2017 Fall EE203001 Linear Algebra - Midterm 2 solution
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S =cs3 1 + ¢4 0| 1l lol® the basis for the subspaces S.
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1 0 1 0
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S-=c 1 + o K 1| 0| the basis for the subspaces S-—.
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[(L,0,1,0) ’ [[(0,1,0,1)]]
=1x(0,1,-1,-1)+2x (0,1,0,1) = (1,2,1,2)

by =b—by = (4,6,-2,-2) — (1,2,1,2) = (3,4, 3, —4)
(©) f(z) = -2, <z <nm
a0 = 5z [7, f(a)dz =0
ap =L [T f(x)cos(ka)dz =0
= LT fla)sin(ka)de = 2(~1)F
@ IfII* = /7, a*dx = 3°

The length of f(z) is /273
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c - D + E = 0
C + 2D + 4F = -1
C = 3
c + D + E = 0
1 -1 1 0
C
12 4| . |-t
A=11 o o X~ g S
1 1 1 0
(b)
(1) Let a,, gy, r, denote the ngy, column of A, @ and R.
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Firstwechooseqlzni“:% ) calqp=2=r=|0
0
_1
-3 -3
3 3 .
(2) aqulzl,agfqlz% 1 équﬁ 1 , and with al'qy, =5 = ry =
1] 1
1
V5
0
1 1
1 1 .
(3) alqi = 3,a3 q2 =V/5,a3 — 3q1 —V/b5qy = 1 =q3=3 _ , and with aj'qs =
-1 —1
1 =21
3 N T 2 1 3
2=r1r3=|v5|.S0A=QR= |} ) v 1 0 v5 V5
2 7 0 0 2
1 7 -1
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Starting from AT (b — A%) = 0 = AT A% = ATb. Now we know that A = QR = ATA =
RTQTQR = RTR = ATA% = RTR& = ATb = RTQ™b = R% = Qb.
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The distances to the parabola b = 1.8 + 0.4t — ¢ for each point is:

e=b-—p
=b — A%
[0 0.4
| -1 —1.4
| 3 1.8
0 1.2
[ —0.4
| 04
1.2
| —1.2

The total vertical distance is the sum of absolute values of all elements of e, which is 3.2.



(a)

(d)
Since the new column vector of @) must be orthogonal to all the former column vectors , q
should lie on a — Q@ a, which is a subtracts it’s projection onto the column space of Q. So

_ a—-QQ"a
9= Ta—QQTal -

det(C) = 25

(b) det(C) = [det(A)P~ — 25 = [det(A)]? — det(A) = £5

2 1 -2

(c) Al= 1 CT=+L| -7 4 2

(b)

det(A) 5

4 -3 1
A= (detl(A) CT)~! =det(A)-(CT)™!

= det(A) - mC’T (C’ is cofactor matrix for CT)
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det(2ACT) = 23 - det(det(A) - I) = 8 - [det(A)]* = £1000

11 1
det(A)=[8 17 9|=(17—8)(9—8)(9—17) = —T72
64 289 81
111
det(By)=|7 17 9|=(17-7)(9—"7)(9—17) = —160
49 289 81
11 1
det(Bz) =8 7 9|=(7—8)(9—-8)(9—-7)=-2
64 49 81
11 1
det(Bs)=|8 17 7|=(17-8)(7T—8)(7T—17) =90
64 289 49
T1 = d;ett((il)) =3, o= d;;e(f;)) = 36, T3 = d;;e((B;)) =-3
8 64 1 1 8 64 1 1 1
L7 289 1| =11 17 289||=1||8 17 9| =1|-72/=36
9 81 1 1 9 381 64 289 81

The eigenvalues of A =21, -1

1 1 1
The eigenvectorsof A= | 2 | , | 3 |,
1 3 4

(A—chz=A—-cl)z

The eigenvalues of A —cl =2—c¢,1—¢,—1—c¢

1 1 1
The eigenvectorsof A—cl=1| 2 |, | 3|, | 3
1 3 4
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(C) P = [171,172,@3] — B 'AB=D = [
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L (B1AB)T = DT
2 0 0
—— BTAT(B")"'=DT=D=|0 1 0
0 0 -1
(BT '=C 1 AT
— C 1A' C=D
3 -5 3
o C = [@17w2,@3] = -1 3 -2
0o -1 1
3 -5
Ans: The eigenvectors of AT = | —1 | | 3 ,
0 -1
(d) A>=BD3B!
[1 1 1 8 0 0 3 -1 0
=12 3 3 01 0 -5 3 -1
|13 4|[00 -1 3 -2 1
8 1 -1 3 -1 0
=116 3 -3 -5 3 -1
| 8 3 —4 3 -2 1
[ 16 -3 -2
=] 24 -1 -6
| -3 9 -7

For system A

_|wn d~v_ | 3 2
(a)LetY{yQ} Then Y{2 3

voof o]
(C) T=M4+X=5+1=6 D=X\NX=5

(d) Since T > 0 and D > 0, the system A is unstable.

For system B



()

(d)

T:)\1+)\2:—2—3:—5 D:)\l)\2:6

Since T' < 0 and D > 0, the system B is stable.
11 3
: i 3 Y
Makov matrix: = £ = |,
T3 ¥
5 5 5
eigenvalues:
1 1 3
i U5 i
1 2 2y
5 5 5
-1
%E()\ —DHGBA-D(I0A-1)=0
1 1
—A=1, -, —.
5 10
17 1 3 1
2 5 1 3
3 2
FOI‘/\:I, 10 5*1 10 x=0—x= ?
1 2 2.4 1
5 5 5 3
1.1 1 3 1
2.5 5 10
2 3
FOI'A:%, % g*% 10 x=0—x= 0 ]
T 2° 271 1
5 5 55
11 1 3 =1
2 .10 5 1p 2
3 2 71 2
FOI')\:%, 10 5 10 10 x=0—>x= 71
1 2 2 1 1
5 5 5 10

The Markov matrix has three independent eigenvectors, thus it is diagonalizable.

1.9 1 3 17
2 5 0
Solve S 2-1 ]13—0 x=0ox=| 1
i 2 2% 2
5 5 5 3
1 M1
The absolute value of each element of A™ | 0 | — % should be less than 1% (
0 =
L 3

1

100

).
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0 | can be decomposed to e 0 + % %1
0 3 1 1
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The error to the steady state =A™ | 0
0
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When n=3,
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The error to the steady state is less than 1% after three years.
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