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Sorting Problem

@ Given a set of n elements, arrange the elements in a nondecreasing order.

e Or in a nonincreasing order.
e The same techniques apply.

e For simplicity, we assume the input is an array A[l : n] of n elements.

@ The brute force approach to solve the sorting problem has been demonstrated
in the SelectionSort algorithm.

@ The time complexity is @(n?) due to two nested for loops.

@ In this unit, we will study more sorting algorithms such that appropriate
sorting algorithms can be applied for specific problems to gain the best
efficiency.
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Merge Sort

@ Merge Sort is a good example of divide and conquer approach.

Algorithm 3.2.1. Merge Sort

1 Algorithm MergeSort(A, low, high)

2 // Sort A[low : high] into nondecreasing order.
3 {

4 if (low < high) then {

mid := | (low+ high)/2];
MergeSort(A, low, mid) ;
MergeSort (A, mid+ 1, high) ;
Merge(A, low, mid, high) ;

S © 0 N O O

1

}

@ This algorithm should be invoked by MergeSort(A,1,n) in the main
function.
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Merge Sort — Divide-and-Merge Recursion

@ The following tree shows the divide-and-merge recursion.
e Array A is assumed to have 10 elements.

1,5
1,3 45 6,8 | 9,10
3,3 4.4 5,5 8,8 9,9 10,10
6,6 7.7

@ The following algorithm assumes a global array B[l : n] of n elements and
uses it as a temporary storage.
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Merge Sort — Merge

Algorithm 3.2.2. Merge Process

1 Algorithm Merge(A, low, mid, high)

2 // Merge sorted A[low: mid] and A[mid+ 1 : high] to nondecreasing order.
31

4 i:=low; j:=mid+ 1; k:=low; // i: low side, j: high side, k: store.
5 while ((¢ < mid) and (j < high)) do { // Store smaller one to B[k].
6 if (A[¢] < A[j]) then { // A[i] is smaller.

7 Blk]:=Ali];i:=i+1;}

8 else { // Alj] is smaller.

9 Blk] := Alj]; j:==j+1;}

10 k:=Fk+1;

11 }

12 if (7 > mid) then // Copy remainder.

13 for i:= jto high do { // High side remains.

14 Blk]:=Ali]l; k:=k+1;}

15 else

16 for j:= i to mid do { // Low side remains.

17 Blk] := Alj]; k:==k+1; }

18 for i:= low to high do A[i] := B[i]; // Copy Bllow : high] to A[low : high]
19 }
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Merge Sort — Example

@ Example

A={ 310, 285 179, 652, 351, 423, 861, 254, 450, 520 }
(1 21 @38 4 [5 [6} [ 8 [9 [10]

@ A is partitioned into two sets and each set is sorted into nondecreasing order
e This process is carried out through the recursive calls

A={ 179, 285, 310, 351, 652, 254, 423, 450, 520, 861 }
[ 21 @38 4. [5]  [6] [7 8 [9 [10]

@ Merging the two sets together

A={ 179, 285, 310; 351, 652, 254, 423, 450, 520, 861 }
[ 21 3 4 {5 6] [ 8 [9 [10]
B={ 179, }
A={ 179, 285, 310, 351, 652, 254, 423, 450, 520, 861
1 20 @B 4 5] 6] [ 8 [9 [10]
B={ 179, 254, }
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Merge Sort — Example Il

A={ 179, 285, 310, 351, 652, 254, 423, 450, 520, 861 }
1 21 B8 4 {5 6] 7 8 [9 [10]
B={ 179, 254, 285, }
A=1{ 179, 285, 310, 351, 652, 254, 423, 450, 520, 861 }
[ 21 38 4[5 6] [ [8 [9 [10]
B={ 179, 254, 285, 310, }
A=1{ 179, 285, 310, 351, 652, 254, 423, 450, 520, 861 }
1 21 @B 4 (5 6] [ 8 [9 [10]
B={ 179, 254, 285, 310, 351, }
A={ 179, 285, 310, 351, 652, 254, 423, 450, 520, 861
[ 21 @B 4 (5] 6] [ [8 [9 [10]
B={ 179, 254, 285, 310, 351, 423, }
A={ 179, 285, 310, 351, 652, 254, 423, 450, 520, 861
[ 21 @B 4 [ 6] [7 8 [9 [10]
B={ 179, 254, 285, 310, 351, 423, 450, }
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Merge Sort — Example

