2018 Fall EECS205003 Linear Algebra - Midterm 1 sol.

Name: 1D:

1. (a) |jull = V2, |[v]| = V2 and 6 = 60°
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(d) Let g(x) = ap + a1z + azz? € P,
<p,q>=2a9+3a;+3a2=0,a0=—1,a; =0and ay =4
No, < p,q ># 0 so that p(z) isn’t orthogonal to ¢(z).

2. (a) A 2— D plane, or linear combination of the columns of A
(b) All b € C(A).
(c¢) The first column or the second column. (Or the third column if the condition is written
clearly.)

3. (a) Yes
(b) No, cause it doesn’t include 0
(¢) Yes
(d) No, cause 0 is not included
(e) Yes
(f) Yes

4. (a) Stepl: Subtract three times the first row of A from the second row, and subtract the first row
from the third.
Step 2: Subtract twice the second row from the third.

1 2 1 1 2 1 1 21
A=|13 76| —>]1013|—-(01 3|=U
1 4 8 0 2 7 0 0 1
1 00
L=13 10
1 21
5
We solve Ax = 8 in two steps. First we solve Ly=Db which in the case is
—12



100 n 5
310 yp | =1 8
1 21 Y —12

and we get y1 =5; 15+ y2o =8soyzs=—-T;and 5 — 144+ y3 = —3,s0 y3 = —3
Finally we solve Ux=y which in the case is

1 2 1 1 5
01 3 xo |= | =7
0 0 1 T3 -3
Here we have xg = —3;20 —9=—-7,s0x2=2; 21 +4—3=5,s0%x1; =4
Here we have to reduce [L I] to [I L~!] by row operations,
1 0 0 1 0 0 1 0 0 1 00 1 0 0
3 1 0 01 0f—=1]1]0120 -3 1 0(—=1]0 10 -3
1 21 0 0 1 0 2 1 -1 0 1 0 0 1
1 0 0
SoL7t=]-3 1 0
5 -2 1
1 -2 5
U t=10 1 =3 | byrow operations [UI] to [l U™1].
0 O 1

Since A=LU and L and U are both invertible, we have A=! = U~1L~1,

1 -2 5 1 0 0 32 12 5
At=10 1 =3 -3 1 0|=|-18 7 -3
0 0 1 5 -2 1 5 -2 1

To convert to a matrix form, use the general format Ax= b:

ol ][]

Subract three times the first row from the second row to get:

2 3 2 3
A_[G 15}_”]_[0 6]'

Doing the same to the right side b =(5,12) gives a new equation of the form Ux=c:
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To solve our new equation,

2x+3y=5 — 2x+3(-3)=5 - x = 12

0 1 0
Let permutation matrix P= | 1 0 0
0 01
For any permutation matrix PPT,

0, ifi#j.

Only in the diagonals the above condition is satisfied , so this proves that PPT=I.
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010 010
PPT=|1 0 0 100
0 0 1 0 0 1

(e) There are two 3*3 permutation matrices,

0 0 1 01 0]
i)| 1 0 0[i)] o0 0 1
01 0 10 0

5. (a) 121:1 131:—2 l32=1

100
=101 0|=I
0 01

1 0 0] 1.0 0 1 0 0
Ex=|-110]| Eyn=|010]| Epu=|0 1 0
0 0 1| 2 0 1 0 -1 1

1 00 —11 —11
(¢ L= 1 1 0 |c=]| —13 c=| -2
-2 1 1 8 —12

4

—11
-2
—12
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6. (a) M? = [ A2+ UV AU+UD}

VA+DV VU+ D?

(b WA=1,, , XA+ LV=0,WU=Y ,XU+1,D=2Z7
" A is invertible
CW=A"1,X=-VA ', Y=AU,Z=-VA'U+D
<>'Im YI[M P] [I. O
1o z||N Q|70 I

M = I, and N = 0 (Can use simple matrix and Gauss-Jordan Elimination method to think)

(I, Y |[I, Pl [I. ©
0 Z]lo Q| [0 I

so we can get I,,P+YQ =0, ZQ =1,

because the Z is invertible, Q = Z7!, P=-YQ = -YZ!
(I, Y ' [I, -vz!

0o z| [0 Zz!

use (b) can get :

[ I, —A"U(D-VA-U)!
0 (D - VA~lU)~!

(d) use (b) can get :
oA oHA U][Im A1y }

. —va I, ||V D 0 D-VA'U

(A Ul L, Aw 7' At o

'V D| |0 D-valU —VA! I,

use (c)

(A U1 [, —A'UD-VAU)"! A0
v D] T |0 (D—-VA~U)"! ~VA™' I,
[ AT+ ATUD - VATIU)"WVATY —ATWU(D - VATID) !
- —(D—VA'U)" VAL (D-VA~U)"!



7.

(a)

To solve S, firstly we model S. The simplest one is to assume that S as a linear model, where
y = 0,24 + Opxp + 0.2, With real-number parameters. Write down the equations for the three
experiments in matrix form.

0, +20,+30.=1
By samples, we can list up three equations 260, + 6, + 20, =1

1 2 3 ea 1 30a+29b+9621
The matrix formis |2 1 2| [0, = |1
3 2 1] (6. 1

By elimination

1 2 3 1 2 3 1 2 3 5 4/3 row2 1 2 3
2 1 2 row2 - 2 rowl 0 -3 —4 row2 - 3 rowl 0 -3 —4 row3 - 4/3 row 0 -3 4
3 2 1 3 2 1 0 -4 -8 0 0 -8

Then we have three elimination matrices

1 00 1 0 0 1 0 0
Exy=|-2 1 0|,Es3=|0 1 0|,E32=10 1 0f,
0 0 1 -3 0 1 0 -2 1
Elimination matrix F is then
1 0 0
FE=FE3F31F=|—-2 1 0
1 _4 9
3 3
and decomposed matrix L and U are
1 0 0 1 2 3
L=12 1 0|, U=1[0 -3 —4
4 8
3 3 1 0 0 -3
1 2 3 6,1 1
Let X=1(2 1 2|,0= 16| andy = |1
3 21 0 | 1
1 1 2 3 Oo=-3(-F) =1
EX0=FEb=Uf=|-1| = |0 -3 —4|0= 0,=-"H% =0
-3 0 0 -3 O =120, —30. =1
T e
Let matrix X = | —x2 —| has rows representing sample input vector |z
T
—X5 — Ze
If X has some rows that is linear dependent to others, but the corresponding outputs are not,
2 4 6
then S has no solution. For example, change X to |1 2 3| but let y remain the same as
3 2 1

on the problem. Since some rows are linear dependent, this indicates after elimination # of
pivots < 3. Then inverse of X does not exist and system S is not solvable.

If y changes to 2,1 and 3 in this case, S is still solvable but we cannot find the unique
parameters.



