EECS205003 Linear Algebra, Fall 2020
Quiz # 4, Solutions
Prob. 1:

Let u € Span(U). Then there are u;, uy,...,u, in U and ay, as,...,a, in R for
some n > 1 such that
u = aiu; + aus + - 4+ a,u,.

Since U C Span(V), each u; is in Span(V') so that there are vy, Vig, ..., Vi, in V
and 5;1, Bi2, - - -, Bim, in R for some m; > 1 such that

w; = v + Biovie + - - + ﬁimivimi-

Now we have

n my n my
u= E Q; E Bijvij = E E ;i 3ij Vij
i=1  j=1 i=1 j=1

which shows that u is a linear combination of v;;’s and then u € Span(V). We
conclude that Span(U) C Span(V).

Prob. 2:

Since U C Span(U), we have Span(U) C Span(Span(U)). Also since Span(U) C
Span(U), we have Span(Span(U)) C Span(U) by the result of Problem 1. We con-
clude that Span(Span(U)) = Span(U).

Prob. 3:

1. Yes. The span of an empty set is also an empty set.

2. Yes. The span of {0} is {0} which contains one and only one vector.

3. No. Since Span({ (1, 1, 0), (1, 0, 0) }) € Span({ (0, 1,0), (1, 0, 0) }), but {
(1, 1,0),(1,0,0)}@{(0, 1,0),(1,0,0)}.

4. Yes. Let s € Span(S). Then there are s;,89,...,s, in S and a, as,...,ay,
in R for some n > 1 such that s = a;8; + agss + -+ + a,8,. Since S C T,
S1,82,...,8, € T, so s € Span(T"). We conclude that Span(S) C Span(T).

Prob. 4:

Note that

I -1 -1
3 -2 -1
1 2 5

o o

0 1| —2a+b
1 2| -3a+b
0 0

a
—3a+b =
Ba — 3b + ¢ a—3b+e¢

7 1 -1 -1
—3a+b = (0 1 2
0 0 0




Thus the vector (a, b, c) is in the span of the set {(1,3,1),(-1,-2,2),(-1,-1,5)}
of three vectors if and only if 8a — 3b + ¢ = 0. For any values of a,b, ¢ not sat-
isfving the equation 8a — 3b + ¢ = 0, the vector (a,b,c) is not in the span of
{(1,3,1),(-1,-2,2),(-1,-1,5)}. For example, (a,b,c) = (1,1,1) is not in the
span.

Prob. 5:

A point x = (21, Ty, z3,74) € R?* is in the plane if and only if there exist s,t € R
such that

1 1 T+ 1 1 1 |z:+1
1 0 s Tog — 2 1 0 |x—2 | . )
— t
-2 -1 L] o - o = 1s consisten
-1 0 Ta+1 | -1 0 |z4+1
1 1 z +1
0 -1 —$1+$2—3 . .
tent
= 0 1|2z +as5+2 1s consisten
i 0 T+ Tq+ 2
[ 1 0 Iy — 2
0 —1 —x14+x9—1 . .
= 0 0 |zy+z+a2s—1 1s consistent.
L U 0 Ty + Tg — 1

: NP : )T+ Tt zs=1
Therefore a point x = (z;, z2, 23, 24) is iu the plane if and only if { ! 2 s ’

I2+CC4=1.
Prob. 6:
(a) Since
(-2 1 0 0 -1}]1 1 -2 -2 -1 00
[Ab] = [1 —2 -2 -1 o‘o]i[—z 1 0 0 —1‘-1]
L [t -2 -2 -1 00 ]_ o023 1/3 2/3p/3
0 -3 —4 -2 —1]-1 0 1 4/3 2/3 1/3[1/3 |°
we have
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{1 0 2/3 1/3 2/3] =2 [2/3]
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and then

2 2 1 2

Ty = 3—5-'33—5594—5375,
1 ém 2 1

Ty = 373 3 3334 3-’135

Thus the solution set of the linear system Ax = b consists of vectors of the form

- -

T [ 2/3 ] [ —2/3 [ —1/3 [ —2/3

Ts 1/3 —4/3 —-2/3 -1/3

T3 | = 0 + z3 1 + x4 0 + x5 0

Ty 0 0 1 0
lzs | | 0 | 0 L @ LI

Let u = (2/3,1/3,0,0,0), v; = (=2/3,-4/3,1,0,0), v, = (~1/3,~2/3,0,1,0) and
vy = (—-2/3,-1/3,0,0,1). We have

H={u+t;-vi+iy vo+t3 vilt1,ts,t3 € R},
which is a parametric representation of H.

(b) Since such a parametric representation of H has 3 free variables, the dimension
of H is 3.

Prob. 7.

Let H={u+t;-vi+- -+t vg|ts, -, tx € R} be a k-dimensional affine space
in R", where u,vy,---,vy € R® and {v;-- v} is a linearly independent set. A
point X = (zy, - ,%,) € R" is in H if and only if there exist t;,....¢ € R such

that x =u+t;vy + -+ + tpvy, L.e., the linear system

—tlw
12
[vl Vo e vk] | = [x — u]
Lk
is consistent. Let A = [v1 Vg - vk]. Since the columns v,..., v, of A form a

linearly independent set, there is a pivot position in each column of A by Theorem
1.3.13. Thus the reduced row echelon form of the augmented matrix [A |x — u] must

be



o - 0 —b1o + bi1zy + braze + - + binz,

I -0 —bgo + ba1T1 + baaza + -+ 4+ bopz,

Vi Ve o v x-u ]~ 00 .- 1 —bro + b1y + braza + -+ + brn Ty
b ‘ 00 - —bi+10 + brt11%1 + bry12Z2 + - + bep1nTn
0 0 -+ 0| —bryoo+ brs21%1 + beroaZo + - + brronzy,

L 00 --- 0 _bn0+bn1m1 +bn2x2+"'+bnn$n

by elementary row operations, where bi;,1 <1< n,0<j<n, are scalars. Now the
linear system At = x — u is consistent if and only if the last n — k entries of the last

column in the reduced row echelon form of the augmented matrix [A|x — u] are all
Zeros, l.e.,

ber1121 + bet12Z2 + -+ + bpg1nZn = bk+10,

k211 + bggoaZa + - + bpronTn = briao,

bnlxl + bn2$2 +-0+ bnnxn = bnO-

We conclude that a point x = (z,- - ,Zn) € R™ is in H if and only if it is in the
solution set of the above system of (n — k) linear equations with n unknowns.
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