A={ 179, 285, 310, 351, 652, 254, 423, 450, 520, 861 }
1 [ @B 4 B3 .l [ 8 [9 [10]
B={ 179, 254, 285, 310, 351, 423; 450, 520, }
A={ 179, 285, 310, 351, 652, 254, 423, 450, 520, 861
1 21 @38 4 [ 6] -[7 8 [9 [10]
B={ 179, 254, 285, 1310, 351, 423, 450, 520, 652, }
A=1{ 179, 285, 310, 351, 652, 254, 423, 450, 520, 861 }
1 21 B8 4[5 6l 7 8 [9 [10]
B={ 179, 254, 285, 310, 351, 423, 450, 520, 652, 861 }

@ Then B is copied into A to get the sorted result.
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Merge Sort — Complexity

@ Let T(n) be the computing time of merge sort applying to a data set of n
elements, then
T ={ Srymecn w1 ebs o 32D
o If n= 2% then
T(n) = 2<2T(n/4)) 2NN n/2) Yeon
=4T(n/4) +2c-n
= 4<2T(n/8) +C- 'n,/4) +2c-n
=28 1(1) £k cen
=a-n+c-n-lgn (3.2.2)
o If 28 < n < 281 then T(n) < T(2%F1). Therefore,
T(n) = O(nlgn). (3.2.3)
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Merge Sort — Improvement

@ The Merge Sort, Algorithm (3.2.1), continues to divide the input into smaller
subsets until each subset contains only one element.
@ The CPU time mostly spent on recursive function calls
e With each function doing very few operations

@ This inefficiency can be improved as the following

Algorithm 3.2.3. Improved Merge Sort

1 Algorithm MergeSort1(A, low, high)
2 // Sort A[low : high] into nondecreasing order with better efficiency.
34
4 if (high — low < 15) then
5 return InsertionSort(A, low, high) ;
6 else {
7 mid := | (low+ high)/2];
8 MergeSort(A, low, mid) ;
9 MergeSort (A, mid+ 1, high) ;
10 Merge(A, low, mid, high) ;
11 }
12 }
v
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Insertion Sort

Algorithm 3.2.4. Insertion Sort

1 Algorithm InsertionSort(A, low, high)

2 // Sort Allow : high] into nondecreasing order.

3 {

4 for j:= low+ 1 to high do {

5 item := Alj]; i:=7—1;

6 while ((¢ > low) and (item < Al¢])) do {
7 Ali+1]:=Ali]; i:=i—1; }

8 Ali+ 1] := item;

9 ¥

10 }

@ Line 7 can be executed at most j times, thus the time complexity is

- 1
T(n) = Z = @ —1=0(n?). (3.2.4)
=2
e The best-case complexity is ©(n).
@ Though the InsertionSort has high computation time complexity, for small
n this function executes very fast.

@ Note that the number 15 can be fine tuned to gain better efficiency.
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Quick Sort

@ Another divide and conquer approach in sorting an array.

Algorithm 3.2.5. Quick Sort

1 Algorithm QuickSort (A, low, high)

2 // Sort A[low : high] into nondecreasing order.

3 {

4 if (low < high) then { // Allow: mid — 1] < A[mid] < A[mid+ 1 : high]
5 mid := Partition(A, low, high+ 1) ;

6 QuickSort(A, low, mid— 1) ;

7 QuickSort(A, mid+ 1, high);

8 }

9}

@ It is assumed that A[high + 1] = oc.
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Algorithm 3.2.6. Partition

Quick Sort, Il
Algorithm 3.2.6. Partition |

1 Algorithm Partition(A, low, high)

2 // Rearrange A into Allow: j— 1] < A[j] < A[j+ 1 : high| and return j.
34

4 v:= Allow]; i:=low+1; j:= high—1; // i: low side, j: high side
5 while (¢ < j) do {

6 while (A[¢] < v) do i:= 4+ 1; // Find first A[i] > v

7 while (A[j] > v) do j:=j—1; // Find first A[j] < v.

8 if (¢ < j) then Swap(4,4,j);

9 }

10 Allow] := A[j]; A[j] := v; return j; // Place v to the right position,
11 }

Algorithm 3.2.7. Swap

1 Algorithm Swap(A4, i, j)

2 // Swap A[7] with A[j].

