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Dielectric Slab Waveguide

‘ T evanescent
region 2

: I wave
(cladding) I
X Ho. €2 :
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y z (core) propagating
Ko, € > €2
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Xx=-d

region 2
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|
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5 TE Modes

—H.(x)+k’H . (x)=0 _ _J [ . 0Hg
axz Z( ) c Z( ) Ey— (kcz) _CU[J ax-|
|
mm) Region Il: x>d and x<-d Y — =i [ OHs
» X (kCZ) _ﬁZ ax]
H e e’ x>d S
Hz(x’Z): Hoeaxe—jﬂzz x<—d

Region |: -d<x<d

H (x,z)=H, (A1 cos(f.x)+ A, sin( . x))e—jﬂzz



Dielectric Slab Waveguide
TE Modes

Region II: x>d and x<-d

H e e’ x>d
H.(x,2)= ax - jf.z )
H e""e’ x<-d n,

Region I: -d<x<d <

H(x,2) = H, (4, cos(B,x)+ 4, sin(B,x))e i m=n |
Odd Mode Even Mode

Lets look just first at the Even TE Mod __J [, 0Hz
ets look just first at the Even odes E,= i) wp ax]
T

. —J I J0H,

Hx_ (kCZ) _ﬁZ ax]
|

E.=H, =0



Dielectric Slab Waveguide
TE Even Modes

Region II: x>d and x<-d

( ]aﬂz —ax _—jp.z
E (x,z)= 0 x>d H",Bz—cozyg Tox>d
’ 0 x<-d H_(x,z)=+ 20
H _.]aﬂz ax —jB.z x<—d
H, 2—]0520),u e x>d ’ ﬁzz —a)zluogz
E (x,z) =1 IBz _Cf) H, &
g JOWH ax _—jp.z —d 0 x>d
H,—5— € X< H, (x,z)=
ﬂz —w /’106‘2 O x<—d
- [0 x>d H (x.2)= H e e’ x>d
0D=) v T HeMe T x<d
RegionI: -d<x<d
Blea=t H,(x,) Jf_"f}ﬂ"g sin(,x)e
E (x,z)= —ga),uﬁzx °sin(B.x)e < e o
p.” —o g H,(x,2)=0

E (x,z)=0 H_(x,z)=H, cos(f.x)e "’



Dielectric Slab Waveguide
TE Even Modes

Region Il: x>d and x<-d

-

HO ﬂz_]aza)lu e—axe—jﬂzz > d . . d
— E e e F X >
Ey(x,Z)ZJ Zjaa)//jo 2 - HZ(X,Z)Z{ ’ ax —jp.z
H,——— e“eF x<—d H,e"e "™ x<-d
L IBZ — lLlog2
Region I: -d<x<d
— i H . By Y
E (x.5)= 4 ﬂ;ﬂ sin( 00 H,(x,2) = H, cos(B.0)e
z 0”1
Boundary Conditions: Dispersion Relationships:
E"(~d,2)=E,* (~d, ) B+ B =0,
E(l)(d Z)ZE(Z)(CZ Z) —a2+,822=a)2,u052
y > y ?

H"(-d,z)=H.""(~d,z)
H."(d,z)=H.""(d,2)



Dielectric Slab Waveguide
TE Even Modes

Region II: x>d and x<-d

H, 2_]0[2&)’” e e P x>d H, e™* eP7  x>d
E (x,z) =1 P TO M5 H.(n2)= H e“xe_]ﬂz x<—d

H, 7 ]ac;),u e x<—d

L z — @ lu082

Region |: -d<x<d

E (x,z)= —joup H, sin( 8 x)e—jﬁzz H.(x,z)=H, COS(ﬁxx)e_jﬁzZ

1) (2)
E"(d,2)=E"d,z)

—jouf H, . B ]aa)ﬂ[—[ —ed Bz
" - o) { /U/Bz sm(,Bxd)e JB.z _ ade JB-
E (-d,z)=E ~(-d,z) B -’ e, ‘o’ e,

(1) _ (2)
E"(d,2)=E, " (d,z)

