
Prob. 1: 

EECS205003 Linear Algebra, Fall 2020 

Quiz # 6, Solutions 

(a) ConsidC'r an arbitrary linear relation in the set { u1 (t), u2(t) , 巧(t)} ,

0西(t) + a西(t) + a坪3(t) = a1 + a出- t + t2) + a3 (2 - t勺 = 0, 

where a1 , 面， a」 are real numbers. By evaluating the linear relation at t = -1, 0, 1, 

we have 

a」+ 3a2 + a3 = 0, 

a1 + a2 + 2a3 = 0, 

a1 + a2 + a3 = 0. 

To solve t his homogeneous linear system, we find t he reduced row echelon form of 

the coefficient matrix 邸 follows:

[::n -[~ ; 二：］］～［｝［；］
which shows that a1 = a2 = a3 = 0 is the only solution. We conclude t hat 

包，匹 'u」} is a linearly independent set. 

(b) Consider an arbitrary linear relation in t hr: ,;et {u1 (t),u2(t),1t3(t)}, 

OU1 + {Ju2 +'Y吩= osiri2 t i- (3co:/- t 十 ~1sin 2t = 0, 

where a, (3, 1 are real numbers. By evaluating the linear relation at t = 0, rr / 4, rr / 2, 

we have 

且 ='- 0, 
1 1 -a+ _R 十，V ::.=: 0 
2 2/J I > 

Q = 0, 

which shows that a = f3 ='Y = 0. We conclude that { u1 , 互四} is a linearly 

independent set. 

Prob. 2: 

Let V = {O, l} . 
Define EEi 邸 logical OR and a ® x = x't/x E V, a E 照．

A . l 這 y = y EB xVx, y E V. 

A.2 x EB (y EB z) = x EB (y EB z )Vx, y and z E V. 



A.3 0 i:- the n<l<litive id<'ntity since O EBO= 0 and 1 EB O= 1 . 

..\ .[> 0 0 (.r ffi y) = x EBy = o:® . .,ffi o-®y and (a+/3) ®x = .1: = xEBx = a ®x EB/3®.-r;\:/,., , y E V 
an<l n E 民．

A.6 (n/3) 0:r = x = {3®x = a®((J®x)Vx EV and a,(3 E 良

A.71 ® :r=xVxEV. 

We can see that O is the additive identity, but 1 doesn't have an additive inverse. 
Therefore the other 6 axioms don't imply the axiom 4, and 1 EB (-1)®1 = 1 f= 0 . 

Prob. 3: 

Let u, v be vectors in V and a a scalar in 瞬 Since u, v are positive real numbers, 
their product uv is also a positive number. Also for any positive number u and any real 
number a:, 碚 is a positive number. Thus we have 

u EB V 全 uv E V and a 0 v 全护 EV

and then both the vector addition EB and the scalar multiplication 0 have the closure 
property. We next verify the 7 axioms as follows. Let u, v, w E V and a:, (3 E 艮

1. (Commutativity of vector addition) 

u©V ='UV =-= V~l -= V EB u . 

2. (Associativity of vector addition) 

(u EB v) EB w = (uv) EB w = (uv)w = u(vw) =珥f) (vw) = u EB (V EB w) 

3. (Existence of a zero vector) 
u 8 l =·a. 1 °= 11. , 

which shows that 1 is a zero vector for t lw vector addition EB. 

4. (Exist ence of an additive inverse) t is in V such that 

1 1 
- EB u = - ·u. = 1, 
U 'U 

1 which shows that - is an additive inverse of u. 
`` 

5. (Distributive laws) 

a 0 (u EB v) = a 0 (uv) = (uv)0 = u0v"' = u" EB v0 = (a 0 u) EB (a 0 v) 

ancl 

(a + /3) 0 u = u(a+/3) = 碚u13 = u"' 缸/3 = (a 0 u) EB (/3 0 u) 

6. (A:;sociativity of scalar multiplication) 

a 0 (/1 0 11.) = a 0 u13 = (甚）°' = u"13 = (a/3) 0 u 
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7. (Unitary property) 
10 u = u1 = u. 