3 {

2 = AL Al = Al Al =t
5}
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Partition Example

[ 2] 8] [4 [5] [6] [7] [8] [9] [10]
65 70 75 80 85 60 55 50 45 oo
65 45 75 80 85 60 55 50 70 oo
65 45 50 80 85 60 55 75 70 oo
65 45 50 55 85 60 80 75 70 +oo
65 45 50 55 60 85 80 75 70 oo
60 45 50 55 65 85 80 75 70 +oo

Sy U I W N =
O O J 00 ©O|~.

@ Algorithm Partition returns mid = 5.

o Note that
Wit B2 i wd
Ali] > Amid], - if i > mid.
@ Therefore, QuickSort can be applied to A[low : mid — 1] and
A[mid+ 1 : high] separately.
@ Also note that A[high+ 1] = oo is assumed.
o For the next recursion level

o A[mid] serves as A[high + 1] in QuickSort(A, low, mid — 1)
@ Alhigh + 1] is still used in QuickSort(A, mid+ 1, high).
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Quick Sort — Complexity

@ Assume that element comparison dominates the CPU time

@ The number of element comparisons in Partition algorithm is
high — low+ 1

@ Worst-case complexity

o At the top level, Partition(A, 1, n+ 1) is called with n+ 1 comparisons

e At the next level, the worst-case scenario has one of the partition with n — 1
elements and n comparisons

e Thus the total number of comparisons would be

n

Cw(n) =) (i+1)=0(n?) (3.2.5)

=2
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Quick Sort — Complexity, Il

@ Average-case complexity

CA(n):n—l—l—i—%i(CA(k—l)—i—CA(n—k)) (3.2.6)

o Note that C4(0) = Cx(1) =0, and
nCa(n) = n(n4 1)+ 2(0,4(0) 4 D)4+ Ca(n— 1)) (3.2.7)
Replacing n by n— 1, we have
(n—1)Ca(n—1) = n(n—1) +2<0A(0) L O+ + Ca(n— 2)) (3.2.8)
Subtract Eq. (3.2.8) from Eq. (3.2.7)
nCa(n) — (n—1)Ca(n—1) = 2n+ 20u(n— 1)
nCa(n) = (n+1)Ca(n—1) + 2n
Ca(n)  Ca(n—1) 2

— 2.
n—+1 n +n—|—1 (3 9)

Unit 3.2 Sorts Mar. 21, 2018 16 / 33




Quick Sort — Complexity, Il

CA(TL) CA(n—l) n 2

n+1 n n+1
_CA(n—2) z+ 2
K n—1 n. n+1
Ca(n—3) 2 2 2
F 7452 +n—1+n+n—|—1
CA(l) n-{—l1
75wk +2ZE
k=3
n—|-11
=9 — 2.
Zk (3.2.10)
=3
n+1

1 A

E - < / —dx = log(n+ 1) — log(2)
k 5 T

k=3

And, we have

Ca(n) < 2(n+ 1) (1og(n+ 1) — log(2)> — O(nlog n) (3.2.11)
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Quick Sort — Space Complexity

@ Note that for small n, the InsertionSort can be very fast and the
QuickSort can be combined with InsertionSort to gain better
performance (the same way as the MergeSort case).

@ Let the stack space needed by the QuickSort(A, low, high) is S(n)
@ Worst-case: the number of recursion is n — 1, thus

Sw(n) =24+ Sw(n—1)=0(n) (3.2.12)

@ Best-case:
Sp(n) =2+ Sw([(n—1)/2]) = O(logn) (3.2.13)

@ Average-case: it can be shown that

Sa(n) = O(logn). (3.2.14)
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Randomized Quick Sort

@ If the array A is already in order, then the QuickSort can have worst-case
performance.

@ The following randomized QuickSort can improve the performance.

Algorithm 3.2.8. Randomized Quick Sort

1 Algorithm RQuickSort(A, low, high)
2 // Sort Allow : high] into nondecreasing order.
34
4 if (low < high) then {
5 if ((high — low) > 5) then
6 Swap(A, low+ Random() mod (high — low+ 1), low) ;
7 mid := partition( A, low, high + 1) ;
8 QuickSort(A, low, mid — 1) ;
9 QuickSort(A, mid+ 1, high);
10 }
11}
v
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Comparison-based Sorts

@ We have studied several sorting algorithms, and here are their time
complexities

o Selection Sort: ©(n?),

e Heap sort: worst-case O(nlg n),

o Merge sort: worst-case O(nlgn),
e Quick sort: average-case O(nlgn).

@ All these algorithms use element comparisons as the basic operations to sort
the array.

