
Course announcement

▪ Midterm exam’s grade will be announced later this week.

▪ A midterm warning will be sent out according to 

homework sets and midterm exam. 
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Today’s topic

▪ Variables in rotation

▪ Relationship between linear motion and rotation

▪ Kinetic energy of rotational motion and rotational inertia



Final goal of this chapter



Motion in different degrees of freedom 

▪ so far we have examined the motion of translation, in 

which an object moves along a straight or curved line,

▪ The dynamics can be in different degrees of freedom. 

▪ We now turn to the motion of rotation, in which an object 

turns about an axis



Translational motion vs rotational motion

https://tenor.com/view/racing-speed-skating-team-canada-

olympics-racing-competition-gif-24961817

https://powerforwardblog.wordpress.com/2014/02/05/understanding-olympic-

figure-skating-a-gif-guide-to-spins/



The axis of rotation

▪ In the following figure, a rigid body of arbitrary shape in 

rotation about a fixed axis, called the axis of rotation or 

the rotation axis. 



The axis of rotation

▪ In pure rotation (angular motion), every point of the body 

moves in a circle whose center lies on the axis of rotation, 

and every point moves through the same angle during a 

particular time interval. 



Angular position

▪ In pure rotation (angular motion), 

every point of the body moves in 

a circle whose center lies on the 

axis of rotation, and every point 

moves through the same angle 

during a particular time interval.

▪ The angular position θ is 

measured relative to the positive 

direction of the x axis. 

𝜃 =
𝑠

𝑟



Angular position

▪ An angle defined in this way is 

measured in radians (rad). 

▪ The radian, being the ratio of two 

lengths, is a pure number and 

thus has no dimension, and:

1 𝑟𝑒𝑣 = 360° =
2𝜋𝑟

𝑟
= 2𝜋 𝑟𝑎𝑑



Angular displacement

If the body rotates about the rotation, 
changing the angular position of the 
reference line from θ1 to θ2, the body 
undergoes an angular displacement
Δθ given by:

∆𝜃 = 𝜃2 − 𝜃1
This definition of angular displacement 
holds not only for the rigid body as a 
whole but also for every particle within 
that body.



Angular displacement

Angular displacement Δθ given by:

∆𝜃 = 𝜃2 − 𝜃1
▪ An angular displacement in the 

counterclockwise direction is 

positive, and one in the clockwise 

direction is negative.



Angular displacement

Angular displacement Δθ given by:

∆𝜃 = 𝜃2 − 𝜃1
▪ An angular displacement in the 

counterclockwise direction is 

positive, and one in the clockwise 

direction is negative.



Angular velocity

Suppose that our rotating body is at 

angular position θ1 at time t1 and at 

angular position θ2 at time. We define 

the average angular velocity of the 

body in the time interval Δt from t1 to 

t2 to be:

𝜔𝑎𝑣𝑔 =
𝜃2 − 𝜃1
𝑡2 − 𝑡1

=
∆𝜃

∆𝑡



Angular velocity

The (instantaneous) angular velocity ω, 

with which we shall be most 

concerned, is the limit of the ratio as Δt

approaches zero. Thus,:

𝜔 = lim
∆𝑡→0

∆𝜃

∆𝑡
=
𝑑𝜃

𝑑𝑡
The angular velocity ω is positive if the 

body rotates counterclockwise.



Angular acceleration

If the angular velocity of a rotating 

body is not constant, then the body 

has an angular acceleration. Let ω2 

and ω1 be its angular velocities at 

times t2 and t1, respectively. The 

average angular acceleration:

𝛼𝑎𝑣𝑔 =
𝜔2 − 𝜔1

𝑡2 − 𝑡1
=
∆𝜔

∆𝑡



Angular acceleration

The (instantaneous) angular 

acceleration α, with which we shall be 

most concerned, is the limit of this 

quantity as Δt approaches zero. Thus,:

𝛼 = lim
∆𝑡→0

∆𝜔

∆𝑡
=
𝑑𝜔

𝑑𝑡



Angular velocity as a vector



Angular displacement cannot be a vector

To be represented as a vector, a quantity must also obey 

the rules of vector addition, one of which says that if you 

add two vectors, the order in which you add them does not 

matter. Angular displacements fail this test.



Angular displacement cannot be a vector



Rotation with constant angular acceleration 

In pure rotation, the case of constant angular acceleration is 

also important, and a parallel set of equations similar to

linear motion holds. 



Rotation with constant angular acceleration 



Relation between linear and angular variable

▪ A point in a rigid rotating body, at a perpendicular distance 

r from the rotation axis, moves in a circle with radius r. If 

the body rotates through an angle θ, the point moves 

along an arc with length s given by

𝑠 = 𝜃𝑟

where θ is in radians.



Relation between linear and angular variable

▪ Similarly, we can find other relationship between linear 

velocity and angular velocity:

𝑣 = 𝜔𝑟



Relation between linear and angular variable

▪ For acceleration, the point has both tangential and radial 

components. The tangential component is

𝑎𝑡 = 𝛼𝑟

where α is the magnitude of the angular of the body. The 

radial component of  is

𝑎𝑟 =
𝑣2

𝑟
= 𝜔2𝑟



Relation between linear and angular variable

▪ If the point moves in uniform circular motion, the period T 

of the motion for the point and the body is

𝑇 =
2𝜋𝑟

𝑣
=
2𝜋

𝜔



Kinetic energy of rotation

We shall treat the rotating rigid body as a collection of 

particles with different speeds. We can then add up the 

kinetic energies of all the particles to find the kinetic energy 

of the body as a whole:

𝐾 =
1

2
𝑚1𝑣1

2 +
1

2
𝑚2𝑣2

2 +⋯ =
1

2
𝑚𝑖𝑣𝑖

2



Rotational inertia (or moment of inertia)

In the rotating rigid body the rotational velocity is the same 

for every point. Thus we can rewrite:

𝐾 =
1

2
𝑚𝑖𝑣𝑖

2 =
1

2
𝑚𝑖(𝑟𝑖𝜔)

2 =
1

2
(𝑚𝑖𝑟𝑖

2)𝜔2

We call that quantity the rotational inertia (or moment of 

inertia) I of the body with respect to the axis of rotation:

𝐼 = 𝑚𝑖𝑟𝑖
2

And thus the kinetic energy is 𝐾 =
1

2
𝐼𝜔2



Calculating the rotational inertia

▪ If a rigid body consists of a few particles, we can calculate 

its rotational inertia about a given rotation axis with 𝐼 =
σ𝑚𝑖𝑟𝑖

2.

▪ If a rigid body consists of a great many adjacent particles, 

we replace the sum with an integral and define the 

rotational inertia of the body as

𝐼 = න𝑟2𝑑𝑚



Think about it…

▪ What would happen to the rotational inertia of the two-mass 

dumbbell if its rotation axis were moved to the center of the 

rod? It would

(a) increase.  (b) decrease.  (c) stay the same.

▪ What would happen if the rotation axis were moved to one 

end of the rod?







Example of calculating rotational inertia

A thin, uniform rod of mass M and length L, on an x axis 

with the origin at the rod’s center. What is the rotational 

inertia of the rod about the perpendicular rotation axis 

through the center?



Example of calculating rotational inertia



Example of calculating rotational inertia


