EECS205003 Linear Algebra, Fall 2020

Final Exam Solutions
Prob. 1:
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This system is inconsistent. For a least-squares solution, consider the system
AT Az = ATb:
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A least-squares solution is | 13 ]
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This system is consistent and the solution is | 3
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Prob. 2:
a.“—)\ 12 Ain
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(a) Since p(\) = Det(A—Al) = Det : : N : , the coefficients
pl an2 a'rm_A

pn_1 of the term of degree n — 1 comes from the product

((J,“ —)\)((Lzz—)\) wion (Cl,m,_—)\) = __{_(_1)71.—1(&11_}_&22_'_. . "Jr“ﬂ.n"))\ﬂrl-F(—l)n/\n



and then

Pno1 = (=1)"Nay; +agy + -+ + anp)

so that

t?‘(A) =an +azg+- -+ apn

Also pp = p(0) = Det(A — 0I) = Det(A).

(—l)n_lpnul-

(b) Since similar matrices have the same characteristic polynomial and then have

the same p,_; and py, we have

tr(A) = (=1)"'p,_; = tr(B) and Det(A) = py = Det(B).

Prob. 3:

"=" Note that since AA¥ is invertible, Ker(AA®) = {0}. Suppose x € Ker(A"),
then AA¥x = A0 = 0. We have x € Ker(AA") = {0}. Therefore, Ker(AH) =
{0}. Since Ker(Af) = {0} and rank(A¥) = rank(A), the rank of A is m.

"<" Note that since A has pivots in all of its columns, Ker(A”) = {0}. Suppose
x € Ker(AAH), then x# AAHx = (Ax)# Afx = 0. We have Afx = 0 and
x € Ker(A") = {0}. Therefore, Ker(AA#) = {0}. Since Ker(AA¥) = {0}

and AAF is square, AAY is invertible.

Prob. 4:

By definition in the textbook, the orthogonal complement set S+ of S in C? is

the set

St={x|xLsforallsc S}

Since S = {(1,0,-2,1,0),(0,1,0,1,0), (1,0,3,—1, 1}}, we have the equation

I
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where x = (1, Ta, T3, T4, Ts) in R°.
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Thus the orthogonal complement set S+ of S is
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Prob. 5:

Use the modified Gram-Schmidt algorithm. Let u; = (1 —14, 3, ¢, 0),uz =
(2, 2i, 0, 1 +4). An orthogonal basis for Span(S) consists of the following two

vecetors:

leuIZ(l—?:, 3, 'l:., 0),
2481

Z'Zzu?_projzlu?: (21 21, 0: 1+1‘)_( 12 )(1_7’? 3, 1, O)
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Prob. 6:

Suppose that u # v. Then v = u + y for some nonzero vector y. Let x =Y,
then

(v,y) = (wy) + {y,5) # (wy),
——
#0
a contradiction. We conclude that if (u,x) = (v,x) for all x € V, then u = v.

Prob. 7:

For a unit vector x = (z1,z,) € R?, since 2?2 + 25 = 1, we can express X as
(cosf,sinf) for some f. Since all the columns of an orthogonal matrix are unit

cosf@ cosq
sinf sin¢
for some real 8 and ¢. Since the columns oi A are orthogonal to each other, we have

vectors, any 2 x 2 real orthogonal matrix i can be expressed as A = [

cos f cos ¢ + sin A sin ¢ = cos(? — ¢) = cos(¢ — ) = 0.

Therefore,
¢ = (%-{—n)ﬂ—i—ﬁ, n € Z.

If n is even, then (cos¢,sing) = (—siné,cosf). Otherwise, if n is odd, then
(cos ¢,sin¢) = (sinf, —cosf). Therefore, any 2 x 2 real orthogonal matrix is ei-

ther Cf)sg ~ i C?Sa s g for some real 6.
sinf  cosf sinf —cos#@
Prob. 8:
Let A be a diagonal matrix with diagonal entries qi, ¢, ,qn, then (X,¥), =
H
v AX.

(Ax,y), = yTAAx = yTAAA T Ax
(AAAHYHy)HE Ax = (x, (AMAAH)Py),.

(T(x),¥)o

|



Therefore the adjoint of 7' is TH(x) = (AAA ) x = A"1AH Ax.
Prob. 9:
Let B = {uj,u,...,u,} be an orthonormal basis for V. The B-coordinate
vectors of x,y € V will be denoted as
X|p = (a1,0,...,a,) and [y]p = (b1, by,...,by).

Thus we have
n

X = Zaiui and y = z”: bju;.

i=1 j=1
The inner product of x and y in V is

n n

(X, Y) = <Z a;u;, Z bju_’i) = Z Z a’i_{;;(ui’ uj)

i=1 j=1

= _aibi =yl [xls = (s, [yls),

where the last inner product is the standard inner product in C*. Note that
[T'(x))s = [T)s[x]p = A[x]p for all x € V.

Now T is self-adjoint if and only if (T'(x),y) = (x,T(y)) for all x and y in V
if and only if ([T(x)]g,[y]s >= ([x]s, [T(y)l5) for all x and y in V if and only
if (AX]s,[yls) = (x|, Aly]s) for all x and ¥ in V if and only if [y|ZA[x]p =
[y|ZAH[x]p for all x and y in V if and only if b7 4a = b¥A¥a for all a and b in
C™ if and only if A = A¥ ie., Ais a Hermitian complex matrix.

Prob. 10:

(a) Note that

3 1447 2%
Af = | —20 0 1—;
144 0 3

Then we have

AAT = | 3-3 2 242 2—8i 8 1-5 | = AH A

15 3+3i 5+5i 7& 156 —2+4+8 3+3
h—5i 2-—-2i 15 3—-3i 145 11

which shows that A is not a normal matrix. Thus A is not unitarily diagonal-
izable.



(b) Note that
1+1 —21 61

A = -2 —1 —4
-2 4 104+ 2
Then we have
10  —8-2 —14—6i 42 _29i 10+ 50i
AAH = | 8420 21 2844 22i 21 —40+8 | = ATA
—14+6i 28—4i 156 10—50i —40—8 124

which shows that A is not a normal matrix. Thus A is not unitarily diagonal-
izable.
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