Prob. 4: 

The answer is no. 
The set {P1 (t這(t) , p3(t)} spans P2 if and only if for any p(t) = a0 + a1t 十毗 E P2, 
there exists .1:, y, z E 艮 such that 

a.o + a寸十忒 = XP1 (t) + YP2(t) + Zp3(t) =叩 -t 十 t2) + y(6 - t + 3t2) + z(2 + 3t -戶）
= (x + 6y + 2z) + (-x - y + 3z)t + (x + 3y - z)t2 , 

｀｀如cl1 is equivalent to solving the linear system 

『： ~I !J 且＝［］
By elementary row operations on the augmented matrix, we have 
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Consider an arbitrary vector u E Span(S), 

U = 01U1 十叩U2 + · · · + Cl'kU和

where u1 , u2 , ... , uk are distinct vectors in S and ll'1 , a2, ... , ak are scalars with k~1. If 
u. f v for all I~i~k, then u E Span(S\{v}). If there is au」= v , then 

U = Ct1U1 +· · ·+ Oj- lUj- 1 + O'jV + Cl'j+Jllj+l +· · ·+ O'.kUk 

= 0'1U1 +''·+ Oj-1庄-1 + ll'j+1Uj+1 +' · · 十叭Uk
aja1 O'.jai- 1 a_iai+ 1 O'.ja,. 
-—V1 一．．．一 V;- 1 - Vi+l - .. . - -—Vn 

r1,; a; a ; ai 

3 



which is in Span(S \ { v}) since u 1, .. . , Uj一 1 , Uj+l , . .. , Uk and V1 , ... , vi- 1, Vi+l, . .. , Vn 
nrl'wctt1rs in S \ {v} . Th11s we have Span(S)~Span(S \ {v}). But since S \ {v}~S, 
"·c have Span(S \ { v})~Span(S ). We can conclude that Span(S) = Span(S \ { v}) . 

If there arc two such vectors in S , we cannot remove them both without changing 

the span in ge:cral Foe example, s~{ [~l'm '[:] } , where [; l~m + m and 

[~J = GJ - [。l But Span(S) =恨2 # Span (S \ { [~] , [~] }) = Span ({ [~]}) 

Prob. 6: 

No. 
For any vectors .1:, y E V = 屈 and any scalar a E 良 we have 

xEB y 全 .1: + y+l EV= 民 and a ®.7: 全 ax+a EV= 民

since real numbers are closed tmder multiplication and addition. Thus both t he vector 
addition EB and the scalar multiplication ® have the closure property. We next verify the 
7 axioms 邸 follows.

1. (Commutativity of vector addition) 

X EB y = ,-i; + y + l = y + X + l = y EB X . 

2. (Associat ivity of vector addition) 

(x EB y) EBz = (x+y+ l ) EBz 

= (x + y + 1) + z + l 

·- :;:: + (y +-;; 十-1 ) + 1 

·- .c rl , ·'. 11 + t + l ) 

= x©(y EBz). 

3. (Exist ence of a zero vector) 

x EB (-1) = x + (-1) + 1 = x , 

which shows that (-1) is a zero vector for the vector addition EB. 

4. (Existence of an additive inverse) 

（弓- 2) EB x = (一x -2)+ x+ l =-1 ,

which shows t hat (-x - 2) is an additive inverse of x . 

5. (Di~tributive laws) 

a ® (x EB y) = a ® (x + y+l) 

= a(x + y + l)+a 

= ax+ ay + 2a 
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. 

(n ® :r.) EB { o®y) = (ax + a) EB (ay + a) 

= ax + ay + 2a + 1 
:/: a ® (xEBy). 

HIid 

(a+/3)®x = (a+f3)x+(a+f3) 

(o®x) ffi ((3®x) = (ox+ o) ffi ((3x + (3) 

= ax + (3x + a + (3 + l 

# (a+f3)®x. 

6. (Associativity of scalar multiplication) 

o®((3®x) = a®((3.-i:+(3) 

= a(Jx + a(J + a 

(a/3)®x = a f3x + a/3 

# a®({3®x). 

7. (Unitary property) 
1 ® x = x + l =/= x. 

Thus while Axioms 1, 2, 3, 4 are fulfilled, but Axioms 5, 6, 7 are not fulfilled. 
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