@ It can be shown that using comparison based sorting algorithms the best time
complexity one can get is O(nlgn).

@ In the following, we digress from the divide and conquer approach to show
some linear time sorting algorithms.

@ These algorithms do not use comparison operations and thus they can
achieve even lower time complexities.
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@ The counting sort assumes the elements to be sorted are all integers in the
range [1: k].

@ Thus, if array A[l : n] contains the integer elements to be sorted,
I<A[] <k 1<i<n

@ Let C[1: k] be an array. Then we can place A[¢] into array C[A[7]].

e After that is done, we simply trace C array once to get the sorted order.

o Example: n =38, A[l:8] ={2,5,3,1,2,3,1,3} to be sorted. Then, we need
a C[1:5] array to perform counting sort.
Placing A[i] elements into C array, we have

s

8]

A[7]  A[5]  A[6]
Al4] A[1] A[3]

Carray:| 1 2 3 4 5

Thus, the sorted result is:  A[4] A[7] A[l] A[5] A[3] A[6] A[8] A[2]
which is: 1 1 2 2 3 3 3 5
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Counting Sort — Algorithm

Algorithm 3.2.9. Counting Sort.
1 Algorithm CountingSort(A, B, n, k)
2 // Sort A[1 : n] and put results into B[l : n]. Assume 1 < A[i] <k, V.
34
Z for i:=1 to kdo {
5 Cli] :==0;
6 }
7 for i:=1to ndo { // Count # elements in C[A[i]].
8 C[A[i]] .= C[A[i]] + 1;
9 }
10 for i:=1to kdo { // C|i] is the accumulate # of elements.
11 Cli] .= Cli] + C[i—1];
12 }
13 for i:=n to 1 step —1 do { // Store sorted order in array B.
14 B[C[A[i]]] := Ali];
15 C[A[i]] .= C[A[i]] — 1;
16 }
17 } )
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Counting Sort — Example

Algorithms (EE/NTHU)

o Example: n =38, A[l:8] ={2,5,3,1,2,3,1,3} to be sorted.
Line 9: Line 16: 7 =8
1 2 3 4 5 8 1 2 3 4 5 6 7 8
Al 2513|112 3 B 3
1 2 3 4 5 1 2 3 4 5
cCl212|3]0]1 cCl214)16]|7] 8
_4 _4
Line 12: Line 16: 1 =17
1 2 3 4 5 8 1 2 3 4 5 6 7 8
Al 215131112 3 B 1 3
1 2 3 4 5 2 3 4 5
cl214)17 ]| 7] 8 C 4 16| 7] 8
Line 16: =06
1

Unit 3.2 Sorts
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Counting Sort — Example
Line 12: Line 16: 7 =3
1 2 3 4 5 8 1 2 3 4 5 6 7 8
Al 2513 1]2 3 Bl1]1 2131313
1 2 3 4 5 1 2 3 4 5
cl2l14|7]|7]8 clo|3|14]|7]8
Line 16: =25 Line 16: 7= 2
1 2 3 4 5 8 1 2 3 4 5 6 7 8
B 1 2 Bl1]1 21311313
2 3 4 5 1 2 3 4 5
Cl1]13]|5]|7]S8 clo|l3l14|7|7
Line 16: 1 =4 Line 16: 1 =1
1 2 3 4 5 8 1 2 3 4 5 6 7 8
Bl1]1 2 Bl1]l]1]l2]12]13]3]|3]65
1 2 3 4 5 1 2 3 4 5
cClo|3]|5]|7]8 clol214]|7|7
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Counting Sort — Complexity

@ Four for loops in CountingSort algorithm
Lines 4-6, O(k),
Lines 7-9, ©(n),
Lines 10-12, ©(k),
Lines 13-16, O(n),
Overall time complexity, ©(n + k)
@ When k= O(n), then it is ©(n).

@ Thus, counting sort has the time complexity lower than O(nlgn).
e This is because that counting sort is not a comparison-based sorting algorithm.

@ Algorithm CountingSort is stable.

e A sorting algorithm is stable if the elements of the same value appear in the
output in the same order as they do in the input array.
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Radix Sort

@ Given a set of n integers of d digits, then radix sort, which uses counting sort
function, can perform the sorting efficiently.

@ For the d digits, let the least significant digit be digit 1, and the most
significant digit be digit d.

Algorithm 3.2.10. Radix sort.

