
Course announcement

▪ Solution of homework set 1 has been posted on eLearn. 

▪ The homework set 2 will be posted on eLearn on 10/14 

(Friday) at 8AM. Please submit your homework via 

eLearn. No late homework will be accepted.

▪ The first midterm will on 10/25 (Tuesday).
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Work on an object with a curve trajectory

▪ If the force acting on an object that 

moves in a curve. Then, the work 

done from position 1 to position two 

can be expressed as:

𝑊 = න

1

2

Ԧ𝐹 ∙ 𝑑 Ԧ𝑠 1

2

Ԧ𝐹

𝑑 Ԧ𝑠



Relationship between work and kinetic energy

▪ Since we introduce Newton’s second law and work, what 

is the relationship between them?

Let’s start from equation of motion - Newton’s second law:

𝐹𝑁𝐸𝑇 = 𝑚Ԧ𝑎 = 𝑚
𝑑 Ԧ𝑣

𝑑𝑡

To link the force with work, let’s integral respect displacement  

න

1

2

Ԧ𝐹 ∙ 𝑑 Ԧ𝑠 = න

1

2

𝑚
𝑑 Ԧ𝑣

𝑑𝑡
∙ 𝑑 Ԧ𝑠



Relationship between work and kinetic energy

▪ Since we introduce Newton’s second law and work, what 

is the relationship between them?

The left hand side is work W done by the force from 1 to 2.

There for we have

𝑊 = න

1

2

𝑚
𝑑 Ԧ𝑣

𝑑𝑡
∙ 𝑑 Ԧ𝑠 = න

1

2

𝑚𝑑 Ԧ𝑣 ∙
𝑑 Ԧ𝑠

𝑑𝑡
= න

1

2

𝑚 Ԧ𝑣 ∙ 𝑑 Ԧ𝑣

Note that: 𝑑 Ԧ𝑣 ∙ Ԧ𝑣 = 𝑑 Ԧ𝑣 ∙ Ԧ𝑣 + Ԧ𝑣 ∙ 𝑑 Ԧ𝑣 = 2 Ԧ𝑣 ∙ 𝑑 Ԧ𝑣



Relationship between work and kinetic energy

▪ Since we introduce Newton’s second law and work, what 

is the relationship between them?

Thus we have:

𝑊 = න

1

2
1

2
𝑚𝑑( Ԧ𝑣 ∙ Ԧ𝑣) = න

1

2

𝑑(
1

2
𝑚𝑣2) = 𝐾2 − 𝐾1



Work done by general force in 3D

▪ We defined the work done from position 1 to 

position two can be expressed as:

𝑊 = න

1

2

Ԧ𝐹 ∙ 𝑑 Ԧ𝑠

1

2

Ԧ𝐹

𝑑 Ԧ𝑠

= න

1

2

𝐹𝑥 Ƹ𝑖 + 𝐹𝑦 Ƹ𝑗 + 𝐹𝑧 ෠𝑘 ∙ 𝑑𝑥 Ƹ𝑖 + 𝑑𝑦 Ƹ𝑗 + 𝑑𝑧෠𝑘

= න

1

2

𝐹𝑥𝑑𝑥 + 𝐹𝑦𝑑𝑦 + 𝐹𝑧𝑑𝑧 in x, y, z three different 

direction!



Work and Work-kinetic energy theorem

▪ Work involves force applied over distance:

-In one dimension: 𝑊 = Ԧ𝐹 ∙ Ԧ𝑠.

-In three dimension: 𝑊 = 1׬
2 Ԧ𝐹 ∙ 𝑑 Ԧ𝑠

▪ Work-kinetic energy theorem: The net work done on an 

object equal to the change in kinetic energy.

W = 𝐾2 − 𝐾1



Today’s topic

▪ Power

▪ Potential energy and conservative force

▪ Conservation of mechanical energy

▪ Conservation of energy



Power

▪ The time rate at which work is done by a force is said to 

be the power due to the force.

▪ If a force does an amount of work W in an amount of time 

Δt, the average power due to the force during that time 

interval is 𝑃𝑎𝑣𝑔 =
𝑊

∆𝑡

▪ The instantaneous power P is the instantaneous time rate 

of doing work P =
𝑑𝑊

𝑑𝑡

▪ The SI unit of power is the joule per second. This unit is 

used so often that it has a special name, the watt (W)



Power

▪ By definition of instantaneous Power, we have: P =
𝑑𝑊

𝑑𝑡

▪ Assuming the work is done by a constant force. Plug in 

the definition of work,

P =
𝑑𝑊

𝑑𝑡
=

𝑑( Ԧ𝐹∙ Ԧ𝑠)

𝑑𝑡
= Ԧ𝐹 ∙

𝑑 Ԧ𝑠

𝑑𝑡
= Ԧ𝐹 ∙ Ԧ𝑣

which described the instantaneous  of power. 