Hz(l) (_d, Z) — HZ(Z) (—d, Z)
H."(d,z)=H.""(d,z) H cos(B.d)e " =H e e/’

Boundary Conditions:

z

H""(d,z2)=H."(d,2)



Dielectric Slab Waveguide
TE Even Modes

E'"(d,2)=E " (d,z)
Boundary Conditions:

E"(-d,z)=E,”(~d,z) (1) PB.sin(B.d)=ae ™

E'"(d,2)=E " (d,z)
H"(-d,z)=H."”(~d,z)
H."(d,2)=H."(d.2) @) cos(pd)=e™

H"(d,z)=H.""(d,2)




Dielectric Slab Waveguide
TE Even Modes

Boundary Conditions:

E"(-d,2)=E " (-d,z)

E"(d,z)=E " (d,z) # tan(f.d) = ,Bﬁ
H"(~d,z)=H.” (~d,z) '
H"(d,z)=H.""(d,2)

Dispersion Relationships:

B +B = e = plral ='u,(e -e,)
a= a)/u (81 82) ﬁx



Dielectric Slab Waveguide
TE Even Modes

Boundary Conditions:

E"(-d,2)=E " (-d,z)

E\(d,2)=E,"(d,2) ) )=
Hz(l)(_daz) - Hz(z)(_daz) )
H"(d,z)=H.""(d,2)

Dispersion Relationships:

lez +ﬂ22 - a)zﬂogl # IBXZ +a2 - a)zlLlO(gl _82)

2 2 2 2
—a "+ =0 u,s, a=r\w’u,e-¢)-p,

# tan(B.d) = \/a)zﬂo(‘gl _‘92)_18x




Dielectric Slab Waveguide
TE Even Modes

\/a)zll’logo (grl o ng )_ Isz

tan(f.d) =
p.
Example
G =S
,=1.0
=10 GHz
d=1 cm
()
T
o
o
S
()
5
_4_ ___________________________ _____________________________________________________________
—Left hand side ;
B —Right hand side (real part)
8 —Right hand side (imaginary part)
» a ; a
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Example
G =S
,=1.0
=10 GHz
d=1 cm

LHS and RHS

10 | | |

Dielectric Slab Waveguide
TE Even Modes

\/a)zll’logo (grl o ng )_ Isz
P,

tan(f.d) =

8 _______________________________________________________________________________________________________________________________________________________________________ _
1 — - Solution is somewihere inhgre 7
R R S e i
2_ ______________ \ ___________________________________________________________________________________________________________________________________________________ _

— Left hand side 5
B ——Right hand side (real part)
o =—Right hand side (imaginary part)
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Example
£,=2.5
£,=1.0
f =100 Hz
d=1 cm

LHS and RHS

Dielectric Slab Waveguide

1 ! ! ' :

; ; § ! . |=—Left hand side
0.8 b S -—|—Right hand side (real part)

’ ’ ’ : i |—Right hand side (imaginary part)
] e oo -
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T e S e e
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Dielectric Slab Waveguide
TE Even Modes

\/(()le,logo (grl o ng )_ Isz
P,

tan(f.d) =

Example 1
£,=2.5
£,=1.0
f =100 Hz
d=1 cm

; : . |=—Left hand side

0.8 b A ---|—Right hand side (real part)
i i i : i |—Right hand side (imaginary part)

e T e e s Ea o :

OAprr TUTiSolution 18 somewherein here T T |

0.2 b B s -

; | 1
 — e =
0 H H I‘

02/ B,x000000025

LHS and RHS

od o a=tan(Bd) p,~625e14

06

o6 = g 02514 _

e
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Betax X 10—5




Example
G =S
,=1.0
=10 GHz
d=1 cm

LHS and RHS

Dielectric Slab Waveguide

-0.4
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-0.8

TE Even Modes

\/a)zll’logo (grl o ng )_ Isz
P,

tan(f.d) =

— Left hand side
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Example
ERN=0E5
,=1.0
=20 GHz

d=1 cm

LHS and RHS

Dielectric Slab Waveguide
TE Even Modes

\/a)zll’logo (grl o ng )_ Isz
P,

tan(f.d) =

Two solutions are
/ somewhere in here

N

2

0

-2

-4

-6+ |=—Left hand side

—Right hand side (real part)
-8|- |—Right hand side (imaginary part)
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Dielectric Slab Waveguide

