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Chapter 1 Introduction to vectors

Vectors & Linear Combination

Q: Why do we need vectors?

- We cannot add apples & oranges
A column vector

vi | <« first component
Vo + second component

vV =

Vector addition

v w v w
v = | w— U Sviw= 1+ wq
| V2 w2 v2 + w2

Note

V+W=W-+V
Scalar Multiplication Ex:

cuy 21 —U1
cV = 2v = —vV =
cUy 209 —Ug
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Chapter 1 Introduction to vectors

Linear Combination

cv +dw
Special cases

1v + 1w = sum of vectors
1v — 1w = difference of vectors
0Ov 4+ Ow = zero vector

qok

cv + 0w = vector cv in the direction of v
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Chapter 1 Introduction to vectors

Q: How to represent vector v 7

Point in the plane

Two numbers [ Zl ] + Arrow from [ 8 ]
2

Figure 1: Vector addition v + w = (3. 4) produces the diagonal of a parallelogram.
The linear combination on the right is v — w = (5. 0).
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Chapter 1 Introduction to vectors

Vectors in 3-Dimension

V1 + 1st component
v=| vy < 2nd component
U3 < 3rd component

Visualization
column vector v <> arrow from origin

_|_

points where arrow ends
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Chapter 1 Introduction to vectors

Notation
1
v=| 1 | same as v=(1,1,-1) differ from [1,1,-1]
-1
(column vector) (row vector)
117
(11 -1]=1] 1
-1
Vector Addition
U1 w1 V1 + wy
vV = V9 W = wWo vV+w= Vo + Wy
U3 w3 v3 + w3

Che Lin (National Tsing Hua University) EECS 205003 Session 1 6/15



Chapter 1 Introduction to vectors

Linear Combination

cu+dv+ew

Ex
1 1 2 1
0|+4|2 -2 3 |=]2
3 1 -1 4

Q: What'’s the picture of all combinations of cu ?

The combination of cu fill a line
(exception: if u = 0)
Q: What'’s the picture of all combinations of cu + dv ?

The combination of cu + dv fill a plane
(exception: if u=v =0

or u and v in the same direction)
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Chapter 1 Introduction to vectors

Q: What's the picture of all combinations of cu + dv +ew ?

The combination of cu + dv + ew fill 3-D space

Line containing all cu Plane from
all cu +dv
u u

cu=-uj2

(a) (b)

Figure 3: (a) Line through u. (b) The plane containing the lines through # and v.

(Always include 0, origin)
(exception: if u=v =w =0 or w lies on the plane of cu + dv)
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Chapter 1 Introduction to vectors

Q: How about n-dim vectors ?

Can be easily generalized from the above concepts!

U1 w1

Un Wn,

(For ease of visualization, focus on 2 or 3-D vectors as examples)
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Chapter 1 Introduction

Length & Dot Products
The dot product or inner product of u = (u;,us) &

w = (wi,ws) is U+ W = ujwy + ugws

Figure 1: Vector addition v + w = (3. 4) produces the diagonal of a parallelogram.
The linear combination on the right is v — w = (5. 0).
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Chapter 1 Introduction to vectors

Q: What is the dot product of u & w in Fig 17

0w — [‘21].[—21]:_4+4:o

(Two vectors are perpendicular!) (Note: w-u=u-w)

0]:0) ;Li

(Another easy example [ é } . [ 1

For general n-dim vectors

n

u-v=>y vuw;
i=1
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Chapter 1 Introduction to vectors

Length & Unit Vector

The length of a vector u is the square root of u - u:
length=||u|| = /u-u

vev = 3+ v+ 02 1 length V14
5=12+2
14 = 12422 432
(©,2,0)
)
(1,2, 0) has
(1,0.0) &=------ M length V5

Figure 6: The length /v~ v of two-dimensional and three-dimensional vectors.

A unit vector is a vector of length=1, i.e.,u-u=1
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Chapter 1 Introduction to vectors

Q: How to get unit vector?

u= _ua ., (1717171) J— (l l l
= vi =@

(unit vector of same direction as u)

)

D=

Standard unit vectors

- 1 . |0 | cos®
o | P T | sing
(vVu-u=Vcos?fsin?f = 1)

0=0"=u=i0=90°0orj =u=j

Ji=0.)  a_qa.n [wm]

Y= sine
Lo 3 I
u:(ﬁ ﬁ):-*:r‘l 1 h
i=(,0) \ 4| i

Figure 7: The coordinate vectors i and j. The unit vector & at angle 45° (left) divides
v = (1. 1) by its length |Jv|| = /2. The unit vector u = (cos 8, sin 6) is at angle 6
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Chapter 1 Introduction to vectors

The Angle between two vectors

angle above 90°
in this half-plane

angle below 90°
in this half-plane

Unit vector u; &uz with angle 0 in between have

u; -ug =cosf = |ug -uz| <1

Figure 9: The dot product of unit vectors is the cosine of the angle 6.
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Chapter 1 Introduction to vectors

Cosine formula

[u-w]

If u & w are nonzero vectors then Tl = cosf

u W i
(”u”, Tw] are unit vector)
Schwarz inequality
[u-w| < [ulffw]

(comes from |cosf| < 1) Fact Triangle inequality

Triangle inequality

[u+ wi < [ul] + [[w]]
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