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Chapter 6 Eigenvalues and Eigenvectors

Differential equations & eAt

Scalar ODE (one equation)

du
dt = λu has sol.s u(t)=ceλt

at t = 0, u(0) = c

⇒ u(t) = u(0)eλt

Q:How about n equations?

Start with 2 equations

du1
dt = −u1 + 2u2 describe how values of var.s u1&u2 affect

du2
dt = u1 − 2u2 each other over time

Just as we apply linear algebra to solve difference equations, we can
use it to solve differential equations
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Chapter 6 Eigenvalues and Eigenvectors

Differential equations: du
dt = Au

Let u =

[
u1

u2

]
starting from u(0) =

[
1
0

]
⇒ A =

[
−1 2
1 −2

]
We can guess that u = eλtx is a sol. when Ax = λx

(eigenvalue & eigenvectors)

Q: Is this true ?
du
dt = λeλtx ⇒ du

dt = Au

Au = eλtAx = λeλtx

Back to example:

A =

[
−1 2
1 −2

]
: singular ⇒ λ1 = 0

trace(A) = -3 = λ1 + λ2 ⇒ λ2 = −3
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Chapter 6 Eigenvalues and Eigenvectors

Find corresponding eigenvectors :

Ax1 = 0⇒ x1 =

[
2
1

]
(A+ 3I)x2 = 0⇒

[
2 2
1 1

]
x2 = 0

⇒ x2 =

[
1
−1

]
⇒ u1(t) = eλ1tx1 = e0t

[
2
1

]
u2(t) = eλ2tx2 = e−3t

[
1
−1

]
(pure solutions)

Complete sol. :

u(t) = c1

[
2
1

]
+ c2e

−3t

[
1
−1

]
(steady state solution) (decays to zero as t →∞)
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Chapter 6 Eigenvalues and Eigenvectors

u(0) = c1

[
2
1

]
+ c2

[
1
−1

]
=

[
1
0

]
⇒ c1 = c2 = 1

3

u(t) = 1
3

[
2
1

]
+ 1

3e
−3t

[
1
−1

]
u(∞) = 1

3

[
2
1

]
(steady state solution)

Summmary:

Step 1: Write u(0) as combination c1x1 + · · ·+ cnxn of eigenvectors

of A

Step 2: Multiply each eigenvector xi by eλit (pure solution)

Step 3: Complete solution is a combination of pure solutions

u(t) = c1e
λ1tx1 + · · ·+ cne

λntxn

(Analogy: c1a1
kx1 + · · ·+ cnλn

kxn solution to difference equations)
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Chapter 6 Eigenvalues and Eigenvectors

Stability

Not all systems have a steady state

⇒ eigenvalues of A tell us what to expect

1. Stability: u(t) → 0 when Re(λ) < 0

2. Steady state: One eigenvalue is 0 and all other eigenvalues have

negative real parts

3. Blow up: Re(λ)> 0 for any λ

For 2×2

Fact For 2×2 matrix A =

[
a b
c d

]
system is stable if Re(λ)< 0

⇔ trace T = a+ d < 0 (λ1 + λ2 < 0)
det D = ad− bc > 0 (λ1λ2 > 0)
Reason:
”⇒”If λ’s are real & negative
sum = T < 0, λ1λ2 = D > 0
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Chapter 6 Eigenvalues and Eigenvectors

”⇐” If D > 0, λ1λ2 has same sign

If T < 0, both λ1, λ2 < 0

Complex λ’s :

λ1 = r + is, λ2 = r − is (otherwise T is not real)

D = λ1λ2 = r2 + s2 > 0

T = λ1 + λ2 = 2r

so if T < 0⇒ Re(λ1), Re(λ2)< 0

if r < 0⇒ T < 0

Matrix exponential: eAt

Q: What does eAt mean if A is a matrix ?

