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. Test each of these sets of real-valued functions defined on R for linear depen-

dence or linear independence.

(a) (10%) ’U;l(f) = 1, Ug(t) =]1—t '+‘t2, u;;(t) =2— tz.
(b) (5%) u1(t) = sin®¢t, ug(t) = cos®t, u3(t) = sin 2¢.

(15%) In the axioms for a vector space, can we dispense with the axiom of the
existence of additive inverses (Axiom 4), and still prove that u + (—DHu=07?

(Hint: Use Theorem 2.4.A: In a vector space, there is one and only one zero
vector.)

(20%) Let V be the set of all positive real numbers together with new definitions
of vector addition and scalar multiplication as follows:

A A
u®v=uvand a ®uv = v,

for all w,v € V and o € R. Please show that (V, @, ®) is a vector space over
R. (Hint: Show that both vector addition and scalar multiplication have the
closure property and the 7 axioms listed in the class lecture are satisfied.)

(15%) Consider py(t) = 1 —t + t2,ps(t) = 6 — ¢ + 3t?, ps(t) = 2 4 3t — ¢2,
Does {pi(t), p2(t), p3(t)} span Py 7 Please give reason(s), otherwise no credits.
(Note that P, is the vector space of all polvnomials of degree < 2.)

lent set in a vector space, then
there is a vector v in .S such that Span(S) = Span(S\{v}). If there are two

such vectors in S, can we remove them both without changing the span?

(20%) Is the following example a vector space over R? V = R,z & y =

z+y+lLa®z = ar+a, where z,y € V and a € R. Please give reasons,
otherwise no credits.



The following axioms must be fulfilled by a vector space V:
() u+v=v+uVu,veV. (Commutativity of vector addition)
(2) (u+v)+w=u+(v+w)Vu,vand w e V. (Associativity of vector addition)

(3) There is an element 0 € V such that u+0 = uV u € V. (Existence of a
additive identity)

(4) For each u € V, there exists an element 01 € V such that 1+u = 0. (Existence
of additive inverses)

®) a(lu+v) =au+avand (a+Bu=cu+puVuveVandaocR
(Distributive law)

(6) (af)u=a(fu)Vu€eV and o, B € R. (Associativity of scalar multiplication)

(7) 1-u=uV ueV. (Unitary property)
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