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Chapter 10 Complex vectors & matrices

Complex matrices

Matrices with all real entries can still have complex eigenvalues

=> We cannot avoid dealing with complex numbers !

Complex vectors

Length:
21
) 22
Givenavectorz= | | e C"
Zn

with complex entries
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Chapter 10 Complex vectors & matrices

Q: How do we find its length?
Our old definition:

21
zlz=1[z - 2z,] || (Nogood!) (Not always positive!)

Zn

zflz = [1 i H:O?

Correct definition:

lz|*=2"z=[a7 - %)

— a4+ >0
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Chapter 10 Complex vectors & matrices

Ex:
(length M)?_ 1 - H —2(v)

7

simplify notation:

H H _ 5T

|z||* = 2"z where z z

Same for matrices:

o a [1 0
'fA_[o 1+¢]A _[—i 1—2']

Inner product
yTx =y'x = gie1 + - + gnn
Note:
yix #xy =aiy1 + - + Toyn
= complex conjugate of yfx

(order is important !)
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Chapter 10 Complex vectors & matrices
Ex: u= B],v: [ﬂ

ufv=1[1 —i m = 0 (orthogonal)

Note: (Au)fv =ufl(Aflv)

Reason: (Au)ff = Au’ = al AT = ufl AH

(Inner product of Au with v equals Inner product of u with AHV)
Note: (AB)H = BH AH

Hermitian matrices

Recall: For symmetric matrix A = A7
= real eigenvalues
= there is a full set of orthogonal eigenvectors

= Diagonalizing matrix S = @ (orthogonal)
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Chapter 10 Complex vectors & matrices

= A=QAQ ! or A=QAQT
(All this follows from a;; = aj; when A is real)

Now for complex matrices

We have Hermitian matrix A = A" where a;j = Qj;
Note: Every symmetric matrix is Hermitian
(aij = aj; = aj; for real aj;)

Ex: Hermitian matrix

[ 2 3-3i] 4
A_[3+3i 5 ]‘A

If A= A" and z is any vector then z/ Az is real
proof: zl Az is 1x1 number
= (2 Az)H = 27 AH (20 = 21 Ag,

the number is real since it is equal to its conjugate
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Chapter 10 Complex vectors & matrices

Back to example:

PRIB4+3 5 | =
= 22121 + Dz929 + (3 — 3i)51Z2 + (3 + 3i)2152
I | I |
(diagonal) (off-diagonal)
(2]21]* & 5|zo|* are both real and the off-diagonal terms are conjugate

of each other = sum is real)

Every eigenvalue of a Hermitian matrix is real
proof: Suppose Az = Az
= 2" Az = \zl'z = \|z|?
real real

so A must be real !
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Chapter 10 Complex vectors & matrices

Back to example:

;;; ?;):53; — A2 TA+ 10— |34 30
=A2 - 7A+10—-18
=A=8)(A\+1)

= A=8& -1

The eigenvectors of a Hermitian matrix are orthogonal
(when they correspond to different eigenvalues)
If Az =)z & Ay = By & \ # 3 then yHz =0
proof:
Az =z =y Az = \ylz
yH AR = gyt = yH Az = gyty
= A= Byflz=0=>y"z=0if \ £
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Chapter 10 Complex vectors & matrices

Back to example:

(A—8I)z = [3 ;631- 3:33i] [2] N

TE= L—lm]

(A+ 1)y = [3fsz 3_63Z] BQ] - [8]
Ly {1_—12']

=ylz=[1+i —1] [1-1H] =0

Note: Eigenvectors have length V3. After dividing by V3, they are

orthonormal
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Chapter 10 Complex vectors & matrices

=-They go into eigenvector matrix S that diagonalize A
(When A is real & symmetric, S is Q-orthogonal. When A is
complex & Hermitian eigenvectors are complex & orthonormal
= S is like @ but complex)

(Complex & orthogonal = unitary)

Unitary matrices

A unitary matrix U is a complex square matrix that has
orthonormal columns

(U is a complex equivalent of Q)

Ex: Eigenvector matrix of A

1 1—1
- 1
U_\/§L+i _1]

Recall: For orthonormal matrix Q (real), QTQ =1
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Chapter 10 Complex vectors & matrices

Q: What does it mean for complex vectors q1,- - ,Qqn to be
orthonormal ?

Use new definition of inner product

0, j#k
H _ )

Q=[a1 - an]=>QIQ=1I

Every matrix U with orthonormal columns has UHU =T
If U is square, then UH = U1

If U is unitary, then ||Uz|| = ||z

= Uz =Mz leadsto [\ =1
proof: ||Uz|* = z2"U"Uz = 2"z = ||z?
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Chapter 10 Complex vectors & matrices

Back to example:

11—
U_\/?Z[1+z‘ -1

= real eigenvalues & |\ =1

] both Hermitian & unitary

= A=1or -1
sincetrace=0= A\ =1, = -1

Ex: 3 x 3 Fourier matrix

(,2771'/3
1 1 1
Fourier F= 1 | o2mil3 mif3
| o = — e ¢
matrix V3

Figure 61: The cube roots of 1 go into the Fourier matrix F = Fj.
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Chapter 10 Complex vectors & matrices

Q: Is it Hermitian ?

111
FH— 111 ¢ ¢ | £F
V3 —dmi —2mi 7&

1 e3 e73
Q: Is it unitary ?
The squared length of each column = (1 41+ 1) =1 (unit vectors)
(col.1)H (col.2) = L(1 + €5 +€'F)

=0
col . 2)H (col.3) = L(1 - 1+e%e% +67§M6%
3
—l(1+eF +e73)
=0

= F'is unitary !
(Read real v.s. complex p.506)
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