For a lossless waveguide mode to propagate we need:

2 2 2 _
pota = ’uO(gl 82) (1) /3. needs to be real
_ 5 . \_p?2 (2) 3. needs to be real
@ = \/a) H, (gl 82) 'Bx (3) o needs to be real
ﬂxz + 1822 = a)zﬂogl Look at various cases:
2 2 2
—-a'+p. =o' us, (@) B. <, 1,& <O\ UE,

a= i\/ ,6’22 ~®’ue, imaginary
(b) IBZ > a)\/ /’logl > 11’1082

B. = J_r\/ TR ﬂzz imaginary

2
o= i\/ﬂz ~o’u e, real

(C) a)\/ /’logl > ﬁz > a)\/ 11’1082
IBx — i\/a)zlllogl _ﬁzz real

2
o= i\/ﬂz ~w’ue, real




Dielectric Slab Waveguide

For a lossless waveguide mode to propagate we need:
2 2 2 _
pota=o /10(81 82) (1) /3. needs to be real
_ 9 )\ _p2 (2) 3. needs to be real
@ = \/a) 'uO(gl 82) 'Bx (3) o needs to be real
B +B =o’ e " "
. ‘ ILIO ! (C) w :Llogl >IBZ > @ /LlogZ
2 2 2
- +ﬂz = /’1082 > >
ﬁx :i\/a) /uogl _ﬁz real

2
o= i\/,BZ ~o’u e, real

Cutoff Frequency

B =w fue W) a=0
EE)  tan(f.d)=0

B = ue—p> WY B=o u(-z)




Dielectric Slab Waveguide

Cutoff Frequency

B. = ue, ‘ a“ =0
tan(B,d) = ﬂi B tan(p, d) =0

B = e —-p WY BC= o (s -c)

) tan(\o 1, (5 —5,)d) =0
m
—> (ﬁ)m—4d\/ﬂo(gl_82)) m=0.24...
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Dielectric Slab Waveguide
TE Odd Modes
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Dielectric Slab Waveguide
TE Modes Odd

Region II: x>d and x<-d

H e e’ x>d
R >
H e e’ x<-d n,
Region I: -d<x<d <

H(x,2) = H, (4, cos(B,x)+ 4, sin(B,x))e i m=n |
Odd Mode Even Mode
Let look at the Odd TE Mod —__J [, %z
ets now look at the odes E,= o |k ax]
I
— wl| aHz
Hx_ (kcz) _ﬁz ax]
|

E.=H, =0



Dielectric Slab Waveguide
TE Odd Modes

Region II: x>d and x<-d

E (x.2) 0 x>d H, 2—05,282 “axetFE x> d
X,2z) = _
X O x<_d Hx(sz):< ﬂz Zﬂﬂog2
H e e*e P x<—d
—JawH —ax _-jP.z ° B? — »*
Ho 182_0)2 - J x>d ﬁz w /’1082
E (X,Z):< z . /Llo 2
d ]CZG),L! ax —jp.z O x>d
Ho 7 5 e x<—d H ()C,Z):
ﬂz - /’106‘2 4 O x<—d
0 x>d H e e ’* x>d
— H (x,z)=< ° ,
E, (x,z) {O <—d (x,2) {Hoeaxeﬂﬂzz x<—d
RegionI: -d<x<d
E,(x,z)=0 H (x,z) _2]’8“322 2 cos(f.x)e ib:z
H . -0 UE
E,(x,z)= ]Za)yﬂz °cos(fB.x)e " Mot

— @’ ¢, i H,(x,2)=0
E_ (x,2)=0 H_(x,z) = H sin(B.x)e "



