
EECS205003 Linear Algebra, Fall 2020 
Quiz # 4, Solutions 

Prob. 1: 

Let u E Span(U). Then there are u1, u2, ... , Un in U and a-1, 亙 . . .'O'n in 艮 for

some n 乏 1 such that 
U=Q'心1 + Q'2即十· · · + O'nUn. 

Since U 戶 Span(V) , each ui is in Span(V) so that there are vi1 , vi2, ... , Vim; in V 
邸d 811. /3心 ... ' /3im; in 艮 for some mi~1 such that 

Ui = /3il Vil + /3i2四十· · · + /3im; Vim;• 

Now we have 
n mi n m; 

U= 芝 ai芝 f3ijVij =芷芝礄ijVij
i=l j=l i=l j=l 

which shows that u is a linear combination of vi/s and then u E Span(V). 
conclude that Span(U) 戶 Span(V).

Prob. 2: 

We 

Since U 戶 Span(U), we have Span(U)~Span(Span(U)). Also since Span(U)~ 
Span(U) , we have Span(Span(U)) 戶 Span(U) by the result of Problem 1. We con
elude that Span(Span(U)) = Span(U). 

Prob. 3: 

1. Yes. The span of an empty set is also an empty set 

2. Yes. The span of {O} is {O} which contains one and only one vector. 

3. No. Since Span({ (1, 1, 0) , (1, 0, 0) })三 Span({ (0, 1, 0), (1 , 0, 0) }) , but { 
(1, 1, 0) , (1 , 0, 0) } % { (0, 1, 0) , (1, 0, 0)} 

4. Yes. Let s E Span(S). Then there are s1, s2 , . . . , Sn in S and a1 , a趴... ,an 
m 民 for some n~1 such that s = a1s1 + a2s2 + ···+ a談n · Since S 戶 T,
s1, s2 , ... , Sn ET, so s E Span(T) . We conclude that Span(S) 呈 Span(T).

Prob. 4: 
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l、hus the vector (a,b,c) is in the span of the set {(1,3,1) , (-1,-2,2),(-1, -1, 5)} 
of t hrce vectors if and only if 8a - 3b + c = 0. For any values of a, b, c not sat
isfying the equation 8a - 3b + c = 0, the vector (a, b, c) is not in the span of 
{(1, 3, 1) , (-1, - 2,2) , (-l , -1, 5)} . For example, (a,b,c) = (1, 1, 1) is not in the 
span. 

Prob. 5: 

A point x = (x1, x2 , X3 , x4) E 配 is in the plane if and only if there exist s , t E 艮
such that 

1 1 X1 + 1 1 1 X1 + 1 
1 。 s X2 - 2 1 。 X2 - 2 

-2 -1 t 。 -2 -1 
is consistent 

X3 X3 
-1 。 叩 十 1 -1 。 叩十 l

1 1 X1 + 1 

。 -1 - X1 + X2 - 3 I is consistent <=} 

。 1 2X1 + X3 + 2 

。 1 X1 + X4 + 2 

1 。 X2 - 2 

。 - 1 - X1 + X2 - 1 丨 is consistent. 。 。 。 功十四十 X3 -1 

。 。 X2 + X4 - 1 

Therefore a point x~(x,, X2, x, 工） is in the plane if and only if { 
X1 + X2 十邛= 1, 

X2 十 叨= 1. 

Prob. 6: 

(a) Since 

[A lb ] 
- 2 1 。 。 -1 -1 1 -2 - 2 - 1 。 。1 - 2 - 2 -1 。 。 = -2 1 。 。 —1 - 1 

1 -2 - 2 - 1 。 。 1 0 2/3 1/ 3 2/ 3 2/ 3 
⇒ 

0 - 3 - 4 -2 - 1 - 1 
=} 

0 1 4/ 3 2/ 3 1/ 3 1/ 3 , 

we have 
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aihi then 

．明

邙2

2 2 1 2 
5 一芒一 5互一 5乓，
1 4 2 1 
3-3叨 -3叨－芒

Thus the solution set of the linear system Ax = b consists of vectors of t he form 

X1 2/ 3 -2/ 3 -1/ 3 -2/3 
X、2 1/ 3 -4/ 3 -2/ 3 -1/3 
X3 。 +x3 1 +x4 。 +xs 。X4 。 。 1 。X5 。 。 。 1 

Let u = (2/ 3, 1/ 3, 0, 0, 0) , v1 = (-2/ 3, -4/ 3, 1, 0, 0) , v2 = (-1/3, -2/ 3, 0, 1, 0) and 
v3 = (-2/ 3, -1/ 3, 0, 0, 1). We have 

H = { U + t1·V1 + t2·V2 十朽 ·V3lt1,t2 ,t3 E 艮｝ ，

which is a parametric representation of H . 

(b) Since such a parametric representation of H has 3 free variables, the dimension 
of His 3. 

Prob. 7: 

Let H = { u + t1·v1 +· · · 十 tk · 叫t1 , · · ·, tk E 照} be a k-d1mens1onal affine space 
in 甿， where u , v1 , · · ·, vk E 尉 and { v1· · ·vk} is a linearly independent set. A 
point X = (x1, · · · 1 Xn) E 艮n is in H if and only if there exist t1 , ... , tk E 艮 such
t hat x = u + t1v1 +· · · + tk丸 ， i. e., the linear system 

t1 
t2 

[v1 V2 .. · vk] I . I = [x - u] 

tk 

is consistent. Let A = [v1 v2· · ·vk] . Since the columns v 1, . .. , v k of A form a 
linearly independent set, there is a pivot position in each column of A by Theorem 
1.3.13. Thus the reduced row echelon form of the augmented matrix [Ajx - u] must 
be 

3 



. .~ 

1O O1 00 
－切o+b11x1+b12功十· · ·+ b1nXn 
＿炳O + b21X1 + b22叩 十 · • ·+ b2nXn 

丨 VJ V 2 V k IX - u l ~ 

... 
1
_O
O 

:·0

lOO 

:·0loo 

-bko + bk1X1 十 bk2功十· • ·+ bknXn 

- bk+lO + bk+ ux1 + bk+l2叩十· · ·+ bk+l nXn 
- bk+20 + bk+21X1 + bk+22呤十 · · + bk+2nXn 

。 。 。 -bno + bn1X1 十 bn2X2 + · · ·+ bnnXn 

by elementary row operations, where bij, 1 ~i~ n, 0~ 」 ~ n, are scalars. Now the 
linear system At = x - u is consistent if and only if the last n - k entries of the 區t
column in the reduced row echelon form of the augmented matrix [A 丨x - u] are all 
zeros, 1.e., 

bk+ 11X1 + bk+12功 十· · · + bk+ lnXn 

bk+21 Xi + bk+22X2 + · · ·+ bk+2nXn 

bn1X1 十 bn2X2 +· · · + bnnXn 

bk+lO , 

bk+20 , 

bno • 

We conclude that a point x = (x1, · · ·, Xn) E 臣 is in H if and only if 比 is in the 
solution set of the above system of (n - k) linear equations with n unknowns. 
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