1 Algorithm RadixSort (A, d)
2 // Sort the n d-digit integers in array A.
3 {
4 for i:=1 to ddo {
5 Sort array A by digit ¢ using CountingSort ;
6 }
7}
v

@ Note that any stable sort can be used in position of CountingSort and one
gets the same result.
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Radix Sort, Example

@ Example
Original order Sort digit 1 Sort digit 2 Sort digit 3
329 720 720 329
457 355 329 355
657 436 436 436
839 457 839 457
436 657 355 657
720 329 457 720
355 839 657 839

Given n d-digit numbers in which each digit can take on up to k possible values,
then RadixSort correctly sorts these numbers in ©(d x (n+ k)) time since
CountingSort takes ©(n + k) time for each digit.

@ This lemma can be easily generalized for any stable sort to be used in the
place of CountingSort.
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Radix Sort, Property

Lemma 3.2.12.

Given n b-bit numbers and any positive integer » < b, RadixSort correctly sorts
these numbers in ©((b/7) x (n+ 2")) time since CountingSort takes O(n + k)
time for inputs in the range 0 to k.

Proof. For any r < b, one can divide the b-bit numbers to d = [b/r] digits of r
bits each. Each digit is an integer in the range of 0 to 2" — 1, so one can use
CountingSort with £ = 2". Therefore, sorting those numbers takes

O(dx (n+27) =06((b/r) x (n+27)) time. ]

.

@ Again, any stable sort can be used in place of CountingSort.

@ RadixSort, which is not comparison based algorithm, has lower complexity,
©(n), while the best comparison based algorithm achieve O(nlgn) time.

@ In using RadixSort on sets with large size, memory swapping can be a
limiting factor for performance. On the other hand, many comparison based
algorithm using in-place sorts can have much fewer memory swapping.

@ Computer hardware and compiler can impact on the performance of these
algorithms.

Algorithms (EE/NTHU Unit 3.2 Sorts Mar. 21, 2018 28 / 33
g




Bucket Sort

@ BucketSort is an average-case O(n) sorting algorithm.

@ BucketSort is not comparison based algorithm and it assumes the n
numbers being sorted are uniformly distributed in the range [0,1).

Algorithm 3.2.13. Bucket Sort.

1 Algorithm BucketSort(A, n)
2 // Sort n-element array A assuming A[7] is uniformly in [0, 1).

4 Initialize array B[0 : n — 1] to be all NULL;
5 for ¢:=1to n // Insert A[i] to B[|n x Ali]]].

6 insertList(B[|n x Alil]]], A[7]);

7 fori:=0ton—1

8 insertionSort(Bli]);

9 concatenate n lists B[O : n — 1] and store back to array A
0
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Bucket Sort, Example

e Example
A B
110.78 0
210.17 1| ——»0.12} —3—»0.17
310.39 2 »10.21 »10.23 »10.26
410.26 3 »10.39
510.72 4
610.94 5
710.21 6 »10.68
810.12 7 »0.72 »10.78
910.23 8
10]0.68 9| ——»10.94
y
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Bucket Sort, Complexities

In BucketSort

Line 4 executes n times

Line 9 also executes n times
Line 7 loop executes n times

o Each InsertionSort executes n? times
e But, E(n;) = O(1), therefore this loop executes O(n) times

Overall time complexity: O(n).
Space complexity is also O(n).
e Array Bis O(n),
o Linked list is O(n).

Note the assumption of the elements are uniformly distributed in a range.

If the range is not [0, 1), it can be scaled and the BucketSort can still

perform well.
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Comparisons

Loop in line 5 executes n times

Unit 3.2 Sorts

@ Time complexities of sorting algorithms

Algorithm | Worst-case  Average-case
Insertion sort O(n?) O(n?)
Merge sort O(nlgn) O(nlgn)
Heapsort O(nlgn) —
Quicksort O(n?) O(nlgn)
(expected)
Counting sort | ©O(k+ n) O(k+ n)
Radix sort O(d(k+mn)) ©O(d(k+ n))
Bucket sort O(n?) O(n)
(expected)
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@ More sorting algorithms available

Unit 3.2 Sorts

@ Your should be able to analyze those algorithms.
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Summary

@ Sorting problem.

@ Comparison-based sorts.
e Merge sort.
@ Improved merge sort.

e Insertion sort.
o Quick sort.

@ Randomized quick sort.

@ Non-comparison based sorts.

e Counting sort.
e Radix sort.
o Bucket sort.

Mar. 21, 2018

33 /33