Dielectric Slab Waveguide
TE Odd Modes

Region Il: x>d and x<-d

-

_]aa)lu -ax _—jp.z
HO,BZ—a)z,ug e’ x>d H e““eP* x>d
E (x,2) = z 072 H_(x,z)=4 ° .
H —JYOH evgibs y oy H,e" e’ x<-d
L ’ 1822 _a)zﬂogZ
Region I: -d<x<d
.a) H — B . _iB
E, (x,z)= ]2 ﬂ’B); °—cos(fB,.x)e H_(x,z)=H sin(f.x)e "
z - /Llogl
Boundary Conditions: Dispersion Relationships:
2 2 2
E"(-d,z)=E,” (-d,z) B+ B =0 8
2 22
Ey(l) (d,Z) _ Ey(Z)(d,Z) - +ﬂz =W U,&,

H"(-d,z)=H.""(~d,z)
H."(d,z)=H.""(d,2)



Dielectric Slab Waveguide
TE Odd Modes

Region II: x>d and x<-d

Ho Z_Jaza)lu e—axe—jﬂzz x>d H e @ J,B 2 x>d
E (x,z) =1 2 _a) Hot H.(2)= H eaxe‘JﬂZ x<-—d

Ho ﬂz ]ai)/u eaxe—j,[;’zz x < —d

\ z - lu082

Region |: -d<x<d

E (x,z)= Jjoup H, cos(B.x)e /= H.(x,z)=H, sin(8.x)e "

1) (2)
E, (d,z):Ey (d,z)

.a) XHO —if.z aa)/lH _ —iB.z
(1) ) ]2 'U'BZ cos(f.d)e Pz — ] e % o7 IP:

E"(d,2)=E, " (d,z)
Hz(l) (—d,Z) — HZ(Z) (_d,Z)
HZ(I) (d,Z) = HZ(2) (d,Z) Ho Sin(lgxd)e—jﬂzz :Hoe—ade—jﬂzz

Boundary Conditions:

z

H."(d,2)=H."(d,2)



Dielectric Slab Waveguide
TE Odd Modes

E'"(d,2)=E " (d,z)
Boundary Conditions:

E"(-d,2)=E,” (~d,z) (1)  pB.cos(B.d)=ae ™

E'"(d,2)=E " (d,z)
H'"(-d,2)=H " (~d,2)
Hz(l) (d, Z) _ HZ(2) (d, Z) (2) Sm(ﬂxd) = e_“d

H"(d,z)=H.""(d,2)

- osi(pd) e
" B.cos(Bd) ae™

t(B.d) =2
) cotfd) =

X

(2)/(1)



Dielectric Slab Waveguide
TE Odd Modes

Boundary Conditions:

E"(-d,2)=E " (-d,z)

E(d2)=E,"(d,2) ) coufd)=
Hz(l) (—d,Z) = Hz(z) (—d,Z) ’
H"(d,z)=H.""(d,2)

Dispersion Relationships:

Bl+B =’ e — B +a’ =o' u,(e-¢,)
a = a)/u(gl 52) le



Dielectric Slab Waveguide
TE Odd Modes

Boundary Conditions:

E"(-d,2)=E " (-d,z)

E"(d,z)=E " (d,z) # cot(B.d) = ﬁﬁ
Hz(l)(_daz) = Hz(z)(_daz) ’
H"(d,z)=H.""(d,2)

Dispersion Relationships:

lez +ﬂ22 - a)zﬂogl # IBXZ +a2 - a)zlLlO(gl _82)

2 2 2 2
—a "+ =0 u,s, a=r\w’u,e-¢)-p,

# COt(ﬁxd) — \/a)2luo (glﬂ_ 82)_ﬂx




Example
G =S
,=1.0
=10 GHz
d=1 cm

LHS and RHS

Dielectric Slab Waveguide
TE Even Modes

2 2
\/a) H,E (5 1 ¢ 2)_IBx
tan(ﬂxd) — 0o 0O r r
o8
10
8_ ________________________________________________________________ : : _______ |
5 5 — Left hand side
6Ll N N —Right hand side (real part) | 1
| | —Right hand side (imaginary part)
AL ; ; ;
-10 | | | | |
0 50 100 150 200 250 300



