 ， 1 ~i , 」 ~n, are integers. If the first 
column of A is the zero column, we do not hing on this coltunn. If the first column of A 
has more than one nonzero entries, says, a1m f O and a1k f- 0, we can find their gcd by 
applying a sequence of replacement row operations on tl瀉 ？＇「ith row and on the kth row of 
A alternatively, corresponding to the replacement oper尼ions on a1m and a1k alternatively 
in above. Let A'be the resulted matrix. T hen t 訌t~ ":il'trif'f. of A' are still integers and 
Det(A') = Det(A). Also one of 吐~m and a伍 is t he gcd of ll,1m and alk and the other is 0. 
The number of nonzero entries m the first coimnn of A' i3 one less than the number of 
nonzero entries in the first column of A. vVe continue t his process to eliminate nonzero 
entries in the first column to zeros one by oue till there is only one nonzero entries in 
t.he first column. In this process, all the resulted matrices have integer entries and the 
same determinant values. By a row exchange, we move the only nonzero entries of the 
first column to the 1st row and change the sign of the determinant. Now we work on the 
second column but only consider the entries below the first row. With replacement row 
operations corresponding to the Euclidean algorithm, we can eliminate nonzero entries 
below the first row one by one. This procedure will turn the matrix A to an upper 
t riangular matrix B with integer entries and Det(A) =土Det(B) . Since Det(B) is the 
product of diagonal entries of B , it is an integer. This proves that Det(A) is an integer 
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