10720 EECS 303003 Probability Homework #4  Solution

1. Given the joint density function of X, Y as following

2xty 0<x<2 0<v<14
0 , otherwise

(@) Find the value of a.

Y r22x+y 1 (* 32
J.J. dxdy=—f4+2ydy=—=1—>a=32
a a J, a

(b) Find the covariance of X and Y, Cov(x,y).

2x+y 8
E[XY] f f Xy dxdy—

w |

(c) Find the correlation coefficient of X and Y, pxy.
p’y=E [X ] — E[X]?

—ff Y dxdy — (0 = =
= Y= = 36
p?, = EIV?] — EIV]?

Y2 2x+y 7 11
- | [ e -gr- 5
0 J0

32

Cov(X, Y)

Pxy = PxPy / / Tt

2. Suppose that n people have their hats returned at random. Let X; = 1 if the
ith person gets his/her own hat back and 0 otherwise. Let S, = Y.I-; X;. Then

S, is the total number of people who get their own hats back. Please calculate

the followings:



@ E[x’]-

(o1t _1 POt =0)=1——

P(X;=1) = '
n! n n

1 1
E[x?] = lx— =~

(b) E[X;-X;],i=#j—
(n—2)! 1
nl n(n —2)
1 1
nn—-1) n@m-1)

P(X;=1X,=1) =

E[X:Xj] = 1x1x

(c) E[Snz]_>
Sp=X +X, 4+ +X,
E[S.?] = E[X,®] + -+ E[X2] + 2E[X1X,] + -+ 4 2E[Xn_1X,1]
= nx%+2{€§xﬁ} =14+1=2
(d) Var[S,]
Var(S,) = E[S.*] - E[S,]?=2-1=1,

where E[S,] = E[Xy] + -+ E[X,] = nx— =1

3. Romeo and Juliet have a date at a given time, denote that random variable X
and Y is the amount of time where Romeo and Juliet are late respectively.
Assume X and Y are independent and exponentially distributed with different
parameters A and p, respectively. Find the PDF of X - Y.

< fry (o, y)dx > dy

z+y

Fz(z)=P(X—Y£Z)=1—P(X—Y>z)=1—[
0

=1 —j ,ue‘“y< le M dx ) dy =1 —f pe~HY e~ Az+y) gy
0 0

z+y

* I
=1- e"lzf e~ Mgy =1 — e~
X y TR

For the case z < 0, we have using the preceding calculation
e—u(—Z)) __4

et
A+u

@(z)=1—1~"z<—z)=1—(1—“u

Combining the two cases z = 0 and z < 0, we obtain



K —-Az

(1—/1+#e . ifz=0
F(z) = 1
/1+”e"z, ifz<0

The PDF of Z is obtained by differentiating its CDF. We have

A
/H!_l e~z ifz=>0
f@={""H#

A et ifz<o0
kl+u '

4. The random variables X, Y, and Z are independent and uniformly distributed
between zero and one. Find the PDFof X +Y +Z.

LetV=X+Y. the PDF ofVis

v, 0<v<1l
fv(v)z{z—v, 1<v<2
0, otherwise

Let W = X+Y+Z=V+Z. We convolve the PDFs f, and f,, to obtain

fo(w) = j £,0)f W — v)dv

We first need to determine the limits of the integration. Since f,,(v) = 0 outside
therange 0 < v < 2, and f,,(w — v)=0 outside therange 0 <w —v <1, we
see that the integrand can be nonzero only if

O0sv<2Z2,andw-1<v<w.

We consider three separate cases. If w < 1, we have
W2

fw(w) = fo fv(v)fz(w—v)dvzfo Vdv:T

If 1<w <2, wehave

fw(Ww) = fmi i) f,(w—=v)dv = fl_ vdv + fW(Z —v)dv

1 (w—l)z_ (w—2)2+1

2 2 2 2

Finally. If 2 < w < 3,we have

2 2 3_ 5
fw(W):f fv(v)fz(w—v)dv:f (2 — v)dv = %



To summarize,

( w? 0<w<l
7, SWS
w-1% (2-w)?
- - <w<
fow) =31 2 7 lsws=z
3 —w)?
\ 0, otherwise

5. Let X be a random variable that takes nonnegative integer values, and is
associated with a transform of the form
3 + 4e%s + 2e3°
3—e
Where c is some scalar. Find E[X], p,(1), and E[X|X # 0].

M,(s) =c

Since 1 =M,(0) = c 3212, sothatc=2/9. We then obtain
dM, 2 (3—e%)(8e? + 6e35) + e5(3 + 4e?5 + 2e3%) 37
E[X] = (Ss=0 = 3 2 ls=0 =15
ds 9 (3—¢e9) 18

We now use the identity

11 1 1 1+e5+25+
3—e5 31—-e5/3 3 39

Which is valid as long as s is small enough so that e® < 3. It follows that

2 1 eS eZs
Mx(S)=§ 3 (3 + 4e?s + 2e3%) 1+?+T+...

By identifying the coefficients of e® and e®, we obtain

© =2 p(1) ==

Let A={X# 0}, Wehave

px (k)
Px|xeay(k) = { P(4)’
0, otherwise

ifk+#0



So that

E[X]  37/18 37
1—py(0) 7/9 14

BIXIX # 0] = ) kpyaGk) = ) kpx(0)/P(4) =
k=1 k=1