Example
G =S
,=1.0
=10 GHz
d=1 cm

LHS and RHS

Dielectric Slab Waveguide

TE Even Modes

2 2
\/a) ILlOgO (grl o ng )_ IBx
tan(f.d) =
P,
10 | |
gl \ o ; S E— |
: : — Left hand side
{1 S W S S —Right hand side (real part) | )
— Right hand side (imaginary part)
PIE T — S — — A— T T .
R e e — :
0 :
-2 : :
| I . Nosolutions! i N\ i
B __— — —
y—— e ———ee- e i .
10 a a l a a
0 50 100 150 200 250 300



Dielectric Slab Waveguide

Cutoff Frequency

B =0 ue, EE) o =0
cot(ﬁxd)zﬂﬁ ) coi(Bd)=0

B = e —-p WY BC= o (s -c)

‘ cot(\/a)czyo(gl—gz)d)zO
m
=) (1),= T, MR




cot(Betax*d)

Dielectric Slab Waveguide

t(B.d) = —
cot(f.d) 5

X

TE Even Modes

>0 mode propagates
a<0 mode does not propagate

10

Mode
TE,

___________

___________

_________

8

Betax*d

10

_________

_________

_______

12

14

16

18

Mode

TE;,

20



Dielectric Slab Waveguide

' T evanescent
region 2

* I wave
(cladding) I
X o, €2 :
x=d
‘ region | ;
y z (core) propagating
Ho, €= &2 wave
x=-d

region 2
(cladding)

|
I
|
1
Mo, € I
+ wave

k, sin(6.) < . <k, sin(90°)

k] = /Llogl

Ray optics interpretation!



Dielectric Slab Waveguide

T evanescent
region 2 | S
(cladding) '
Lo, €2 :
- X=2d
1 \
]
region 1 : 5
¥ i i
z (core) E + 0>6, | propagating
H‘D" E| > Ez | ;
H wave
X=0

PEC

How would you solve this problem?



Dielectric Slab Waveguide

. T evanescent
region 2 .

I
(cladding) I
X Lo, €2 :

. X=2d
region 1 i :
y l—)z (core) E >0 propagating

o, € > €2 /’
H wave
PEC X=0
TE Even TM Even
EX(X,Z):O Ex(x,Z): .]ZIBzIB);]{O Sin(,Bx.X)e_jﬂzz
_ . —O U E
E,(v.2) = 1%L in(p ) - flom e
IBZ _a)ﬂogl Ey(x,Z):O
E (x,2)=0 E (x,z)=E, cos(ﬂxx)e_jﬁzz
TE Odd TM Odd
E (x,2)=0 ’ :
x( ) . H Ex (x’ Z) — ]20)/Llﬂ);Ho COS(IBxX)e_j'BZZ
Ey (x’ Z) — .]2a)luﬁ); 0 Cos(ﬁxx)e_jﬂzz ﬂz —w /’logl
B —o w8 E, (x,z)=0

E.(x,2)=0 E.(x,2) = E, sin( x)e -



Dielectric Slab Waveguide

T evanescent

region 2 wave

)
(cladding) i
X Ho. €2 :

. X=2d
region 1 i ;
y l—}z (core) E >0 propagating

, 81 >8
He &> &2 / wave

PEC X=0

TE Even
E (x,2)=0

2

_ H B
E, (x,z)= {a),uﬁx > sin( S, x)e Ih:2
ﬁ - lLlogl

z

T™M Odd

: 7 |
E (x,z)= ]2(0# P 2 cos(fB.x)e
— @ Il’logl

y4

E (x,2)=0
E_(x,z)=E sin(f.x)e "




Dielectric Slab Waveguide

T evanescent

eoion 2

region 2 | wave
(cladding) '

X Ho. €2 :

x=d

region 1
z (core) E
MU" E-| = Ez

—>

0>6, | propagating

/ wave
x=-d

PEC

How can you get energy into a guided mode within the dielectric slab?



Dielectric Slab Waveguide

Light in

Light out

Prism Coupling



Dielectric Slab Waveguide

Light in Light out

l T
———a

Grating Coupling



