
EECS205003 Linear Algebra, Fall 2020 
Final Exam Solutions 

Prob. 1: 

(:1) 

[I 11 n ➔ [~i1 合] ➔ [袞萇 ~2 ]
This system is inconsistent. For a least-squares solution, consider the system 
.-1r Ax= A乃：

[ !1~ ~ ;2] [ I 11] X = [ !1~ ~ ~2 l [ f] 
今 [ !4~4 1 x = [ n 

⇒ [一＼邙] ➔ [~11 ! ] ➔ [b~Ii ] 
A lea.st-squares solution is [ i l· 
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Prob. 2: 
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and t.hen 

Pn-1 = (-1ri-1(a11 + a22 + · · ·+ ann) 

so that 
tr(A) = an + a22 十．．．十 ann = (-1)正1瓦l·

Also Po= p(O) = Det(A - OJ) = Det(A). 

(b) Since similar ma.trices have the same characteristic polynomial and then have 
the same p正1 and p。, we have 

tr(A) = (-1)正1匹1 = tr(B) and Det(A) = Po = Det(B). 

Prob. 3: 

＂主 Note that since AAH is invertible, Ker(AAH) = {O}. Suppose x E Ker(A鬥，
then AAHx =AO= 0. We have x E Ker(AA芍= {O}. Therefore, Ker(A們＝
{O}. Since Ker(A門= {O} and rank(Al-I) = rank(A), the rank of A ism 

·=~ " Note that since 坪 has pivots in all of its columns, Ker(A們= {O}. Suppose 
x E Ker(AA芍， then 奸AA攷= (AHx)H坪x = 0 . We have A攷= 0 and 
x E Ker(A芍= {O}. Therefore, Ker(AA芍= {O}. Since Ker(AAH) = {O} 
and AAH is square, AAH is invertible. 

Prob. 4: 

By definition in the textbook, the orthogonal complement set 3.1 of S in (['.3 is 
t he set 

3.1 = {x Ix 上 s for all s E 5'}. 

Since S = {(1 , 0, -2, 1, 0) , (0, 1, 0, 1, 0) , (1, 0, 3, -J , l )}i we have the equation 

X1 
1 。 -2 1 。 X2 。
。 1 。 1 。 X3 。
1 。 3 - 1 1 X4 。X5 

where x = (x1, X2: X3 , X4, xs) in 記

1 。 -2 1 。 。 1 。 - 2 1 。 。 1 0 0 1 2 
。5 5 

。 1 。 1 。 。 ➔ 。 1 。 1 。 。 --+ 。 1 。 1 。 。
1 。 3 -1 1 。 0 0 5 -2 1 。 0 0 1 2 .!。5 5 

Thus the orthogonal complement set 茫 of S is 

X1 5 1 2 - -g 
X2 -1 。

XI I X3 2 S 十 - ½ I t, s, t E 艮言

X,i 1 。X5 。 1 
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Prob. 5: 

Use the modified Gram-Schmidt algorithm. Let u1 = (1 - i, 3, i, 0) , u2 = 
(2, 2i, 0, 1 + i). An orthogonal basis for Span(S) consists of the following two 
vectors: 

Zt = ll1 = (1 - i , 3, i , 0) , 
2 + 8i 

z2 = U2 - pro」 U2 = (2, 2i, 0, 1 + i) - ()(1 - i , 3, i, 0) 
Z} 12 

7 - 3i 1 4 - i 
=(—--— 

6 ' 2 ' 6 
, 1 + i). 

Prob. 6: 

Suppose that u =/= v. Then v = u + y for some nonzero vector y . Let x = y , 
then 

〈v,y〉=〈u, y〉十〈Y,Y〉 =I= (u, y >,
丶

-/0 

a contradiction. We conclude that if <u ,x>= <v,x>for all x E V, then u = v. 

Prob. 7: 

For a 画t vector x = (x1, x2) E 記 since xf + x~ = l , we can express x 邸
(cos 0, sin 0) for some 0. Since all the cdumns of an orthogonal matrix are unit 

cos 0 cos¢ 
vectors, any 2 x 2 real orthogonal matrix rl ca,o be expressed as A= [ ] 

sin 0 sin¢ 
for some real 0 and¢. Since the columns d A are orthogonal to each other, we have 

cos 0 cos</> + sin 0 sin¢= cos(0 -¢) = cos(¢- 0) = 0. 

Therefore, 

¢, = (~+ n ,r + 0, n E Z. 

If n is even, then (cos¢,, sin¢,)~(-~n 0, cos 0). Otherwise, if n is odd, then 
(cos ¢, sin¢) = (sin 0, - cos 0). Therefore, any 2 x 2 real orthogonal matrix is ei-

co8 0 - sin 0 cos 0 sin 0 
ther [ sin 0 cose ] or [ sinO _ cos 0] for some real 0 

Prob. 8: 

Let A be a diagonal matrix with diagonal entries q1, q2 , · · ·, Qn, then 〈x,y〉。=
yll Ax. 

<T(x),y>u =(Ax ,y>u = yH AAx = yH AAA-1Ax 

= ((AAA- l)Hy)H Ax= (x , (AAA- 1)Hy)0. 
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` 

Then,forl't.hc adjoint of Tis Tt(x) = (AAA-1)Hx = A-1坪Ax.

Prob. 9: 

Let B = { u1 , u2 , .. . , Un} be an orthonormal basis for V. 
vectors of x , y E V will be denoted as 

The B-coordinate 

[x耘＝如， a2 , , .. , an) and [Y]B = (b1, 転．．．，加） ．

Thus we have 
n n 

X= 芝 aiui and y =芷研」．
i=l j=l 

The inner product of x and y in V is 

n n n n 
(x , y>= <~aiui,芝研」〉＝ 芝芷萜怛， Uj)

t=l j=l i=l j=l 
n 

＝芷忒= [y)祖x耘 ＝ 〈[x)s , [Y]s>
i=l 

where the last inner product is the standard inner product in en. 
[T(x)]s = [T長 [x)s = A[x)s for all x E V . 

Note that 

Now T is self-adjoint if and only if <T(x), y>=<x, T(y)> for all x and y in V 
if and only if <[T(x)]B, [y扭 ＞＝〈[x]n , [T(y)]B) for all x and y in V 正 and only 
if <A[x]B, [Y]B> = ([x]B, A[y]B) for all x a.nd y in V if and only if [y]月A[x]B = 
［遣AH[x]B for all x and y in V if and only if bH.Aa = bH坪a for all a and b in 
en if and only if A = A庄 i.e., A is a Hermitian complex matrix. 

Prob. 10: 

(a) Note that 

AH = 

Then we have 

AA11 = [亡＼
5 - 5i 

.1.̀  32 +2

_ 

32 
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髯： ]1[2~'s, 
15 3 - 3i 

- 2 +Bi 
6 

1 + 5i 

3 + 3i 

I~," l = A勺
which shows that A is not a normal matrix. Thus A is not uuitarily diagonal­
izable. 
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(b) Nnt<、 t.ha.t.

坪＝［＼：
-2i 

. 
-'l 

4 

-- 

.'u 2 

二
十
。
1 

Then we have 

AAH = [ -8門 2i
一14 + 6i ::i:: 閂三 l,. L一~Oi

-22·i 
21 

-40 - 8i 

10 + 50·i 

霈Bi]= A勺

which shows that A is not a normal matrix. Thus A is not unitarily diagonal­

izable. 
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