10720 EECS 303003 Probability Homework #3 Answer

Problem1.

(a)
First calculate the CDF of X. For x € [0, r], we have

Fx(x) = P(X <x) =" =X and fx(x)=2ifo<x<r

x
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Then, E[X] :.f r—zdx = 3 E[XZ]:.[- r—zdx = PR

0 0

So var(X) = E[X?] — (E[X]y:rz_z_% - g

(b)
Fs(s)=0,for 0<s<1/t

Fs(s) = P(S < s) = P(Alvin's hit is outside the inner circle)
tZ
=1-PX<pD=1--

Also, For 1/t <'s, the CDF of Siis given by
Fs(s)=P(§<s)=PX <t)P(S<s|[X<t)+PX >t)P(S<s|X>1)

2 2
Wehave P(X <t) ==, P(X>t) =1—

AndsinceS=0whenX>t, P(S<s|X>1t) =1

Furthermore,
1 P(3=x<t)
< < = =< <
P(S<six<t)=P(g<s|x<t) =D
132
|
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Combine the above equation, we obtain
t? t? t? 1
P(SSS) =T_Z(1_@ + 1_1‘_2 = 1_527'2

Collecting the results of the preceding calculations, the CDF of S is
Fs(s) ={0, ifs<0

1-=, if0<s<1/t
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Because Fs has a discontinuity at s = 0, the random variable S in not continuous.

Problem?2.

1
f(x)=bT2;0<a<x,a+2<x<b

F(x)={0;x<0
X
S <
b_2,0<x<a—>0_x<5
a
b—2

a<x<a+2-5<x<7

b—-2

at+2<x<b-o7<x>22

1;b<x->x=22

(a)

a
F(a+1)=0.25=bT2—>4a=b—2—>a=5

4
F()=02=7—>-20=b-2>b=22

(b)

8.39 — 2
F(839) = —-— = 0.3195

(c)
914—-2 3.01
20 20

P(3.01 < X <9.14) = F(9.14) — F(3.01) = = 0.2065




Problem3.

(a)
k=1

o0 0
[e%) 0
* x,y)dxdy = k/m e 2+y2dxdy+ k/m ex2+y2dxdy
0 f (e y)dxdy = K/ — -
0 —00
0 —00

: o
=f0 fo eTrdrd9=k=1

(b)

fx(x) =2 feoy)dy=f fx,y)dy +[° f(x,y)dx

1 x?

=——e 2,—00 <X<OO

V2m

y
rv.Y can follow the same steps. fy(y) = —ez

(c)

2

Vam

fxv(x,y) #Z fx(x)*fv(y) thus, X and Y are independent.

ProblemA.

(a)
First find n:

As we know that

Therefore:

1
E[Y|X] = f y———5dy

1 ry
f f n(n—1)(y —x)%dxdy =1
0 Jo

nn—1)
—1 =1 -~n=4

EYIXI = [° yflx)dy

fx_y_3(y_x)2
fi  (1=x)?
3(y—x)? 3+x

fy|x =

(1—-x)? 4



(b)

EVI = [ ELYIX] fo(o)dx = 2

(c)
B[EIX = | EVIX) £ @ax= [ | f, 000 ay £,Gax

=f f Y 10 () dx dy =f yf,») dy = E[Y]

Problemb5.
rv.X,Y ~i.i.d E(A)
fx(x) = Ae™u(x)

fuly) = Ae~u(y)
frrlx,y) =A%e A u(x)u(y)

fiz)= [ fx=z—y,y)dy = [* A2eu(z - y)u(y)dy = [ A%e *2dy

= A2e M, 750

0,ow.

Problem6.

P(X=1) = P
P(X=-1) = 1-P
Y=X+M D2M=Y-X

f(m) = (%) ae Ml _o <m < oo

fy) =pfGlx=D+A-p)flx=-1)

— — 1- —
- Qe (), o <y