Example of Power

Two constant forces 𝐹1 and 𝐹2 acting on a box as the box slides 

rightward across a frictionless floor. Force 𝐹1 is horizontal, with 

magnitude 2.0 N; force 𝐹2 is angled upward by 60° to the floor and 

has magnitude 4.0 N. The speed v of the box at a certain instant is 

3.0 m/s. What is the power due to each force acting on the box at 

that instant, and what is the net power?



Example of Power

𝑃1 = 𝐹1𝑣𝑐𝑜𝑠180
° = −6𝑊

𝑃2 = 𝐹2𝑣𝑐𝑜𝑠60
° = 6𝑊

𝑃𝑁𝐸𝑇 = 𝑃1 + 𝑃2 = 0𝑊



Review of spring force

Let’s review spring force in 1D:

▪ In plot (a), a spring in its relaxed 

state—that is, neither compressed 

nor extended: Ԧ𝐹 = 𝐹𝑥 = 0

▪ In plot (b), the spring pulls on the 

block toward the left: Ԧ𝐹 = 𝐹𝑥 = −kd

▪ In plot (b), the spring pushes on the 

block toward the right: Ԧ𝐹 = 𝐹𝑥 = kd

▪ We have: Ԧ𝐹 = −k Ԧ𝑑 (Hooke’s law)



Work done by a spring force

Let’s find the work done by a spring 

force

▪ Two assumption: (1) the spring is 

massless (2) the spring is an ideal 

spring, i.e., Hooke’s law is valid at all 

positions 

▪ Follow the definition of work:

𝑊𝑠 = න

𝑥=𝑥1

𝑥=𝑥2

𝐹𝑠 ∙ 𝑑 Ԧ𝑥



Work done by a spring force

▪ Following the definition of work:

𝑊𝑠 = න

𝑥=𝑥1

𝑥=𝑥2

𝐹𝑠 ∙ 𝑑 Ԧ𝑥

= න

𝑥=𝑥1

𝑥=𝑥2

−𝑘𝑥 𝑑𝑥 = −𝑘 න

𝑥=𝑥1

𝑥=𝑥2

𝑥𝑑𝑥

= −(
1

2
𝑘𝑥2

2 −
1

2
𝑘𝑥1

2)



Work-kinetic energy theorem of a spring force

▪ The work done by a spring force from 

position 𝑥1 to 𝑥2 :

𝑊𝑠 = −(
1

2
𝑘𝑥2

2 −
1

2
𝑘𝑥1

2)

▪ With work-kinetic energy theorem :

𝑊𝑠 = 𝐾2 − 𝐾1 = −
1

2
𝑘𝑥2

2 −
1

2
𝑘𝑥1

2

𝐾1 +
1

2
𝑘𝑥1

2 = 𝐾2 +
1

2
𝑘𝑥2

2

A constant at any position!



Work of external force and spring force

Now suppose that we displace the block 

along the x axis while continuing to apply a 

force 𝐹𝑎 to it. The work done by 𝐹𝑎 is 𝑊𝑎 and 

the work done by spring for is 𝑊𝑠 from 

position 𝑥1 to 𝑥2. Then, we will have:

𝑊𝑎 +𝑊𝑠 = 𝑊𝑎 −
1

2
𝑘𝑥2

2 −
1

2
𝑘𝑥1

2 = 𝐾2 − 𝐾1

𝑊𝑎 + 𝐾1 +
1

2
𝑘𝑥1

2 = 𝐾2 +
1

2
𝑘𝑥2

2

The work done by external force add in 

to the constant!



Example of work done by spring force

A mass m = 0.40 kg slides across a horizontal frictionless counter 

with speed v = 0.50 m/s. It then runs into and compresses a spring 

of spring constant k = 750 N/m. When the mass is momentarily 

stopped by the spring, by what distance d is the spring compressed?