Recall: for a real number

ex = 1 + x+ x2

2! + · · ·
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Chapter 6 Eigenvalues and Eigenvectors

Define eAt using the same formula

eAt = I +At+ (At)2

2! + (At)3

3! + · · ·

Note 1: derivative of eAt

deAt

dt = A+A2t+ 1
2A

3t2 + · · · = AeAt

Note 2: eigenvalues of eAt

eAtx = (I +At+ (At)2

2! + · · · )x

= (1 + λt+ (λt)2

2! + · · · )x
= eλtx⇒ eigenvalues = eλt

Note 3: eAt = SeΛtS−1

eAt = I +At+ (At)2

2! + · · ·

= SS−1 + SΛS−1 + S(Λ2t2

2! )S−1 + · · ·

= SeΛtS−1
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Chapter 6 Eigenvalues and Eigenvectors

= S


eλ1t

eλ2t

. . .

eλnt

S−1

(easier way to compute eAt)

Alternative way to solve: du
dt = Au

Note: du
dt = Au

(couples the pure solutions)

Let u=Sv (S: matrix of eigenvectors)

⇒ S dvdt = ASv

⇒ dv
dt = S−1ASv = Λv

This diagonalize the system:
dvi
dt = λivi, i = 1, · · · , n
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Chapter 6 Eigenvalues and Eigenvectors

General solution:

v(t) = eΛtv(0)

⇒ S−1u(t) = eΛtS−1u(0)

⇒ u(t) = SeΛtS−1u(0) = eAtu(0)

Recall:

u(0) = c1x1 + c2x2 + · · ·+ cnxn

= S

c1
...
cn

⇒ S−1u(0) =

c1
...
cn


⇒ eAtu(0) = SeΛtS−1u(0)

=
[
x1 · · · xn

] e
λ1t

. . .

eλnt


c1

...
cn


= c1e

λ1tx1 + · · ·+ cne
λntxn

(same as before)
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Chapter 6 Eigenvalues and Eigenvectors

(read Ex6, p.321)

Note 1: eAt always has inverse e−At

Reason: eAt = SeΛtS−1

⇒ (eAt)−1 = S(eΛt)−1S−1

= Se−ΛtS−1 = e−At

(−A & A have same eigenvectors and eigenvalues with a minus sign)

Note 2: The eigenvalues of eAt are always eλt

Reason: eAt = SeΛtS−1

⇒ eAtS = SeΛt

⇒ eigenvalues eλ1t · · · eλnt

Note 3: When A is skew-symmetric eAt is orthogonal (AT = −A)

(Inverse = tranpose = e−At)
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Chapter 6 Eigenvalues and Eigenvectors

Reason:

eAt = I +At+ 1
2!(At)

2 + · · ·

⇒ (eAt)T = I +AT t+ 1
2!(A

T t)2 + · · ·

= I + (−A)t+ 1
2!(−At)

2 + · · ·

= e−At

(Read Ex5 p.320)

Second order

y′′ + by′ + ky = 0

guess solution y = eλt

⇒ (λ2 + bλ+ k)eλt = 0

or we can change it into a 2×2 first-order system
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Chapter 6 Eigenvalues and Eigenvectors

Let u =

[
y′

y

]
⇒ u′ =

[
y′′

y′

]
=

[
−b −k
1 0

] [
y′

y

]
⇒ u′ = Au

Find eigenvalues of A:∣∣A− λI∣∣ =

∣∣∣∣−b− λ −k
1 −λ

∣∣∣∣ = λ2 + bλ+ k = 0

(same as before)

eigenvectors: x1 =

[
1
λ1

]
, x2 =

[
1
λ2

]
⇒ u(t) = c1e

λ1t

[
1
λ1

]
+ c2e

λ2t

[
1
λ2

]
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Chapter 6 Eigenvalues and Eigenvectors

k-th order equation:

we get a k ×k matrix:

coeff. of equation in the 1st row & 1’s in the diagonal below that &
the rest of entries = 0

(Read Ex4, p.320)
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