𝐾1 +
1

2
𝑘𝑥1

2 = 𝐾2 +
1

2
𝑘𝑥2

2

1

2
𝑚𝑣2 + 0 = 0 +

1

2
𝑘𝑥2

2

𝑥2 = 𝑣
𝑚

𝑘
= 1.2𝑐𝑚



First look of potential energy

▪ In spring force, we found applying the work-kinetic energy 

theorem will lead to:

𝐾1 +
1

2
𝑘𝑥1

2 = 𝐾2 +
1

2
𝑘𝑥2

2

▪ Apply the same treatment to gravitational force:

𝑊𝑔 = න

1

2

−𝑚𝑔 𝑑𝑦 = −𝑚𝑔 𝑦2 − 𝑦1 = 𝐾2 − 𝐾1

𝐾1 + 𝑚𝑔𝑦1 = 𝐾2 + (𝑚𝑔𝑦2)



First look of potential energy

▪ In the example of spring force and gravitational force in 

1D cases, we found sum of kinetic energy and some kind 

of energy is a constant (conserved!).

▪ This is the potential energy associated with the spring 

and gravitational force. We can define the work done by 

spring and gravitational force leads to: 

𝑊 = −∆𝑈

Thus, the results that we saw is conservation of energy! 



Conservative and non-conservative force in 1D 

In one dimension, the force can be divided into two different 

categories:

▪ Conservative force: the force is only depending on 

position. e.g. spring force, gravitational force.

▪ Non-conservative force: the force depending not only on 

position. e.g. frictional force, force exerting by hand.
Ԧ𝑣

𝑓𝑘

Ԧ𝑣

𝑓𝑘



Conservative and non-conservative force in 1D 

In one dimension, the force can be divided into two different 

categories:

▪ Conservative force: the force is only depending on 

position. e.g. spring force, gravitational force.

▪ The work done by the conservative force is changing in 

potential energy with a minus sign, which only depends 

on initial and final position.

𝑊 = −∆𝑈 = −(𝑈 𝑥2 − 𝑈(𝑥1))



Example: Van der Waals force

It is found that two neutral atoms have a force exerting to 

each other with the form:

𝐹 𝑟 = (
𝐴

𝑟13
−

𝐵

𝑟7
) Ƹ𝑟

where A and B are constant, and r is the distant between 

two atoms. Now one atom is fixed, you bring another atom 

from infinite far to a position R by an external force. In the 

end both atoms have relative velocity = 0. What is the work 

done by the external force? 



Example: Van der Waals force

𝐹 𝑟 = (
𝐴

𝑟13
−

𝐵

𝑟7
) Ƹ𝑟

Ƹ𝑟

▪ First, assume we only move in 1D.

▪ The work done by external force is 𝑊𝑒, and the work done 

by the force between atom is 𝑊𝑎. Since there is no kinetic 

energy change, we have 𝑊𝑒 +𝑊𝑎 = 0. Thus 

𝑊𝑒 = −𝑊𝑎

A=1, B=1

Attractive force

repulsive force



Example: Van der Waals force

𝐹 𝑟 = (
𝐴

𝑟13
−

𝐵

𝑟7
) Ƹ𝑟

Ƹ𝑟

𝑊𝑒 = −𝑊𝑎 = − න

𝑟=∞

𝑟=𝑅

𝐹 𝑟 𝑑𝑟

= − න

𝑟=∞

𝑟=𝑅
𝐴

𝑟13
−
𝐵

𝑟7
𝑑𝑟 = −

−𝐴

12𝑟12
+

𝐵

6𝑟6
𝑟=∞

𝑟=𝑅

=
𝐴

12𝑅12
−

𝐵

6𝑅6

A=1, B=1

Attractive force

repulsive force



Formal definition of conservative force in 3D

▪ The net work done by a conservative force 𝐹𝑐 on a 

particle moving around any closed path is zero.

ර𝐹𝑐 ∙ 𝑑 Ԧ𝑟 = 0

The work done by 𝐹𝑐
does not depend  on 

path, but only the 

position of a and b.



Potential energy in 3D

Consider the work done by conservative force in 3D, then:

𝑊𝑐 = න

1

2

𝐹𝑐 ∙ 𝑑 Ԧ𝑟 = −∆𝑈 = 𝑈 𝑟2 − 𝑈 𝑟1

Use Van der Waals force as example:

𝑊𝑐 = න

1

2

𝐹𝑐 ∙ 𝑑 Ԧ𝑟 = න

1

2
𝐴

𝑟13
−
𝐵

𝑟7
Ƹ𝑟 ∙ 𝑑 Ԧ𝑟 = න

1

2
𝐴

𝑟13
−
𝐵

𝑟7
Ԧ𝑟

𝑟
∙ 𝑑 Ԧ𝑟



Potential energy in 3D

Ԧ𝑟 ∙ 𝑑 Ԧ𝑟 =
1

2
𝑑 Ԧ𝑟 ∙ Ԧ𝑟 =

1

2
𝑑 𝑟2 =

1

2
2𝑟𝑑𝑟 = 𝑟𝑑𝑟

Thus we go back to just like 1D case:

−∆𝑈 = 𝑊𝑐 = න

1

2
𝐴

𝑟13
−
𝐵

𝑟7
𝑑𝑟 =

𝐴

12𝑟12
−

𝐵

6𝑟6
1

2

With 1:𝑟 = ∞ and 2: r = R

𝑈(𝑅) =
𝐴

12𝑅12
−

𝐵

6𝑅6



Comparison of function of force and potential

▪ 𝐹 𝑟 = (
𝐴

𝑟13
−

𝐵

𝑟7
) Ƹ𝑟

▪ 𝑈(𝑅) =
𝐴

12𝑅12
−

𝐵

6𝑅6

▪ Notice that:

𝐹 𝑟 = −
𝑑𝑈

𝑑𝑟
Ƹ𝑟(= −∇𝑈)

A=1, B=1

Attractive force

repulsive force



Conservation of mechanical energy in 3D

▪ Considering there is only a conservative force 𝐹𝑐 doing 

work 𝑊𝑐 on an object, then we have:

𝑊𝑐 = න

1

2

𝐹𝑐 ∙ 𝑑 Ԧ𝑟 = ∆𝐾 = 𝐾2 − 𝐾1

▪ With the definition 𝑊𝑐 = −∆𝑈, we have:

𝑊𝑐 = −∆𝑈 = − 𝑈2 − 𝑈1 = 𝐾2 − 𝐾1
𝐾1 + 𝑈1 = 𝐾2 + 𝑈2 ≡ 𝐸𝑚𝑒𝑐



Conservation of mechanical energy

In an isolated system where only conservative forces cause 

energy changes, the kinetic energy and potential energy 

can change, but their sum, the mechanical energy 𝐸𝑚𝑒𝑐 of 

the system, cannot change.

𝐾1 + 𝑈1 = 𝐾2 + 𝑈2 = 𝐸𝑚𝑒𝑐





Conservation of mechanical energy in 3D

▪ Considering there is only a conservative force 𝐹𝑐 doing 

work 𝑊𝑐 on an object, then we have:

𝑊𝑐 = න

1

2

𝐹𝑐 ∙ 𝑑 Ԧ𝑟 = ∆𝐾 = 𝐾2 − 𝐾1

▪ With the definition 𝑊𝑐 = −∆𝑈, we have:

𝑊𝑐 = −∆𝑈 = − 𝑈2 − 𝑈1 = 𝐾2 − 𝐾1
𝐾1 + 𝑈1 = 𝐾2 + 𝑈2 ≡ 𝐸𝑚𝑒𝑐



Conservation of energy

▪ Now we consider the case that there are both 

conservative forces 𝐹𝑐 and by non-conservative forces 

𝐹𝑛𝑐 on an object. Then we have equation of motion:

𝐹𝑐 + 𝐹𝑛𝑐 = 𝑚Ԧ𝑎

▪ Let’s integrate equation of motion respect to displacement:

න

1

2

(𝐹𝑐 + 𝐹𝑛𝑐) ∙ 𝑑 Ԧ𝑟 = න

1

2

𝑚
𝑑 Ԧ𝑣

𝑑𝑡
∙ 𝑑 Ԧ𝑟



Conservation of energy

න

1

2

𝐹𝑐 ∙ dԦ𝑟 + න

2

2

𝐹𝑛𝑐 ∙ 𝑑 Ԧ𝑟 = න

1

2

𝑚
𝑑 Ԧ𝑣

𝑑𝑡
∙ 𝑑 Ԧ𝑟

𝑊𝑐 = −∆𝑈 𝑊𝑛𝑐 ∆𝐾

Work done by non-conservative force = change of mechanical energy

𝑊𝑛𝑐 = ∆𝐾 + ∆𝑈
This is conservation of energy



Summary

▪ Conservation of mechanical energy: Considering there is 

only a conservative force 𝐹𝑐 doing work 𝑊𝑐 on an object, 

then we have:

𝑊𝑐 = −∆𝑈 = − 𝑈2 − 𝑈1 = 𝐾2 − 𝐾1
𝐾1 + 𝑈1 = 𝐾2 + 𝑈2 ≡ 𝐸𝑚𝑒𝑐

▪ Conservation of energy:

Work done by non-conservative force = change of 

mechanical energy

▪ 𝑊𝑛𝑐 = ∆𝐾 + ∆𝑈


